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Hypothesis Testing

@ A statistical hypothesis, or simply a hypothesis, is an
assumption about a population parameter or population
distribution.

@ Hypothesis testing is the procedure whereby we decide
to "reject” or "fail to reject” a hypothesis.

@ Null hypothesis Hj: This is the hypothesis (assumption)
under investigation or the statement being tested. The null
hypothesis is a statement that " there is no effect”’, "there is
no difference”, or "there is no change”. The possible
outcomes in testing a null hypothesis are "reject” or "fail to
reject”.

@ Alternate hypothesis H;: This is a statement you will
adopt if there is strong evidence (sample data) against the
null hypothesis. A statistical test is designed to assess the
strength of the evidence (data) against the null hypothesis.
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Hypothesis Testing (2)

@ Fail to Reject Hy: We never say we "accept or prove Hp "
- we can only say we "fail to reject” it or "stay with Hp".
Failing to reject Hy means there is NOT enough evidence
in the data and in the test to justify rejecting Hy. So, we
retain the Hy knowing we have not proven it true beyond all
doubt.

@ Rejecting Hy: This means there IS significant evidence in
the data and in the test to justify rejecting Hy. When Hj is
rejected we adopt H;. When we adopt H; we know that we
can be occasionally wrong, the same time we say that H;
is proved.
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Hypothesis Testing (3)

@ Type | error occurs when we reject a true null hypothesis
Hy. We denote by « the probability of making Type | error.

@ Type Il error occurs when we "fail to reject” a false null
hypothesis Hy. We denote by 5 the probability of making
Type Il error.
For a given sample size reducing the probability of a type |
error increases the probability of a type Il error, and vice
versa.

@ The level of significance « is the probability we are
willing to risk rejecting Hy when it is true. Typically o = 0.05
is used.
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Types of error

The possible outcomes are:

Hy is true | Hy is true

Do not Correct Type Il

reject Hy decision error
. Type | Correct

Reject H yP .
error decision
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Test statistic, Critical region, Test of significance

Definition

A test statistic is a numerical function of the data whose value
determines the result of the test. The function itself is generally
denoted T = T(X), where X is theoretical sample, i.e.
represents the data.

After being evaluated for the sample data x, the result is called
an observed test statistic and is written in lowercase, t = T(x).

Definition
The set of all test statistic values for which Hy will be rejected,
is said to be critical region, denoted by C.

Definition
Test of significance is the control rule, which leads to rejection
of Hy if the test statistic value falls in the critical region C:
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Example 1

Example 1. The drying time of a paint under specified test
conditions is known to be rv X ~ N(75,9?). Chemists have
proposed a new additive designed to decrease average drying
time. It is believed that drying times with this additive will remain
normally distributed with standard deviation 9. Let i denote the
true average drying time when the additive is used. The
appropriate hypotheses are :

HO:,UZ751
Hi:pn<75.

Experimental data is to consist of drying times from n = 25 test
specimens. A reasonable rejection region has the form x < c,
where the cut-off value ¢ is suitably chosen. Consider the
choice ¢ = 70.8, so that the test procedure consists of test
statistic X and rejection region X < 70.8. Based on data n = 25
the following decision is made: (test 1) if x < 70.8, then reject
Hp. Find both Type | and Il error of this kind of test.



Example 1

Example 1 continues. Calculation of o and 3 now involves a
routine standardization of X followed by reference to the
standard normal probabilities:

a = P(Type Ierror) = P(Hp is rejected when it is true)
= P(X < 70.8 when X ~ N(75,1.82))
= ¢ <7O'?;75> = ®(—2.33) = 0.01
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Example 1

Example 1 continues. Calculation of o and 3 now involves a
routine standardization of X followed by reference to the
standard normal probabilities:

a = P(Type Ierror) = P(Hp is rejected when it is true)
= P(X < 70.8 when X ~ N(75,1.82))

~ 0(°2.75) —e230) 00

B(72) = P(Type II error when p = 72)
= P(Hp is not rejected when it is false because u = 72)
= P(X >70.8 when X ~ N(72,1.8%))

~ 16 (70.213;72> —1-®(—0.67)=1-02514 =074
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Example 1

