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1 Bayesian model

In what follows, X stands for sample space, which might be (a subset of) R,
Rd, Rn, (Rd)n. Thus x ∈ X might be a real number, a d-dimensional vector,
a sample (vector) (x1, . . . , xn), where xi ∈ Rd.

Parametric model. In statistics, a model P is any set of probability dist-
ributions on X (more precisely, on (X ,B(X )), where B(X ) stands for Borel
σ-algebra). Observe that a set of probability distribution can be formally
represented as {Pθ : θ ∈ Θ}, where Θ is a set. The model {Pθ : θ ∈ Θ} is
parametric, when Θ is �nite dimensional, w.l.o.g. Θ ⊂ Rp. In what follows,
we shall consider parametric model, and we assume that all distributions
are absolutely continuous with respect to some common reference measure
(typically either Lebesgue or counting measure), let f(·|θ) be the density of
Pθ. The integration with respect to the reference measure will be denoted by
Pθ(A) =

∫
A f(x|θ)dx, as it is typically done when integrating with respect to

the Lebesgue'i measure. However, when the reference measure is the coun-
ting measure, then the integral above is sum and f(·|θ) is the probability
mass function. So the densities of continuous and discrete random variables
will be denoted identically.

1.1 Examples of parametric models

Here X ⊂ Rd and {f(·|θ)} is a class of distributions. In the following we list
the models that will be used later.

Discrete models.

� Binomial distribution:
X = {0, 1, . . .}, θ = (n, p) ∈ N× [0, 1] = Θ, (notation B(n, p))

f(k|θ) = f(k|n, p) =
(
n

k

)
θk(1−θ)n−k, k = 0, . . . , n; f(k|θ) = 0, k > n;

� Poisson distribution:
X = {0, 1, . . .}, θ = λ ∈ (0,∞) = Θ, (notation Po(λ))

f(k|θ) = f(k|λ) = e−λλ
k

k!
;

� Negative binomial distribution:
X = {0, 1, . . .}, θ = (r, p) ∈ (0,∞) × (0, 1) = Θ, (notation NB(r, p),
alternative parametrizations)

f(k|θ) = f(k|r, p) = Γ(k + r)

k!Γ(r)
(1− p)kpr;
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when r is integer, then

Γ(k + r)

k!Γ(r)
=

(
k + r − 1

k

)
.

� Discrete distributions with (at most) k atoms (categorical distribu-
tions):
X = {1, . . . , k},

Θ =
{
(p1, . . . , pk) :

k∑
i=1

pi = 1, pi ≥ 0
}
=: Sk−1, (k − 1)-dim simplex,

f(l|θ) = f(l|p1, . . . , pk) = pl, l ≤ k, f(l|θ) = 0, l > k;

� Multinomial distribution:

X = {(n1, . . . , nk) : n1 + · · ·+ nk = n};
θ = (n, (p1, . . . , pk)) ∈ N× Sk−1 = Θ (notation Multin(n; p1, . . . , pk))

f(n1, . . . , nk|θ) = f(n1, . . . , nk|n; p1, . . . , pk) =
(

n

n1 · · ·nk

) k∏
i=1

pni
i ;

Continuous models.

� Beta distribution:
X = [0, 1], θ = (α, β) ∈ (0,∞)× (0,∞) = Θ, (notation Beta(α, β))

f(x|θ) = f(x|α, β) = 1

B(α, β)
xα−1(1− x)β−1,

B(α, β) =

∫ 1

0
xα−1(1− x)β−1dx =

Γ(α)Γ(β)

Γ(α+ β)
.

Thus Beta(1, 1) is U [0, 1] � uniform distribution.

� Dirichlet distribution:
X = Sk−1, θ = (α1, . . . , αk) ∈ (0,∞)k = Θ (notation Dir(α1, . . . , αk))

f(x|θ) = f(x|α1, . . . , αk) =
1

B(α1, . . . , αk)

k∏
i=1

xαi−1
i ,

B(α1, . . . , αk) =

∫
Sk

k∏
i=1

(xi)
αi−1dx =

∫ 1

0

∫ 1−x1

0
· · ·

∫ 1−x1−···−xk−2

0

k−1∏
i=1

(xi)
αi−1(1− x1 − · · · − xk−1)

αk−1dx1 · · · dxk−1 =

Γ(α1) · · ·Γ(αk)

Γ(α1 + · · ·+ αk)
.
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� Uniform distribution:
X = [0,∞), θ ∈ (0,∞) = Θ (notation U(0, θ)):

f(x) =
1

θ
I[0,θ](x).

� Gamma distribution:
X = [0,∞), θ = (α, β) ∈ (0,∞)2 = Θ (notation Gamma(α, β), alter-
native parametrizations)

f(x|θ) = f(x|α, β) = βα

Γ(α)
xα−1 exp[−βx].

� Exponential distribution:
X = [0,∞), θ = λ ∈ (0,∞) = Θ (notation Exp(λ))

f(x|θ) = f(x|λ) = λ exp[−λx].

Gamma(1, β) = Exp(β).

� Shifted exponential distributions:
X = [0,∞), θ = (xo, λ) ∈ (0,∞)2 = Θ (notation Exp(xo, λ))

f(x|θ) = f(x|xo, λ) = λ exp[−λ(x− xo)]I[xo,∞)(x).

Exp(0, λ) = Exp(λ).

� Chi-squared distribution:
X = (0,∞), θ = k ∈ {1, 2, . . .} (notation χ2

k)

f(x|θ) = f(x|k) = 1

2k/2Γ(k2 )
x

k
2
−1 exp[−x

2
], x > 0.

χ2
k = Gamma(k2 ,

1
2).

� Inverse Gamma distribution:
X = [0,∞), θ = (α, β) ∈ (0,∞)2 = Θ (notation InvGamma(α, β)),

f(x|θ) = f(x|α, β) = βα

Γ(α)
x−α−1 exp[−β/x].

When X ∼ Gamma(α, β), then X−1 ∼ InvGamma(α, β).

When parametrized α = ν
2 and β = ντ2

2 , then it is called scaled inverse
chi-squared distribution, thus

InvGamma(
ν

2
,
ντ2

2
) = ScaleInv−χ2(ν, τ2).
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� Normal distribution:
X = R, θ = (µ, σ2) ∈ R× (0,∞) (notation N (µ, σ2))

f(x|θ) = f(x|µ, σ2) =
1√
2πσ2

exp[−(x− µ)2

2σ2
].

� Student t-distribution:
X = R, θ = ν ∈ R = Θ (notation tν),

f(x|θ) = f(x|ν) =
Γ(ν+1

2 )
√
πνΓ(ν2 )

(
1 +

x2

ν

)−(ν+1)
2

.

Since Γ(1/2) =
√
π,

Γ(ν+1
2 )

√
πνΓ(ν2 )

=
1√

νB(1/2, ν/2)
.

� Location-scale t-distribution:
X = R, θ = (µ, τ2, ν) ∈ R× (0,∞)× R = Θ (notation lst(µ, τ2, ν)),

f(x|θ) = f(x|µ, τ2, ν) =
Γ(ν+1

2 )
√
πντ2Γ(ν2 )

(
1 +

1

ν

(x− µ)2

τ2

)−(ν+1)
2

.

When X ∼ tν , then µ+ τX ∼ lst(µ, τ2, ν).

� Pareto distribution:
X = [0,∞), θ = (α, xo) ∈ (0,∞)× (0,∞) = Θ (notation Pa(α, xo))

f(x|θ) = f(x|α, xo) = α(xo)
α 1

xα+1
I[xo,∞)(x).

� Lomax distribution:
X = [0∞) , θ = (α, λ) ∈ (0,∞)× (0,∞) = Θ (notation: Lomax(α, λ)),

f(x|θ) = f(x|α, λ) = αλα

(x+ λ)α+1
, x ≥ 0.

However, a parametric model can also be de�ned via a class of distributions
{f(·|θ)} as above, but x = (x1, . . . , xn) can be an iid sample from f(·|θ). In
this case X ⊂ Rn, x = (x1, . . . , xn) and f(x|θ) =

∏n
i=1 f(xi|θ). It can also be

that x = (x1, . . . , xn) is an output of any other model rather than iid model,
for example Markov chain.
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Bayesian model. Given a parametric model {f(·|θ)} and a parameter θ,
the data are modeled as a random vector (or random variable) X having
density f(·|θ). Any realization x of X are called observations and f(x|θ) is
the likelihood of x (we call it likelihood even when the reference measure is
the counting measure and f(x|θ) is actually a probability).

In parametric Bayesian model, the parameter is modeled random as well,
thus (X, θ) is a random vector on (X ,Θ). The model presupposes that Θ is
equipped with Borel σ-algebra B(Θ) and (X, θ) is B(X )⊗B(Θ)-measurable.
The distribution of θ shall be denoted by π, thus for any A ∈ B(X ) and
B ∈ B(Θ), it holds (law of total probability)

P (X ∈ A, θ ∈ B) =

∫
B

∫
A
f(x|θ)dxπ(dθ).

Clearly the integral above presupposes that the map (x, θ) 7→ f(x|θ) is
B(X )⊗B(Θ)-measurable, and this is so for all models in these notes. Observe
that we use the same θ for a random parameter and its realization. The dist-
ribution π is called the prior distribution (eelmõõt) . Now the (marginal)

distribution of data X has density f(x) =
∫
f(x|θ)π(dθ), because Fubini

theorem allows to change the order of integration and so

P (X ∈ A) =

∫
Θ

∫
A
f(x|θ)dxπ(dθ) =

∫
A

∫
Θ
f(x|θ)π(dθ)dx =

∫
A
f(x)dx.

Observe that the density f(x) do not (in general) belong to the class {f(·|θ)},
moreover, the marginal distribution of X might be very di�erent form any
distribution from {f(·|θ)}.