Example 1 continues. Calculation of o and 3 now involves a
routine standardization of X followed by reference to the
standard normal probabilities:

a = P(Type Ierror) = P(Hp is rejected when it is true)
= P(X < 70.8 when X ~ N(75,1.82))

(70275 _o(-25)- 001

B(72) = P(Type Il error when p = 72)
= P(Hp is not rejected when it is false because u = 72)
= P(X >70.8 when X ~ N(72,1.8%))

~ 16 (70.&13;72> —1-®(—0.67)=1-02514 =074

B(70)=1— —0.33, 3(67) = 0.0174
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Example 1

Example 1 continues. The use of cut-off value ¢ < 70.8
resulted in a very small value of « (0.01) but rather large 3’s.
Consider the same experiment and test statistic X with the new
rejection region x < 72; (test 2) if x < 72 then reject Hy. What
are the Type | and Il error probabilities with this kind of test?
Which test to prefer?

@ You can construct many tests for testing some particular
hypotheses.

@ Atestis good, if its Type | error is small and if Hy is
rejected with large probability in case H; is true.

@ ltis also necessary to control the Type Il error.
@ For comparing tests the power function is used.
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The Power function

For the moment we suppose that the null hypothesis consists of
one value, which we call 6.

Definition

The power function h(0) of a test is the probability of rejecting
Hp when the value 6 is the correct value of the parameter in the
parameter space:

h(0) = P(Hy is rejected if 6 is the correct value of the parameter)

or just
h(#) = P(T(X) € C|9).
So, if 5(8) = P(fail to reject Hp|@), then
h(0) =1 — ().

A test is good if: h(#) is large for all & € Hy and h(#) is small for
0 € Hp.



The Power function

The properties of the power function:

@ 0<h(h) <1,

@ The level of significance, e.g. the probability of making a
mistake when rejecting Hj is expressed from the power
function:

SUPyery N(0) = a,

if Hyp is a simple hypothesis, then

h(6p) = «.
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Example 1. Comparison of Power functions

Comparison of power functions
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Relationship of a and

Proposition

Suppose an experiment and a sample size are fixed and a test
statistic is chosen. Then decreasing the size of the rejection
region to obtain a smaller value of « results in a larger value of
B for any particular parameter value consistent with H;.

This proposition says that once the test statistic and n are
fixed, there is no rejection region that will simultaneously
make both « and all 5’s small. A region must be chosen to
effect a compromise between « and 5.
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The Power function

If you still feel confused, check this online course page, where
you can find some examples of power function (with some nice
illustrations ®)

Find the page here:
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https://onlinecourses.science.psu.edu/stat414/node/305

Hypotheses about the mean of Normal distribution

In Example 1 we stated the hypotheses about the mean of
Normal distribution. The General Algorithm for testing
hypotheses about mean:

@ We have a random sample xi, ..., Xp.
@ Consider point estimate i = x.
@ Corresponding test statistic is

v 1< .
X=- > Xi, X; ~ N(u,0®), independent

i=1
@ In case Hj is true,

)(i ~ N(MOaUZ)a X~ N(/"‘O? ?)
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Hypotheses about the mean of Normal distribution

@ Form test statistics U and V, which are in case H, is true
distributed as follows:

X —
U= 0/%0 ~ N(0,1),if o is known.
V= )Z/_\/%O ~ t(f),f = n—1,if o is unknown.

@ Control rule (test) depends on: hypotheses being tested
and available information about o.

1) o known 2) o unknown

Hy:op# po Hi:op# o

test: |u| > Ag — reiect Ho test: |v| > tg(f) — reject Ho
Hy:op< o Hi:p< o

test: u < —A, — refect Hp test: v < —t,(f) = reject Ho
Hy:op> o Hi:op> e

test: 4> Aa —— reject Ho test: v = to(F) —— reject Hp
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Hypotheses about the difference of two Population

mean (independent samples)

Let us have two independent samples xi,. .., Xp, and
Y1, ---,¥n,, With corresponding distributions N(y4, 012) and
N(p2,03) and the following hypotheses:

Ho : pi1 = p2 & p1 — p2 =0,

Hi :pg # po < pr — p2 # 0.
Algorithm for testing hypotheses:
@ Form an estimate for the difference of parameters,
i —fla=X-Y.
@ Corresponding test statistic
X—-Y—-EX-Y)
Var(X —Y)

T(X-Y)= ~ F,

where E(X — Y) = pq — po.