The central object in Bayesian statistics is the conditional distribution of
parameter given the observations: P (θ ∈ ·|X = x). This distribution is cal-
led posterior distribution (järelmõõt) . By Bayes formula (Exercise 1)

P (θ ∈ B|X = x) =

∫
B f(x|θ)π(dθ)

f(x)
=

∫
Bf(x|θ)π(dθ)∫
f(x|θ)π(dθ)

, ∀B ∈ B(Θ). (1.1)

When π has density π(θ) with respect to some reference measure dθ on
(Θ,B(Θ)), then also posterior distribution has density (with respect to the
same measure), because

P (θ ∈ B|X = x) =

∫
B f(x|θ)π(θ)dθ

f(x)
=

∫
B

f(x|θ)π(θ)
f(x)

dθ =

∫
B
π(θ|x)dθ,

where

π(θ|x) := f(x|θ)π(θ)
f(x)

=
f(x|θ)π(θ)∫
f(x|θ)π(θ)dθ

.
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In this note, a prior measure always has a density, thus π(θ|x) is always
de�ned and, in a sense, it is the main object of interest. Since the denominator
f(x) does not depend on θ, the posterior density is

π(θ|x) ∝ π(θ)p(x|θ).

To recapitulate: A Bayesian model is made of a parametric statistical model
f(x|θ), and a prior density π(θ) of parameters. When π(θ) belongs to a
parametric model, then these parameters are called hyperperameters .

Posterior predicative density. The standard parametric model is the
following: x = (x1, . . . , xn) is a realization of iid random variablesX1, . . . , Xn

from the distribution f(·|θ), where θ has density π(θ). In Bayesian literature
this model is often written as

θ ∼ π

X1, . . . , Xn|θ
i.i.d.∼ f(·|θ)

(1.2)

Thus θ is a random variable with density π(θ), and given θ, x1, . . . , xn are rea-
lizations of iid random variables X1, . . . , Xn, where Xi has a density f(·|θ).
Now, let Xn+1 another independent observation with the same distribution.
We are interested in the conditional distribution of Xn+1 given the previous
observations x (here X = (X1, . . . , Xn)):

P (Xn+1 ∈ A|X = x) =

∫
P (Xn+1 ∈ A|X = x, θ)π(θ|x)dθ

=

∫ ∫
A
f(xn+1|θ)dxn+1π(θ|x)dθ

=

∫
A

∫
f(xn+1|θ)π(θ|x)dθ dxn+1

=

∫
A
f(xn−1|x)dxn+1, f(xn−1|x) :=

∫
f(xn+1|θ)π(θ|x)dθ.

The second equality holds because given θ, the random variable Xn+1 is
independent of X1, . . . , Xn and has density f(·|θ). The order of integra-
tion can be reversed due to Fubini theorem. The conditional distribution
P (Xn+1 ∈ ·|X = x) is called posterior predicative distribution and its den-
sity f(·|x) is called posterior predicative density . When the posterior density
π(θ|x) in the de�nition of f(xn−1|x) is replaced by prior density π, then one
obtains prior predicative density , which is just density of X1.

Exchangeable random variables. The random variables X1, . . . , Xn are
said to be exchangeable (vahelduvad) if the joint distribution of (X1, . . . , Xn)

is the same as that of {Xσ1 , . . . , Xσn} for any permutation (σ1, σ2, . . . , σn)
of the indices {1, 2, · · · , n}. For example, when n = 3, then six random
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vectors (X1, X2, X3), (X2, X1, X3), (X1, X3, X2), (X2, X3, X2), (X3, X1, X2),
(X3, X2, X1) have the same distribution.
A sequence of random variablesX1, X2, . . . is called (in�nitely) exchangeable ,
if for any n, X1, . . . , Xn are exchangeable.

When the vector (X1, . . . , Xn) has the (joint) density f(X1,...,Xn)(x1, . . . , xn)
then the random variables are exchangeable when for every (x1, . . . , xn) and
for every permutation (σ1, σ2, . . . , σn) it holds:

f(X1,...,Xn)(x1, . . . , xn) = f(X1,...,Xn)(xσ1 , . . . , xσn).

Clearly iid random variables are exchangeable. Also the random variables
X1, . . . , Xn de�ned as in (1.2) are exchangeable, because the density

f(X1,...,Xn)(x1, . . . , xn) =

∫ n∏
i=1

f(xi|θ)π(θ)dθ

is invariant with respect to the permutation of the arguments.

When X1, . . . , Xn are exchangeable, then they are identically distributed,
but not generally independent. For example, when X1, . . . , Xn are de�ned
as in (1.2) and

E
(
E[X1|θ]

)2
=

∫ (∫
xf(x|θ)dx

)2
π(θ)dθ < ∞,

then for every i 6= j (Exercise 1), Cov(Xi, Xj) = Var(E[X1|θ]) > 0. Also
observe that when the random vector (X1, . . . , Xn) is as in (1.2), then the
distribution of Xi is the same as with n = 1, i.e. Xi has prior predicative
density (Exercise 1)

f(x) =

∫
f(x|θ)π(θ)dθ. (1.3)

Hewitt-Savage-deFinetti theorem. Let us recall once again our stan-
dard parametric model

θ ∼ π

X1, X2, . . . |θ
i.i.d.∼ f(·|θ)

(1.4)

We know that the sequence X1, X2, . . . is exchangeable. For every n and θ,
X1, X2, . . . , Xn are conditionally independent, i.e.

P (X1 ∈ A1, . . . , Xn ∈ An|θ) =
n∏

i=1

P (Xi = Ai|θ), ∀Ai ∈ B(X ), i = 1, . . . , n.
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Since P (Xi = Ai|θ) = P (X1 = Ai|θ), we denote P (X1 ∈ A|θ) =: Q(A, θ), so
that the equation above reads

P (X1 ∈ A1, . . . , Xn ∈ An|θ) =
n∏

i=1

Q(Ai, θ), ∀Ai ∈ B(X ), i = 1, . . . , n.

Unconditionally thus

P (X1 ∈ A1, . . . , Xn ∈ An) =

∫ n∏
i=1

Q(Ai, θ)π(dθ), ∀Ai ∈ B(X ), i = 1, . . . , n.

Let P be the set of all probability measures on X . It can be equipped with
a suitable metric (Prokhorov one) so that the mapping

T : Θ → P, T (θ) = Q(·, θ)

is B(Θ)/B(P)-measurable. Then by the change of variables formula, it holds∫
Θ

n∏
i=1

Q(Ai, θ)π(dθ) =

∫
P

n∏
i=1

Q(Ai)πT
−1(dQ),

where πT−1 is the pushforward measure, let us denote it π∗ = πT−1. Thus,
there exists a probability measure (prior) π∗ on P so that it holds

P (X1 ∈ A1, . . . , Xn ∈ An) =

∫
P

n∏
i=1

Q(Ai)π
∗(dQ), ∀n, ∀Ai ∈ B(X ).

(1.5)
Since π∗ can be considered as the distribution of a random probability me-
asure (de�ned on some probability space), the random variables X1, X2, . . .
can be considered as outputs of the following model: drawing a probability
measure Q from the prior π∗ (a realization of random measure) and the
sampling from Q. Formally:

Q ∼ π∗

X1, X2 . . . |Q
i.i.d.∼ Q

(1.6)

To summarize: (1.4) is a special case of (1.6). Since under (1.6) also (1.5)
holds, so it follows that X1, X2, . . . are in�nitely exchangeable.

Let Pn be the empirical measure of X1, . . . , Xn, i.e.

Pn(A) =
1

n

n∑
i=1

IA(Xi).
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When X1, X2, . . . are iid random variables from the distribution Q, then
Pn ⇒ Q, a.s., where ⇒ stands for the weak convergence of probability me-
asures (convergence in Prokhorov metric). Hence in the model (1.6) the ran-
dom measure Q is the limit of empirical measures.

The celebrated deFinetti-Hewitt-Savage theorem states that wheneverX1, X2, . . .
is a in�nitely exchangeable sequence of random variables, there exists a pro-
bability measure π∗ such that (1.6) holds. In other words: all (in�nitely)
exchangeable sequences are mixtures of iid sequences � the prior measure
exists!

Theorem 1.1 (deFinetti-Hewitt-Savage) Let X1, X2, . . . be in�nitely exc-
hangeable random variables. Then there exists a probability measure π∗ on P
so that (1.5) holds. Moreover, π∗ is the distribution of a random measure Q,
where Q = limn Pn, a.s. and given Q, the random variables X1, X2, . . . are
iid with distribution Q:

P (X1 ∈ A1, . . . , Xn ∈ An|Q) =
n∏

i=1

Q(Ai) ∀n, ∀Ai ∈ B(X ).

When |X | = k < ∞, i.e. the random variables have categorical distribution,
then P = Sk−1 (simplex) and the random measure Q is then a just a k-dim
random vector and we have a parametric case. In case k = 2, the simplex
is [0, 1] and random measure Q can be identi�ed with a random variable θ
taking values in [0, 1]. Then the theorem above can be stated as follows.

Theorem 1.2 (deFinetti) Let X1, X2, . . . be in�nitely exchangeable Ber-
noulli random variables. Then there exists a random variable θ taking values
in [0, 1] such that for every n, every x1, . . . , xn ∈ {0, 1}, it holds

P (X1 = x1, . . . , Xn = xn|θ) = θs(1− θ)n−s, s = x1 + · · ·+ xn. (1.7)

Moreover, θ is the a.s. limit of sample mean: 1
n

∑n
i=1Xi → θ, a.s..

Taking expectation in (1.7), we get the special case of (1.5):

P (X1 = x1, . . . , Xn = xn) = E[P (X1 = x1, . . . , Xn = xn|θ)] =
∫

θs(1−θ)n−sπ(dθ),

where θ ∼ π.

For the proofs of these theorems, see [4], sec 1.5.

1.2 Exercises

1. The conditional probability P (θ ∈ B|X) is de�ned as any function
g(X) satisfying

E
(
IA(X)g(X)

)
= P (X ∈ A, θ ∈ B), ∀A ∈ B(X ). (1.8)
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Show that

g(X) =

∫
B f(X|θ)π(θ)dθ∫
f(X|θ)π(θ)dθ

satis�es (1.8) and so Bayes formula (1.1) holds.

2. Let X1, . . . , Xn as in (1.2). Prove that when E
(
E[X1|θ]

)2
< ∞, then

for every i 6= j, Cov(Xi, Xj) = Var[E(X1|θ)] ≥ 0. Show that Xi has
density (1.3).

2 Examples of standard parametric models

In this section we give overview of some standard parametric models in form
(1.4) used in practice.

2.1 Beta-Bernoulli and Beta-Binomial model

From deFinetti theorem, it follows that for any in�nitely exchangeable sequence
of Bernoulli random variables X1, X2, . . ., there exists a probability measure
π on [0, 1] (prior) so that the model (1.4) hold:

θ ∼ π

X1, X2, . . . |θ
i.i.d.∼ B(1, θ).

(2.1)

Hence when modeling exchangeable Bernoulli random variables, one has to
choose π. A common choice for π is Beta distribution.

Beta distribution. Beta distribution is supported on [0, 1], hence suitable
for modeling probabilities. When θ ∼ Beta(α, β), then

E(θ) =
α

α+ β
, Var(θ) =

αβ

(α+ β)2(α+ β + 1)
=

α

α+ β

β

α+ β

1

α+ β + 1
.

Hence the bigger α+β, the smaller variance and the more is prior concentra-
ted around its mean. When α > 1 and β > 1 then the density π(θ) has unique
maximum at

α− 1

α+ β − 2
,

this is then the mode of the distribution.

Observe that any density in form f(θ) ∝ θα−1(1−θ)β−1 must be the density
of Beta(α, β) distribution.
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Beta-Bernoulli and Beta Binomial models. With Beta distribution
as π, we obtain Beta-Bernoulli model :

θ ∼ Beta(α, β)

X1, . . . , Xn|θ
iid∼ B(1, θ).

Thus x = (x1, . . . , xn) ∈ {0, 1}n, the hyperparameters are α and β. Since
the sum of n iid Bernoulli random variables has binomial distribution, then
for given θ, X =

∑n
i=1Xi ∼ B(n, θ), hence with the sum X instead of

X1, . . . , Xn, we obtain Beta-Binomial model :

θ ∼ Beta(α, β)

X|θ∼B(n, θ).

When X1, . . . , Xn are obtained by Beta-Bernoulli model � we shall call
them Beta-Bernolli random variables for short � then

∑n
i=1Xi follows Beta-

Binomial model.

(Marginal) distribution of X. Let us �nd the joint distribution of Beta-
Bernoulli random variables X = (X1, . . . , Xn). As noted above, in Bayesian
terminology it is a marginal distribution, because the full model is (θ,X).
The sample space is X = {0, 1}n, and for any x ∈ {0, 1}n, let n1 =

∑n
i=1 xi.

The distribution of X is thus

P (X = x) =

∫ 1

0
P (X = x|θ)π(θ)dθ =

∫ 1

0
θn1(1− θ)n−n1

θα−1(1− θ)β−1

B(α, β)
dθ

=
1

B(α, β)

∫ 1

0
θα+n1−1(1− θ)β+n−n1−1dθ

=
B(α+ n1, β + n− n1)

B(α, β)
.

Observe that the probability P (X = x) depend on the number of ones n1,
so that clearly any permutation of vector x has the same probability � the
exchangeability. Since Beta-Bernoulli model is a special case of (1.2), we al-
ready know that X1, . . . , Xn are identically distributed with B(1, α/(α+β))
distribution random variables that are positively correlated (Exercise 1).

Let now X be as in Beta-Binomial model, i.e. X ∈ {0, . . . , n}. Since X =∑n
i=1Xi, where (X1, . . . , Xn) follow Beta-Bernoulli model, then (now x ins-

tead n1)

P (X = x) =

(
n

x

)
B(α+ x, β + n− x)

B(α, β)
, x ∈ {0, 1, . . . , n}. (2.2)

The obtained distribution is known as Beta-binomial distribution with pa-
rameters α, β, n, denoted X ∼ BetaBin(n, α, β). When α = β, then this
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distribution is symmetric in the sense that f(0) = f(n), f(1) = f(n − 1),
f(2) = f(n − 2), etc. Here f the density (probability mass function) of
Beta-binomial law. When X ∼ BetaBin(n, α, β), then (Exercise 2)

EX =
nα

α+ β
, Var(X) =

nαβ(α+ β + n)

(α+ β + 1)(α+ β)2
.

When α = β = 1 (the prior distribution is uniform), then Beta-binomial law
is uniform over {0, . . . , n} (Exercise 2).

Polya urn. Let α ≥ 1 and β ≥ 1 be integers. Imagine an urn containing
α red balls and β black balls, where random draws are made. If a red ball is
observed, then two red balls are returned to the urn. Likewise, if a black ball
is drawn, then two black balls are returned to the urn. Let X1 = 1, when
the ball taken out is red and X1 = 0, otherwise. Then repeat it n times. Let
Xi ∈ {0, 1} be the color of i-th ball taken out of urn. When α > 0 and β > 0

are not integer, the Polya urn model/scheme mimics the above-described
urn: X1 ∼ B(1, α

α+β ),

P (X2 = 1|X1 = x1) =
α+ x1

α+ β + 1
, · · ·

P (Xi+1 = 1|X1 = x1, . . . , Xi = xi) =
α+ (x1 + · · ·+ xi)

α+ β + i
, i = 3, . . . , n.

So we shall speak about Polya urn with initial number of balls α and β
even when they are not integers. It is easy to see that the random variables
X1, X2, . . . are in�nitely exchangeable (the order the balls are taken out of
urn do not matter), hence by deFinetti theorem there exists a prior distribu-
tion π so that the model (2.1) holds. It turns out that the prior distribution
is Beta(α, β) distribution. To see that observe that for every n, (X1, . . . , Xn)
has the same distribution as in Beta-Bernoulli model, and hence the total
number of red balls taken out of urn (during n draws) has BetaBin(n, α, β)-
distribution (Exercise 3). Hence, from deFinetti theorem again, the propor-
tion of red balls out of all balls taken out of urn (as well as the proportion of
red balls in urn) converges a.s. to a random variable θ, where θ ∼ Beta(α, β).

The observation that Beta-Bernoulli model is equivalent to Polya urn is
important in generating observations X1, X2, . . . from Beta-Bernoulli model
� sampling. According to the de�nition, one could generate a random para-
meter θ ∼ Beta(α, β), and then generate an iid sample from B(1, θ). The
alternative is just to use Polya urn scheme. Polya urn model is an example
of a model, where a prior measure naturally exists (whether we believe in
Bayesian approach or not).
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Posterior predicative distribution. Polya urn allows to calculate the
posterior predicative distribution in Beta-Bernoulli model without actual-
ly calculating the posterior distribution! Indeed: let X1, . . . , Xn be Beta-
Bernoulli random variables, and let us �nd the posterior predicative distri-
bution. Since Xn+1 ∈ {0, 1}, it su�ces to �nd the conditional probability

P (Xn+1 = 1|X1 = x1, . . . , Xn = xn) =
α+ n1

α+ β + n
, n1 = x1 + · · ·+ xn.

In particular, when the prior has uniform distribution, i.e. α = β = 1, then

P (Xn+1 = 1|X1 = x1, . . . , Xn = xn) =
n1 + 1

n+ 2
.

The estimate above is known as Laplace rule of succession and it does not
exclude the possibility that Xn+1 = 1 (or Xn+1 = 0) even when n1 = 0 i.e.
only zeros so far (or n1 = n i.e. only ones so far):

P (Xn+1 = 1|X1 = 0, . . . , Xn = 0) =
1

n+ 2

P (Xn+1 = 0|X1 = 1, . . . , Xn = 1) =
n+ 1

n+ 2
.

When data consists of only ones (or zeros), then maximum likelihood es-
timate n1/n would be 1 (or 0) and with such estimates the possibility of
observing something else would be zero.

Posterior density. Consider the Beta-Bernoulli model with hyperpara-
meters α and β. Let x = (x1, . . . , xn) ∈ {0, 1}n, where n1 =

∑n
i=1 xi be the

observations. The posterior density:

π(θ|x) ∝ π(θ)f(x|θ) = 1

B(α, β)
θα−1(1− θ)β−1θn1(1− θ)n−n1

=
1

B(α, β)
θn1+α−1(1− θ)n−n1+β−1.

Hence
π(θ|x) ∝ θn1+α−1(1− θ)n−n1+β−1,

so posterior distribution must be Beta distribution:

θ|x ∼ Beta(n1 + α, n− n1 + β). (2.3)

Suppose α > 1 and β > 1 are integers. Then Beta(α, β) distribution can be
considered as posterior distribution of a sample that has α−1 ones and β−1
zeros and uniform Beta(1, 1) prior. This observation allows to interpret the
hyperparameters � the prior distribution can be considered as the posterior
of some "prior sample".
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We can now calculate the posterior predicative distribution directly (by de-
�nition, without Polya urn scheme):

P (Xn+1 = 1|X = x) =

∫
f(1|θ)π(θ|x)dθ =

∫
θπ(θ|x)dθ = E[θ|x] = α+ n1

α+ β + n
.

Since the posterior distribution depends on data through n1 only, the pos-
terior is the same as in Beta-binomial model. Now the observation x is the
number of ones, i.e. x ∈ {0, 1, . . . , n} and

π(θ|x) ∝ π(θ)p(x|θ) = 1

B(α, β)
θα−1(1− θ)β−1

(
n

x

)
θx(1− θ)n−x

=
1

B(α, β)

(
n

x

)
θx+α−1(1− θ)n−x+β−1.

Again, we see that

π(θ|x) ∝ θx+α−1(1− θ)n−x+β−1,

hence the posterior distribution must be Beta(x+ α, n− x+ β) :

π(θ|x) = 1

B(x+ α, n− x+ β)
θx+α−1(1− θ)n−x+β−1. (2.4)

Posterior mean, mode and variance, interpretation. Since posterior
distribution is the same for Beta-Bernoulli and Beta-binomial model, we shall
consider the latter, thus x ∈ {0, . . . , n} is the number of ones in observations
and θ|x ∼ Beta(α+ x, β + n− x). Recall the posterior mean:

E[θ|x] =
∫ 1

0
θπ(θ|x)dθ =

x+ α

n+ α+ β
=

x

n
· n

α+ β + n
+

α

α+ β
· α+ β

α+ β + n
.