Hypotheses about the difference of two Population

means (independent samples)

@ Distribution F depends on available information about
variances ¢4 and o%.

e If variances are known, then Var(X —Y) = ',’,—12 + %g and
-y =Xy g,

e If variances are unknown, but equal, then
Var(X —Y) = & (l + ,,%) and

m

X =Y —(u1 — p2)
s l+i

m n

T(X— Y) = ~ t(n1 + nNo — 2),

where

. \/ Y (= X2 + X7 =9

n-+n-2
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Hypotheses about the difference of two Population

means (independent samples)

e If there is no information about o1 and o5, then
—_— — S2 52
Var(X - Y) = (3 + %) and

7_7_ B
Tx - )= 2l i~ o))
422
n no

where

1 & 1 &
s2 = > (xi — %)% and 5 > i)
i=1 i=1

n1—1, n2—1,
s2 s122
m

F= {(S?/m G (sg/nz)ZJ

ny—1 no—1
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Hypotheses about the difference of two Population

means (independent samples)

And final step of the Algorithm:

@ Test:if [t(x,y)| > q.,2 then reject Hy. Here q, > is the
complement quantile of N(0, 1), t(ny + n> — 2) or {(f)
distribution.
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Using the Normal Approximation

We have showed beforehand how the normal approximation
can be used for interval estimation. Hypothesis testing can be
performed in a similar way.

@ Let us have a random sample xi, ..., x, from F(6), where 0
is unknown. F is not a Normal distribution.

@ Consider hypotheses
Ho 10 = 90,
H1 10 75 90.

@ Consider a consistent point estimate of 6, 0.
@ If Hy is true, then in case n — o,

0_79‘{ S N(0,1), V = @ — N(0,1).
Var(6) Var(6)
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Using the Normal Approximation

@ In case of large sample n we can still use the Normal
distribution quantiles for testing. For given hypotheses,
we test if

|U| > >‘a/2 or |V| > )‘a/2'

e If the inequality above holds, then reject Hj.

@ Remember, the level of significance of the test is now
approximately o (because test statistic is only
approximately normally distributed).

@ In practice, usually f-quantile is used for testing,
because

e t,(n—1)>X,andincase n — oo, t,(Nn—1) — A,

e Using t-quantile decreases the probability of Type | error,
because it is more difficult to reject Hy. But in case of failure
of rejecting Hy, the probability of making a mistake is
smaller when using quantiles of Normal distribution.
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Application to the Binomial Distributions

Let p denote the proportion of individuals or objects in a population
who possess a specified property (e.g. cars with manual
transmissions or smokers who smoke a filter cigarette).

Let us have a random sample xi, ..., X,. We are interested in testing
the following hypotheses:

Ho : p= po

Hi : p # po

Consider the point estimate p of parameter p.

The distribution of corresponding estimator p is approximately
Normal when nincreases ((npo > 10),n(1 — po) > 10). So in case of
large sample

U:P—EPH(gue P—Po L N(0,1)

~ N
V/ Varp VPo(1 = po)/n

Test: |u| > X\, /2. Type | error is approximately a.
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Application to the Binomial Distributions. Example

Example 1. A food industry plans to replace the standard production
method by a new one. It is then important to know if the flavour of the
product is changed. A so-called triangle test is performed. Each of
500 persons tastes, in random order, three packets of the product,
two of which are manufactured according to the standard method and
one according to the new method. Each person is asked to select the
packet which tastes differently from the two others.
200 persons select the packet with new production. If there is no
difference between the tastes, the probability that the new method is
selected is 1/3; if there is a difference, we will have p > 1/3. Hence
our hypotheses are

Ho:p= 1/3

Hy:p>1/3.
The firm is satisfied with o = 0.05, \g.05 = 1.64. Compute

u=—LP-P __ s0"3 _3;
Po(1—po)/n 3-5 50

Since 3.2 > 1.64, we can reject Hy and say that there is difference
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