We see that the posterior mean is the weighted average of sample mean x
n

and prior mean α
α+β , the bigger is n, the smaller is prior in�uence. Thus

when n is relatively big in comparison with α + β, then E[θ|x] ≈ x
n . The

posterior variance is

Var[θ|x] = (x+ α)(n− x+ β)

(α+ β + n)2(α+ β + n+ 1)
=

E[θ|x](1− E[θ|x])
α+ β + n+ 1

,

and when n is relatively big then Var[θ|x] ≈ 1
n
x
n(1−

x
n). We see that when the

data have distribution X ∼ B(n, θ∗), where θ∗ is so called true parameter,
then by SLLN, x

n ≈ θ∗, so that the bigger n the more posterior distribution
concentrates around θ∗.

When the goal is to obtain a point-estimate θ̂ of parameter (in Bayesian
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setup), then posterior mean and mode (analogue of MLE) are standard esti-
mates. Observe that for Beta-Bernoulli model they do not coincide, because
the posterior mode is

α+ x− 1

α+ β + n− 2
.

Observe that when the prior is uniform (α = β = 1), then the posterior
mode is MLE: x/n, the posterior mean is (x+ 1)/(n+ 2).

The beginning of Bayesian analysis: T. Bayes and P.S. Laplace.

The article: An Essay towards solving a Problem in the Doctrine of Chances
by presbyterian minister Thomas Bayes (published in 1763, two years af-
ter Bayes death). The model in the article: A ball W is randomly thrown
(according to a uniform distribution) on the table of unit area. The horizon-
tal position of the ball on the table is θ. Then a second ball O is randomly
thrown n times; X denotes the number of times O stopped on the left of W .
T. Bayes asks: what inference can we make on θ given X?

In modern terms it is a Beta-Bernoulli model with uniform prior. T. Bayes
succeeded to calculate posterior and found that the random variable X has
uniform distribution � BetaBinomial(n, 1, 1).

Independently of Thomas Bayes, the Bayes formula was used by Pierre S.
Laplace. One of his applications (published in 1786) was to test whether the
probability θ of a male birth is above 1/2. From 1745�1770, a total 251527
boys and 241945 girls were born in Paris. Assuming uniform prior and Beta-
Binomial model with n = 251527 + 241945 = 493472, x = 251527 (thus
x/n = 0.5097 · · · ), Laplace showed that

P (θ ≤ 0.5|x) =
∫ 0.5

0
π(θ|x)dθ ≈ 1.15× 10−42.

He then deduces that θ is more than likely to be above 1/2. We know that
such a small probability is due to the very small posterior variance.

Empirical prior: rat tumor example. Consider the rat tumor example
in [5], section 5.1. The problem is estimating the probability of tumor θ.
The data consists of small (current) estimate � 4/14 (number of rats with
tumor)/(total number of rats) and 70 estimates (xj/nj), j = 1, . . . , 70 const-
ructed from similar previous (historical) experiments (see Table 5.1 in [5]).
There are several ways to proceed.
One option is to consider all experiments equal � all 71 estimates (the cur-
rent estimate is 71-th) are considered as independent outputs from the same
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Beta-Binomial model:

θ ∼ Beta(α, β)

Xj |θ
ind∼ B(nj , θ), j = 1, . . . , 71.

This model can be considered as a single Beta-Bernoulli model with n =
n1 + · · · + n71 trials and x = x1 + · · · + x71 successes and the posterior
distribution is then Beta(α+ x, β + n− x).
Another option is to consider all historical experiment being realizations
of independent binomial random variables with di�erent parameters. The
parameters are iid from Beta(α, β) distribution:

θj
iid∼ Beta(α, β) j = 1, . . . , 70.

Xj |θj
ind∼ B(nj , θj).

Then the historical data are used to determine the hyperparameters α, β.
A way for estimating α and β is the method of moments � given a sample
θ1, . . . , θn from Beta(α, β) one calculates the sample mean θ̄ = 1

n

∑n
j=1 θj

and variance 1
n

∑n
j=1(θ − θ̄)2 and treats them as they were Eθ and Var(θ).

For Beta distribution, the mean and variance uniquely determine the para-
meters (Exercise 4) and so α, β can be estimated. In our case, we do not have
a sample from prior, hence instead of θj , we use xj/nj , j = 1, . . . , 70 (ratio
xj/nj is MLE for θj). As reported in [5], in rat tumor case, the sample mean
and variances (for 70 historical data) are 0.136 and 0.1032, resp. Using these
estimates instad of mean and variance, one gets the estimates for hyperpa-
rameters α̂ = 1.383, β̂ = 8.787. With these hyperparameters the posterior
distribution for the current estimate is θ71 ∼ Beta(α̂+ x71, β̂ + (n71 − x71)),
where x71 = 4 and n71 = 14, thus θ71 ∼ Beta(5.383, 18.787). The posterior
mean, mode and variance are thus:

5.383

5.383 + 18.787
≈ 0.223,

5.383− 1

5.383 + 18.787− 2
≈ 0.198,

5.383

24.17
· 8.787
24.17

· 1

25.17
≈ 0.0069.

We see that the posterior mean 0.223 is lower than 4/14 = 0.2857 · · · � the
historical data suggest that in the current estimate of the rate us untypically
high. On the other hand the posterior mean is higher that 0.136 � the mean of
the historical data, which also the prior mean. This is because the posterior
mean averages the observed ratio 4/14 (high) and the prior mean 0.136 (low).

2.2 Dirichlet-categorical and Dirichlet-multinomial model

Dirichlet distribution. Dirichlet distribution is the generalization of Beta-
distribution. Aggregation: when (θ1, . . . , θk) ∼ Dir(α1, . . . , αk), then

(θ1 + θ2, θ3, . . . , θk) ∼ Dir(α1 + α2, α3, . . . , αk).
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From aggregation, it follows that the marginals (components) have Beta-
distribution:

θi ∼ Beta(αi, |α| − αi), |α| := α1 + · · ·+ αk.

Hence the moments (recall the moments of Beta distribution)

Eθi =
αi

|α|
, Var(θi) =

αi

|α|
|α| − αi

|α|
1

|α|+ 1
, i = 1, . . . , k.

When αi > 1 ∀i, then the mode of Dirichlet distribution is( α1

|α| − k
, . . . ,

αk

|α| − k

)
.

The moments (Exercise 5):

E
(
θr11 · · · θrkk

)
=

B(α1 + r1, . . . , αk + rk)

B(α1, . . . , αk)
.

From the formula above, it follows that (Exercise 5)

Cov(θi, θj) = − αiαj

|α2|(|α|+ 1)
.

Given a vector (p1, . . . , pk) ∈ Sk−1 (a vector of probabilities), the categorical
distribution Cat(p1, . . . , pk) is the discrete distribution with atoms in set
{1, . . . , k} and density (probability mass function) f(i) = pi, i = 1, . . . , k.
(The enumeration of values is not important, to get a direct generalization
of Bernoulli distribution, the atoms should actually be {0, . . . , k − 1}, but
{1, . . . , k} is more conventual. Another option is to label the categories as
the vectors e1, . . . , ek, where ei is a k-dimensional vector with i-th coordinate
being 1 and rest are zeros. Then then sum of n iid categorical random vectors
has multinomial distribution).

Dirichlet-categorical model. The Dirichlet-categorical model is now a
straightforward generalization of Beta-Bernoulli model:

θ = (θ1, . . . , θk) ∼ Dir(α1, . . . , αk)

X1, . . . , Xn|θ
iid∼ Cat(θ).

Thus x = (x1, . . . , xn) ∈ {1, . . . , k}n, the hyperparameters are α1, . . . , αk.
Let (n1, . . . , nk) be the counts in x1, . . . , xn, i.e. ni is the number of i-s in
x1, . . . , xn. When X1, . . . , Xn are iid from Cat(θ), then the random counts
N = (N1, . . . , Nk) ∼ Multin(n, θ1, . . . , θk) (Ni =

∑n
j=1 I{i}(Xj).)
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Hence with the counts N = (N1, . . . , Nk) instead of X1, . . . , Xn, we obtain
Dirichlet-multinomial model :

θ ∼ Dir(α1, . . . , αk)

N |θ∼Multin(n, θ).

When X1, . . . , Xn are obtained by Dirichlet-categorical model � we shall call
them Dirichlet-categorical random variables for short � then the counts N
follow Dirichlet-Multinomial model.

(Marginal) distribution. The joint distribution of Dirichlet-categorical
random variables X = (X1, . . . , Xn) (marginal distribution in Bayes jargon)
is now following. The sample space is X = {1, . . . , k}n and for any x ∈ X ,

P (X = x) =

∫
Sk−1

P (X = x|θ)π(θ)dθ =

∫
Sk−1

k∏
j=1

θ
nj

j

∏k
j=1 θ

αj−1
j

B(α1, . . . , αk)
dθ

=
1

B(α1, . . . , αk)

∫
Sk−1

k∏
j=1

θ
αj+nj−1
j dθ

=
B(α1 + n1, . . . , αk + nk)

B(α1, . . . , αk)
.

We already know that X1, . . . , Xn are exchangeable, hence they are iden-
tically distributed (X1 ∼ Cat(α1|/|α|, . . . , αk|/|α|) but positively correlated
(see Exercise 6).

Since the number of vectors x ∈ {1, . . . , k}n with counts n1, . . . , nk is
n!

n1!···nk!
,

we get the marginal distribution Dirichlet-multinomial model:

P (N = (n1, . . . , nk)) =
n!

n1! · · ·nk!

B(α1 + n1, . . . , αk + nk)

B(α1, . . . , αk)
=

Γ(|α|)Γ(n+ 1)

Γ(n+ |α|)

k∏
i=1

Γ(ni + αi)

Γ(αi)Γ(ni + 1)
.

This distribution is known as Dirichlet-multiomial distribution, denoted as
DirMult(n;α1, . . . , αk). Observe that with αi = 1, i = 1, . . . , k, the distribu-
tion is uniform over its all possible values. When

(N1, . . . , Nk) ∼ DirMult(n;α1, . . . , αk),

then Ni ∼ BetaBin(n, αi, |α| − αi) (Exercise 7) so that

ENi = n
αi

|α|
, Var(Ni) =

nαi(|α| − αi)

|α|2
(|α|+ 1)

(|α|+ n)
.

The correlation (Exercise 7):

Cov(Ni, Nj) = −αiαj

|α|2
(|α|+ n)

(|α|+ 1)
.
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Just like in the case of Dirichlet distribution, Dirichlet-multinomial distribu-
tion has aggregation property (Exercise 8): when

(N1, . . . , Nk) ∼ DirMult(n;α1, . . . , αk),

then
(N1 +N2, N3, . . . , Nk) ∼ DirMult(n;α1 + α2, α3, . . . , αk).

Polya urn and posterior predicative distribution. In the beginning
there are |α| balls with k di�erent colors enumerated as 1, . . . , k: αi balls of
color i (not necessarily integers), after a ball with color i has been taken put
of the urn it will be returned to the urn together with another ball of the
same color. Let Xt be the color of t-th ball taken out of the urn. Thus

P (X1 = i) =
αi

|α|
, P (Xt+1 = i|X1 = x1, . . . , Xt = xt) =

αi + ni(t)

|α|+ t
(2.5)

where ni(t) :=
t∑

j=1

I{i}(xj).

Just in the case of two colors, it is easy to see that the random variables are
in�nitely exchangeable so that according to deFinetti-Hewitt-Savage theorem
there exists a prior measure π on Sk−1 so that so that the model (1.6) holds:

θ = (θ1, . . . , θk) ∼ π

X1, . . . , Xn|θ
iid∼ Cat(θ)

Since for any n, the random vector (X1, . . . , Xn) has the same distribution as
in Dirichlet-categorical model (Exercise 3), the measure π is Dir(α1, . . . , αk),
so Polya urn corresponds to Dirichlet-categorical model. Hence, when Ni is
the number of i-color balls taken out of the urn (during n draws), then
(N1, . . . , Nk) ∼ DirMult(n;α1, . . . , αk). From deFinetti-Hewitt-Savage theo-
rem it also follows that

(N1/n, . . . , Nk/n) → (θ1, . . . , θk), a.s. where (θ1, . . . , θk) ∼ Dir(α1, . . . , αk).

The probabilities (2.5) (for i = 1, . . . , k) form the posterior predicative dist-
ribution. The generalization of Laplace rule of succession (the case αi = 1)
is thus

P (Xn+1 = i|X1 = x1, . . . , Xn = xn) =
1 + ni

k + n
, i = 1, . . . , k.

Posterior density. Like for Beta-Bernoulli and Beta-binomial model, also
for Dirichlet-categorical and Dirichlet-multinomial case the posterior distri-
bution is Dirichlet distribution. Let x = (x1, . . . , xn) ∈ {1, . . . , k}n (and
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ni =
∑n

j=1 I{i}(xj) as usually):

π(θ|x) ∝ π(θ)f(x|θ) = 1

B(α1, . . . , αk)

k∏
i=1

θαi−1
i

k∏
i=1

θni
i =

1

B(α1, . . . , αk)

k∏
i=1

θαi+ni−1
i ,

hence the posterior distribution is Dir(α1+n1, . . . , αk +nk). The same hods
for Dirichlet-multinomial model, where observations are the counts: x =
(n1, . . . , nk).

Posterior mean, mode and variance, interpretation. Let x = (n1, . . . , nk).
The posteriror distribution is Dirichlet distribution, so it is easy to �nd po-
sertior mean, variances and covariances of components. Posterior mean is
the vector E[θ|x] = (E[θ1|x], . . . , E[θk|x])

′
, where

E[θi|x] =
αi + ni

n+ |α|
=

ni

n
· n

n+ |α|
+

αi

|α|
· |α|
n+ |α|

.

Again, E[θi|x] is the weighted average of sample mean ni/n and prior mean
αi/|α|, when n increases, the prior has less in�uence. The posterior variance
of θi is

Var[θi|x] =
E[θi|x](1− E[θi|x])

n+ |α|+ 1
=

n1 + αi

n+ |α|
· n− n1 + |α| − αi

n+ |α|
· 1

n+ |α|+ 1
.

The posterior covariance

Cov[(θi, θj)|x] = −E[θi|x]E[θj |x]
|α|+ n+ 1

.

We see that the covariance decreases as n grows.

Pre-election polling example. See [5], sec 3.4. A survey: 1447 adults
from U.S.A. were asking their preferences in upcoming presidental election
(1988). Out of 1447 person, n1 = 727 supported G. Bush, n2 = 583 sup-
ported M. Dukakis and n3 = 137 supported other candidates or expressed
no opinion. Assuming all responses are independent and every respondent is
a categorical random variable (three categories) with the same probabiliti-
es/distribution θ = (θ1, θ2, θ3), we end up with (n1, n2, n3) being a realization
of a multinomial random vector. Assuming that every possible vector of pro-
babilities is a priori alike, we end up with Dirichlet-multinomial model with
hyperparameters α1 = α2 = α3 = 1. Then the posterior distribution of θ is
Dir(728, 584, 138). The goal of the survey is to estimate the di�erence θ1−θ2.
In [5], 1000 draws from Dir(728, 584, 138)-distribution (each draw is a 3-dim
vector) has been made, and for every draw θ1 − θ2 is computed. In this way,
the posterior distribution of θ1 − θ2 is estimated (since posterior distribu-
tion has analytic form, that distribution could ce calculated exactly as well).
In fact, far all 1000 draws it hold that θ1 > θ2 so the estimated posterior
probability that G. Bush has more support than M. Dukakis is practically 1.

21



2.3 Gamma-Poisson model

When θ ∼ Gamma(α, β), then

Eθ =
α

β
, Var(θ) =

α

β2
.

Mode of Gamma-distribution is 0 for α < 1 and (α−1)
β for α ≥ 1.

Gamma-Poisson model:

θ ∼ Gamma(α, β)

X1, . . . , Xn|θ
iid∼ Po(θ)

Hence, for given θ

f(x|θ) = e−nθ θ
∑n

i=1 xi∏n
i=1 xi!

, x = (x1, . . . , xn) ∈ Nn.

Marginal distribution is negative multinomial. Marginal distribution
of X1, . . . , Xn � the joint density:

f(x) =

∫ ∞

0
f(x|θ)π(θ)dθ =

∫ ∞

0
exp[−nθ]

θ
∑n

i=1 xi∏n
i=1 xi!

βα

Γ(α)
θα−1 exp[−βθ]dθ

=
βα

Γ(α)

1∏n
i=1 xi!

∫ ∞

0
exp[−θ(n+ β)]θ

∑n
i=1 xi+α−1dθ

=
βα

Γ(α)

1∏n
i=1 xi!

Γ(
∑

i xi + α)

(β + n)
∑

i xi+α

=
Γ(

∑
i xi + α)

Γ(α)
∏n

i=1 xi!

( β

β + n

)α( 1

β + n

)∑
i xi

.

When n = 1, then with x = x1, we get the density of NB(α, β
β+1):

f(x) =
Γ(x+ α)

Γ(α)x!

( β

β + 1

)α( 1

β + 1

)x
.

For that reason negative binomial distribution is sometimes referred to as
Gamma-Poisson distribution.
When α is integer, then

Γ(
∑n

i=1 xi + α)

Γ(α)
∏n

i=1 xi!
=

(∑
i xi + α− 1

x1 · · ·xn α− 1

)
,

so that for n > 1 the marginal distribution of (X1, . . . , Xn) is a kind of
multinomial generalization of negative binomial, called negative multinomial
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distribution. So the (marginal) distribution (X1, . . . , Xn) is negative multi-
nomial distribution: the random variables X1, . . . , Xn are identically distri-
buted, Xi ∼ NB(α, β

β+1), thus (exercise 10)

EXi =
α

β
, Var(Xi) =

α(1 + β)

β2
(2.6)

and they are positively correlated: Cov(Xi, Xj) =
α
β2 .

Posterior and posterior predicative distribution. Posterior density:
x = (x1, . . . , xn),

f(x|θ)π(θ) = βα

Γ(α)

1∏n
i=1 xi!

exp[−θ(n+ β)]θ
∑n

i=1 xi+α−1

∝ exp[−θ(n+ β)]θ
∑n

i=1 xi+α−1.

Therefore π(θ|x) is the density of Gamma(
∑n

i=1 xi + α, n+ β), so that

θ|x ∼ Gamma(

n∑
i=1

xi + α, n+ β). (2.7)

Posterior predicative distribution (exercise 10) is NB(
∑

i xi + α, β+n
β+n+1):

P (Xn+1 = i|X1 = x1, . . . , Xn = xn) =
Γ(i+

∑n
i=1 xi + α)

Γ(
∑n

i=1 xi + α)i!

( β + n

β + n+ 1

)∑
i xi+α( 1

β + n+ 1

)i
.

The interpretation of hyperparameters: β is the size of "prior sampleänd α
is the sum of observations in that sample.

Posterior mean, mode, variance. Posterior mean, variance and mode
� the mean and variance of Gamma(

∑n
i=1 xi + α, n+ β) distribution � is

E[θ|x] =
∑n

i=1 xi + α

n+ β
=

∑n
i=1 xi
n

n

n+ β
+

α

β

β

n+ β
, Var[θ|x] =

∑n
i=1 xi + α

(n+ β)2
.

The posterior mode is ∑n
i=1 xi + α− 1

n+ β
.

We see that posterior mean is again the convex combination of sample mean
x̄ =

∑n
i=1 xi

n and prior mean α
β . The bigger is n, the smaller is the prior

in�uence.
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Kidney cancer example. The parameter of Poisson distribution is also
its mean. Therefore, in practice often the i-th observation is generated from
Po(miθ)-distribution, where mi is known exposure and θ is the parameter of
interest (sometimes called rate). The Gamma-Poisson model then

θ ∼ Gamma(α, β)

X1, . . . , Xn|θ
ind∼ Po(mθ).

It is easy to see that posterior distribution of θ is again Gamma-distribution
(Exercise 10):

θ|x ∼ Gamma
( n∑
i=1

xi + α, nm+ β
)
. (2.8)

In kidney cancer example ([5], sec. 2.7), the model is the following:

θ1, . . . , θn
iid∼ Gamma(α, β)

Xj |θj
ind∼ Po(10mjθj), j = 1, . . . , n.

Here n is then umber of counties,mj is the population of the county, θj is the
underlying rate in units of death per person per year in the j-th county and
Xj is the number of kidney cancer deaths in county j during 10 years. Given
the observation xj , the frequentist (MLE) estimate of θj is just xj/10mj .
For determining the hyperparameters α and β, the empirical prior can be
used. In [5] it has been done as follows: �rst observe that (Exercise 10) that
for every j,

Xj ∼ NB
(
α,

β

10mj + β

)
. (2.9)

Thus
EXj = 10mj

α

β
, Var(Xj) =

α

β2
10mj(10mj + β),

so that

E
( Xj

10mj

)
=

α

β
, Var

( Xj

10mj

)
=

1

10mj

α

β
+

α

β2
.

The idea is to match the theoretical and observed moments (method of
moments). For means it is easy:

x̄ :=
1

n

n∑
j=1

xj
10mj

=
α

β
.

Variances of Xj depend on mj , so after calculating sample variance

s2 =
1

n

n∑
i=1

( xj
10mj

− x̄
)2

,
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it will be matched with average variance:

s2 =
α

β2
+

α

β

1

n

n∑
j=1

1

10mj
.

Now �nd α and β. In [5], the values α = 20 and β = 430000 are obtained.
The prior mean is α/β = 4.65× 10−5. For each j = 1, . . . , n, from (2.8),

θj |xj ∼ Gamma(20 + xj , 430000 + 10mj),

E[θj |xj ] =
20 + xj

430000 + 10mj
, Var[θj |xj ] =

20 + xj
(430000 + 10mj)2

.

The posterior mean is the weighted average of the raw rate xj/10mj and
prior mean α/β:

E[θj |xj ] =
20 + xj

430000 + 10mj
=

20

430000
· 430000

430000 + 10mj
+

xj
10mj

· 10mj

430000 + 10mj
.

The smaller is population mj , the closer is the posterior mean to prior mean
4.65× 10−5, this reduces the e�ect of the small population, see Sec 2.7 of [5]
for closer discussion.

Remark. Since mj is typically rather big, it holds that s2 ≈ α
β2 and so

the empirical prior method is actually almost the same as in previously
considered rat tumor example: since θ1, . . . , θn are iid from Gamma(α, β),
one would like to match the empirical mean and variance of parameters with
α
β (mean of Gamma) and α

β2 (variance of Gamma) respectively. However, the
parameters θj are not directly observable, so we use xj/10mj instead. This
yields to the system of equations x̄ = α/β, s2 = α/β2.

2.4 Gamma-Exponential model

The model:

θ ∼ Gamma(α, β)

X1, . . . , Xn|θ
iid∼ Exp(θ)

Hence, for given θ

f(x|θ) = θn exp[−θ
n∑

i=1

xi], x = (x1, . . . , xn) ∈ [0,∞)n.
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Marginal distribution. The joint density

f(x, θ) = θn exp[−θ
n∑

i=1

xi]
βα

Γ(α)
θα−1 exp[−βθ] =

βα

Γ(α)
θn+α−1 exp[−θ(

n∑
i=1

xi+β)].

The marginal density (x = (x1, . . . , xn)),

f(x) =

∫ ∞

0
f(x, θ)dθ =

βα

Γ(α)

∫ ∞

0
θn+α−1 exp[−θ(

n∑
i=1

xi + β)]dθ

=
βα

Γ(α)

Γ(n+ α)

(
∑n

i=1 xi + β)n+α
= (α+ n− 1)(α+ n− 2) · · ·α βα

(
∑n

i=1 xi + β)α+n
.

For n = 1, thus

f(x) =
αβα

(x+ β)α+1
,

hence Xi ∼ Lomax(α, β). Thus X1, X2, . . . , Xn are positively correlated
Lomax-distributed random variables with mean, variances and covariation
as follows (exercises 11):

EXi =
β

α− 1
, VarXi =

{
β2α

(α−1)2(α−2)
, α > 2;

∞, α ≤ 2.
(2.10)

Cov(Xi, Xj) =
β2

(α− 1)2(α− 2)
, α > 2. (2.11)

Posterior distribution, mean, variance.

π(θ|x) ∝ θn+α−1 exp[−θ(

n∑
i=1

xi + β)],

so that the posterior distribution is Gamma:

θ|x ∼ Gamma
(
n+ α,

n∑
i=1

xi + β
)
. (2.12)

The posterior mean is

E[θ|x] = n+ α∑n
i=1 xi + β

=
n∑n
i=1 xi

·
∑n

i=1 xi∑n
i=1 xi + β

+
α

β
· β∑n

i=1 xi + β
= x̄−1 x̄

x̄+ β
n

+
α

β

β
n

x̄+ β
n

,

where x̄ = n−1
∑n

i=1 (sample average). When X ∼ Exp(θ), then EX = 1
θ ,

hence x̄−1 is the sample based estimate of θ (also MLE). We see that poste-
rior mean is again a convex combination of sample based estimate and prior
mean α

β . The bigger n, the smaller the prior in�uence.
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Posterior variance:

Var[θ|x] = n+ α

(
∑n

i=1 xi + β)2
=

1 + α
n

n(x̄+ β
n)

2
.

Interpretation of hyperparameters: α is now the size of "prior sample" and
β is the sum of observation in that prior sample. Recall that in the Gamma-
Poisson model the meaning of hyperparameters was opposite (β the sample
size and α the observations).

Posterior predicative distribution. Prior predicative distribution is Lo-
max:

Xn+1|x ∼ Lomax(n+ α,
n∑

i=1

xi + β), (2.13)

Thus the posterior predicative density is

f(xn+1|x) =
(α+ n)

(∑n
i=1 xi + β

)α+n(∑n+1
i=1 xi + β

)α+n+1 .

Remark. Observe that in the joint (hence marginal and posterior) distri-
bution, the data x = (x1, . . . , xn) enter to the formulas through the sum∑n

i=1 xi, only. In other words, when instead of x only the sum
∑n

i=1 xi
were observed, nothing would change (the sum is su�cient statistic here).
It is also well known that when X1, . . . , Xn are iid random variables with
Exp(θ) distribution, then the sum follows Gamma distribution (Exercise
(11)) S = X1 + · · · + Xn ∼ Gamma(n, θ). Hence the Gamma-exponential
model can be also represented as Gamma-Gamma model:

θ ∼ Gamma(α, β)

X|θ ∼ Gamma(n, θ).

An example: earthquakes. Exponential distribution is a common mo-
del for waiting times. Assume that waiting times between earthquakes follow
exponential distribution with parameter θ. The parameter θ is the average
rate an earthquakes occur per hour (because 1/θ is the average waiting time).
Assume Gamma(4, 3) prior. Hence according to our prior knowledge, the ave-
rage rate is Eθ = 4/3. Since θ ∼ Gamma(4, 3), 1/θ ∼ InvGamma(4, 3) and
E(1/θ) = 1 (because the mean of InvGamma(α, β) distribution is β/(α−1)).
Hence, based on our prior knowledge the expected waiting time between eart-
hquakes is 1. In fact, we know that the waiting time between any two eart-
hquakes has Lomax(4, 3)-distribution, implying that the mean is 1 (because
the mean of Lomax(α, β) is β/(α− 1)).
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Suppose that two earthquakes were observed: the �rst has waiting time 3.2
hours, the second 1.6 hours. Thus x1 = 3.2 and x2 = 1.6. The sample
average x̄ = 4.8/2 = 2.4. Hence, the empirical estimate of expected wai-
ting time is 2.4 with the corresponding rate estimate 1/2.4 = 0.4166. We
see that data based estimate di�er from prior estimate. The Bayesian app-
roach combines prior knowledges with data. The posterior distribution is
now θ|x ∼ Gamma(6, 7.8) with mean E[θ|x] = 0.769. We know that the
posterior mean is a convex combination of prior mean Eθ and 1/x̄, hence it
must be between these numbers: 1/x̄ = 0.4166 < 0.769 < 4/3 = Eθ. The
conditional distribution of the waiting time to the third earthquake given
the data is Lomax: X3|x ∼ Lomax(6, 7.2) with mean 7.2/5 = 1.44. Again,
we see that Bayesian estimate is between prior and data based estimates:
x̄ = 2.4 > 1.44 > 1 = EX3.

Now consider the case 100 earthquakes were observed with total waiting time
63.09 (

∑n
i=1 xi = 63.09). Hence the empirical estimates of expected waiting

time and rate are x̄ = 0.6309 and 1/x̄ = 1.585. The posterior distribution
is now θ|x ∼ Gamma(104, 66.09) with mean E[θ|x] = 104/66.09 = 1.5736.
Thus 1/x̄ = 1.585 > 1.5736 > 1.333 = Eθ. The conditional waiting time to
the 101-th earthquake has Lomax distribution: X101 ∼ Lomax(104, 66.09)
with mean E[X101|x] = 66.09/103 = 0.641. Thus x̄ = 0.6309 < 0.641 <
1 = EX101. We see that Bayesian estimates are pretty close to the empirical
estimates. This is due to the fact that n = 100 is rather big in comparison
with β = 3.

2.5 Normal models

Recall: any density of θ in the form f(θ) = exp[−Aθ2 +Bθ+C], A > 0 is a
normal density with mean µ = B

2A and variance σ2 = 1
2A , because

f(θ) = exp[−Aθ2+Bθ+C] = exp[−(θ2 − 2µθ + µ2)

2σ2
+D] ∝ exp[−(θ − µ)2

2σ2
].

2.5.1 Known variance

A standard model (variance known, prior on mean)

θ ∼ N (µ, τ2)

X1, . . . , Xn|θ
iid∼ N (θ, σ2).
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Marginal distribution. The joint density of (X1, . . . , Xn, θ) has form
(f(x|θ) is normal density)

f(x1, . . . , xn, θ) =
n∏

i=1

f(xi|θ)π(θ)

∝ exp
[
− 1

2

( n∑
i=1

(xi − µ)2

σ2
− 2

n∑
i=1

(xi − µ)(θ − µ)

σ2
+ (θ − µ)2(

n

σ2
+

1

τ2
)
)]

.

We see that f(x1, . . . , xn, θ) is jointly normal density with precision matrix
(inverse of covariance matrix):

1
σ2 0 · · · 0 − 1

σ2

0 1
σ2 · · · 0 − 1

σ2

· · · · · · · · · · · · · · ·
0 0 · · · 1

σ2 − 1
σ2

− 1
σ2 − 1

σ2 · · · − 1
σ2

n
σ2 + 1

τ2

 .

Marginals of jointly normal random variables are jointly normal as well,
hence (X1, . . . , Xn) is multivariate normal random vector. The mean vector
and covariance matrix of (X1, . . . , Xn) are

µ =


µ
µ
· · ·
µ

 , Σ =


σ2 + τ2 τ2 · · · τ2

τ2 σ2 + τ2 · · · τ2

· · · · · · · · · · · ·
τ2 τ2 · · · σ2 + τ2

 . (2.14)

To see that the covariance matrix is just as above, recall that X1, . . . , Xn are
identically distributed random variables with

Cov(Xi, Xj) = Var
(
E[X1|θ]

)
= Var(θ) = τ2,

Var(X1) = Var
(
E[X1|θ]

)
+ E[Var(X1|θ)] = τ2 + σ2.

Posterior distribution, mean and variance. From the joint density
f(x1, . . . , xn, θ) we see that (x = (x1, . . . , xn))

π(θ|x) ∝ exp
[
− 1

2

( n

σ2
+

1

τ2
)
(
(θ − µ)2 − 2

n∑
i=1

(xi − µ)(θ − µ)

σ2
(
n

σ2
+

1

τ2
)−1

)]
.

Denote

τ2n = (
n

σ2
+

1

τ2
)−1 =

σ2τ2

nτ2 + σ2

Thus

π(θ|x) ∝ exp
[
− 1

2τ2n

(
θ2 − 2θµ− 2

σ2

n∑
i=1

(xi − µ)θτ2n

)]
= exp

[
− 1

2τ2n

(
θ2 − 2θ

(
µ+

n∑
i=1

(xi − µ)
τ2n
σ2

))]
.
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Therefore π(θ|x) is normal density with variance τ2n and mean (x̄ =
∑n

i=1 xi/n)

µn := µ+ (nx̄− nµ)
τ2

nτ2 + σ2
=

µσ2 + nτ2x̄

nτ2 + σ2
=

µ
τ2

+ n
σ2 x̄

n
σ2 + 1

τ2

= (
µ

τ2
+

nx̄

σ2
)τ2n.

Thus
θ|x ∼ N (µn, τ

2
n).

We see that again posterior mean is the average of sample mean and prior
mean:

µn = x̄
n
σ2

n
σ2 + 1

τ2

+ µ
1
τ2

n
σ2 + 1

τ2

,

the bigger n, the smaller is prior in�uence. We also see that τ2n → 0 when
n → ∞. When σ2 = 1, then posterior mean is

µn =
µ/τ2 +

∑n
i=1 xi

n+ 1/τ2

Thus 1/τ2 can be considered as the size of "prior sample "with prior sample
average µ.

Posterior predicative distribution. Recall the posterior predicative den-
sity

f(xn+1|x) =
∫

f(xn+1|θ)π(θ|x)dθ.

Hence the posteriror predicative distribution is the marginal distribution
with π(θ|x) as prior density, so that we immediately get (exercise 12) that
f(xn+1|x) is a normal density with mean µn and variance τ2n + σ2, i.e.

Xn+1|x ∼ N (µn, τ
2
n + σ2). (2.15)

2.5.2 Known mean

When
θ ∼ ScaleInv−χ2(ν, τ2),

then

Eθ =
ντ2

ν − 2
, ν > 2, Varθ =

2ν2τ4

(ν − 2)2(ν − 4)
=

2(Eθ)2

(ν − 4)
, ν > 4

and mode is
ντ2

ν + 2
.

Recall the density

π(θ|ν, τ2) = 1

Γ(ν/2)

(ντ2
2

) ν
2
θ−(ν/2+1) exp[−ντ2

2θ
].
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A standard model (mean know, prior on variance)

θ ∼ ScaleInv−χ2(ν, τ2)

X1, . . . , Xn|θ
iid∼ N (µ, θ).

Marginal distribution. Joint density (x = (x1, . . . , xn))

f(x, θ) = (2πθ)−n/2 exp[−
∑n

i=1(xi − µ)2

2θ
]

1

Γ(ν/2)

(ντ2
2

) ν
2
θ−(ν/2+1) exp[−ντ2

2θ
]

= c · exp
[
−

∑n
i=1(xi − µ)2 + ντ2

2θ

]
θ−

(
(n+ν)/2+1

)
,

where

c = (2π)
−n
2

1

Γ(ν/2)

(ντ2
2

) ν
2
.

Since ∫ ∞

0
θ−(α+1) exp[−β/θ]dθ =

Γ(α)

βα
,

it follows that∫ ∞

0
exp

[
−
∑n

i=1(xi − µ)2 + ντ2

2θ

]
θ−(

(n+ν)
2

+1)dθ = Γ
(ν + n

2

)(∑n
i=1(xi − µ)2 + ντ2

2

)− ν+n
2 .

Therefore, the joint density of X1, . . . , Xn is

f(x) =
Γ
(
ν+n
2

)
Γ
(
ν
2

) (
πντ2

)−n/2
(∑n

i=1(xi − µ)2

ντ2
+ 1

)− ν+n
2
. (2.16)

Hence, Xi ∼ lst(µ, τ2, ν), i = 1, . . . , n. Observe that

Cov(Xi, Xj) = Var(E[X1|θ]) = Var(µ) = 0,

i.e. the random variables are uncorrelated but not independent.

Posterior distribution, mean and variance. From the joint density
f(x, θ), it follows:

π(θ|x) ∝ θ−
(
(n+ν)/2+1

)
exp

[
−

∑n
i=1(xi − µ)2 + ντ2

2θ

]
= θ−(νn/2+1) exp[−νnτ

2
n

2θ
],

where

νn := ν + n, τ2n :=

∑n
i=1(xi − µ)2 + ντ2

νn
.

Hence
θ|x ∼ ScaleInv−χ2(νn, τ

2
n). (2.17)
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Posterior mean:

E[θ|x] = νnτ
2
n

νn − 2
=

(ν + n)
∑n

i=1(xi − µ)2 + ντ2

ν + n− 2
=

∑n
i=1(xi − µ)2

n

n

ν + n− 2
+

ν − 2

n+ ν − 2

ντ2

ν − 2
.

Since

Eθ =
ντ2

ν − 2
,

we see again that posterior mean is the average of prior mean Eθ and samp-

le variance (MLE estimate)
∑n

i=1(xi−µ)2

n . The bigger n, the smaller is prior
in�uence.

The meaning of hyperparameters ν and τ2: ν is the size of "prior samp-
leänd τ2 is the "sample variance of prior sample". Thus νn = ν + n is the
"total"sample size and τn is the "total sample variance".

Posterior variance:

Var[θ|x] = 2(E[θ|x])2

(νn − 4)
.

Posterior predicative distribution. Posterior predicative distribution
is location scale t-distribution, with parameters µ, τ2n, νn (Exercise 12) i.e.

Xn+1|x ∼ lst(µ, τ2n, νn). (2.18)

2.5.3 Unknown mean and variance

Now θ = (µ, σ2). A standard model:

σ2 ∼ ScaleInv−χ2(ν, τ2)

µ|σ2 ∼ N (µo,
σ2

κ
)

X1, . . . , Xn|(µ, σ2)
iid∼ N (µ, σ2).

Hence, µ and σ2 are not independent random variables, their joint density is

π(µ, σ2) = c(ν, τ2, κ)(σ2)−(ν/2+1) exp[−ντ2

2σ2
]
1

σ
exp[−κ(µ− µo)

2

2σ2
]

= c(ν, τ2, κ)(σ2)−( ν+1
2

+1) exp[−κ(µ− µo)
2 + ντ2

2σ2
],

c(ν, τ2, κ) :=
1

Γ(ν2 )

(ντ2
2

) ν
2

√
κ

2π
.

Sometimes called normal Inverse χ2 or NIX density with (hyper)parameters
ν, µo, τ2, κ.
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The prior mean: E(µ) = E
(
E[µ|σ2]

)
= µo, E(σ2) = ντ2

ν−2 . The parameter
κ shows how strongly we believe in µo, parameter ν shows how strongly we
believe that the variance is τ2.

In this model (provided ν > 2, exercise 12)

EXi = µo, Var(Xi) =
ν(1 + κ)τ2

κ(ν − 2)
, Cov(Xi, Xj) = Var(µ) =

1

κ

ντ2

ν − 2
.

(2.19)

Posterior distribution. Joint density (x = (x1, . . . , xn))

f(x, µ, σ2) = (2π)−
n
2 c(ν, τ2, κ)(σ2)−n/2 exp[−

∑n
i=1(xi − µ)2

2σ2
](σ2)−( ν+1

2
+1) exp[−κ(µ− µo)

2 + ντ2

2σ2
]

= (2π)−
n
2 c(ν, τ2, κ)(σ2)−( ν+n+1

2
+1) exp[−

∑n
i=1(xi − µ)2 + κ(µ− µo)

2 + ντ2

2σ2
]

= (2π)−
n
2 c(ν, τ2, κ)(σ2)−( ν+n+1

2
+1) exp[−

∑n
i=1(xi − x̄)2 + n(x̄− µ)2 + κ(µ− µo)

2 + ντ2

2σ2
]

De�ne
µn =

κ

κ+ n
µo +

n

κ+ n
x̄

and observe that (exercise 12):

κ(µ− µo)
2 + n(µ− x̄)2 = (κ+ n)

(
µ− µn

)2
+

κn

κ+ n
(µo − x̄)2. (2.20)

It follows that the posterior density is also NIX-density with parameters:

νn = ν + n

µn =
κ

κ+ n
µo +

n

κ+ n
x̄

κn = κ+ n

νnτ
2
n = ντ2 +

n∑
i=1

(xi − x̄)2 +
κn

κ+ n
(x̄− µo)

2

so that
n∑

i=1

(xi − x̄)2 + n(x̄− µ)2 + κ(µ− µo)
2 + ντ2 = κn(µ− µn)

2 + νnτ
2
n. (2.21)

With µ = µn, the equality (2.21) gives another formula for νnτ2n:

νnτ
2
n = ντ2+

n∑
i=1

(xi−x̄)2+n(x̄−µn)
2+κ(µn−µo)

2 =

n∑
i=1

(xi−µn)
2+κ(µn−µo)

2+ντ2.

(2.22)
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Therefore from (2.21),

π(µ, σ2|x) = c(νn, τ
2
n, κn)(σ

2)−( νn+1
2

+1) exp[−κn(µ− µn)
2 + νnτ

2
n

2σ2
]. (2.23)

Thus, given σ2, the posterior distribution of µ is normal with mean µn and
variance σ2/κn and the posterior distribution of σ2 is scaled inverse χ2 with
parameters νn and τ2n:

σ2|x ∼ ScaleInv−χ2(νn, τ
2
n)

µ|σ2, x ∼ N (µn,
σ2

κn
).

It is easy to see that when X ∼ ScaleInv−χ2(ν, τ), then for any a > 0,
aX ∼ ScaleInv−χ2(ν, aτ). Therefore,

σ2

κn
|x ∼ ScaleInv−χ2(νn,

τ2n
κn

)

and from (2.18) it follows that when integrating σ2 out, we obtain (Exercise
12)

µ|x ∼ lst(µn,
τ2n
κn

, νn). (2.24)

When X ∼ lst(µ, τ2, ν), then

EX = µ, Var(X) = τ2
ν

ν − 2
, provided ν > 2. (2.25)

Therefore the posterior means are (recall (2.22)):

E[µ|x] = µn =
κ

κ+ n
µo +

n

κ+ n
x̄,

E[σ2|x] = τ2nνn
νn − 2

=
ντ2 +

∑n
i=1(xi − µn)

2 + κ(µn − µo)
2

ν + n− 2
.

We can now interpret the parameters: there is a "prior sample (for expectation)"
with size κ and all observations being equal to µo. Adding to that prior samp-
le our observations, we obtain "posterior sample (for expectation)" with size
κ + n = κn. The sample mean of the "posterior sample" is µn. The bigger
is the size of prior sample, the more µo in�uences µn. The sum of squares of
"posterior sample" is

∑n
i=1(xi − µn)

2 + κ(µn − µo)
2. For variance, there is

another "prior sample (for variance)" with sample mean µn, size ν and sum
of squares ντ2. So the sum of squares of both prior samples and the actual
observations is ντ2 +

∑n
i=1(xi − µn)

2 + κ(µn − µo)
2 = νnτ

2
n. For posterior

mean and mode of σ2, the sample size of the �rst "prior sample for expecta-
tion", namely κ, has not been taking into account (sum of squares is divided
by ν + n − 2). We see that the bigger ν (the sample size for "prior sample
for variance" ), the closer E[σ2|x] is to τ2.
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Marginal and posteriror predicative distribution. Since f(θ|x) =
f(x, θ)/f(x), it holds

f(x) =
f(x, θ)

f(θ|x)
.

Hence the marginal density

f(x) =
(2π)−

n
2 c(ν, τ2, κ)

c(νn, τ2n, κn)
=

Γ(νn2 )

Γ(ν2 )

(
ντ2

2

) ν
2√

κ

(2π)
n
2

(
νnτ2n
2

) νn
2 √

κn

=
Γ(νn2 )

Γ(ν2 )

(
ντ2

) ν
2

π
n
2

(
νnτ2n

) νn
2

√
κ

κn
.

(2.26)
Since (take ν = νn, µo = µn, κ = κn, τ

2 = τ2n and n = 1)

νn+1 = νn + 1

µn+1 =
κn

κn + 1
µn +

1

κn + 1
xn+1

κn+1 = κn + 1

νn+1τ
2
n+1 = νnτ

2
n +

κn
κn + 1

(xn+1 − µn)
2.

We see that

νn+1τ
2
n+1

νnτ2n
= 1 +

κn
(κn + 1)νnτ2n

(xn+1 − µn)
2

(νn+1τ
2
n+1

νnτ2n

)− νn+1
2 =

(
1 +

κn
(κn + 1)νnτ2n

(xn+1 − µn)
2
)− νn+1

2
.

The posterior predicative density is thus

f(xn+1|x) =
Γ(νn+1

2 )

Γ(νn2 )

(
νnτ

2
n

) νn
2

π
1
2

(
νn+1τ2n+1

) νn+1
2

√
κn
κn+1

=
Γ(νn+1

2 )

Γ(νn2 )

√
κn

π(κn + 1)νnτ2n

(
1 +

κn
(κn + 1)νnτ2n

(xn+1 − µn)
2
)− νn+1

2
.

We recognize the local scaled t-distribution density with parameters µn, τ
2
n
1+κn
κn

, νn,
i.e.

Xn+1|x ∼ lst
(
µn,

τ2n(1 + κn)

κn
, νn

)
.

Taking n = 0, i.e. replacing νn, τ
2
n, κn, µn by their prior values ν, κ, τ2, µ0, we

see that the marginal distribution of Xi is also location-scale t-distribution:

Xi ∼ lst
(
µ0,

τ2(1 + κ)

κ
, ν

)
, i = 1, 2, . . . .

The mean and variance of the location-scale t-distribution above are µo and
ν(1+κ)τ2

κ(ν−2) , as we already obtained by direct calculation in (2.19).
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2.6 Exercises

1. Let X1, . . . , Xn be Beta-Bernoulli random variables. Show that Xi ∼
B(1, α

α+β ) and Cov(Xi, Xj) = Var[E(X1|θ)] = Var(θ). Find the cor-
relation coe�cient ρ(Xi, Xj) for Beta-Bernoulli model. What is the
covariance and correlation for uniform prior?

2. LetX ∼ BetaBin(n, α, β). Find EX andVar(X). Show that BetaBin(n, 1, 1)
is uniform over {0, . . . , n}

3. Polya urn.

� Let X1, . . . , Xn be the outcomes of Polya urn with α and β initial
balls (not necessarily integers). Show that (X1, . . . , Xn) has the
same joint distribution as the Beta-Bernoulli random variables.
You might use the formula Γ(z + 1) = zΓ(z), ∀z > 0.

� Generalize the proof for k > 2: (X1, . . . , Xn) has the same joint
distribution as the Dirichlet-categorical random variables.

4. Let θ ∼ Beta(α, β). Show that α and β can be found from Eθ and
Var(θ) as follows:

α+ β =
Eθ(1− Eθ)

Var(θ)
− 1, α = (α+ β)Eθ.

5. Let (X1, . . . , Xk) ∼ Dir(α1, . . . , αk). Show that

E
(
Xr1

1 · · ·Xrk
k

)
=

B(α1 + r1, . . . , αk + rk)

B(α1, . . . , αk)
.

Show
Cov(Xi, Xj) = − αiαj

|α|2(|α|+ 1)

and �nd correlation ρ(Xi, Xj).

6. Let X1, . . . , Xn be the Dirichlet-categorical random variables. Show
that

Cov(X1, X2) =

∑k
i=1 i

2αi(|α| − αi)− 2
∑k

i=1

∑k
j=i+1 ijαiαj

|α2|(|α|+ 1)
.

7. Show that the marginal distribution of Dirichlet-multinomial distribu-
tion are Beta-binomial: when (N1, . . . , Nk) ∼ DirMult(n;α1, . . . , αk),
then Ni has Beta-binomial distribution. Show that

ENiNj = n(n− 1)
αiαi

|α|(|α|+ 1)
, Cov(Ni, Nj) = −αiαj

|α|2
(|α|+ n)

(|α|+ 1)
.
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8. Prove the aggregation: when (N1, . . . , Nk) ∼ DirMult(n;α1, . . . , αk),
then

(N1 +N2, N3, . . . , Nk) ∼ DirMult(n;α1 + α2, α3, . . . , αk).

9. Find the posterior predicative density for Dirichlet-categorical model
without Polya urn, i.e. show that

P (Xn+1 = i|X = x) =

∫
f(i|θ)π(θ|x)dθ =

αi + ni

|α|+ n
.

10. Gamma-Poisson model

� Show (2.6) and Cov(Xi, Xj) =
α
β2 .

� Show that the posterior predicative distribution is negative bino-
mial distribution.

� Show (2.8).

� Show (4.29).

11. Gamma-Exponential model

� Show (2.10) and (2.11).

� Show (2.13).

� Consider Gamma-exponential model with n = 1, i.e.X|θ ∼ Exp(θ)
and the prior distribution is Gamma(α, β). Suppose we observe
that X ≥ c, but we do not observe the exact value of X. Find the
posterior distribution θ|X ≥ c ( Gamma(α, β + c)).

� Let X1, . . . , Xn be iid random variables, Xi ∼ Exp(θ). Let S =∑n
i=1Xi. Show that the moment generating function of S is that

of Gamma(n, θ) and deduce that S ∼ Gamma(n, θ).

12. Normal models

� Show (2.19).

� Show (2.15).

� Show (2.18).

� Show (2.20) and deduce (2.23).

� Show (2.24).
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3 Conjugate prior

In all the examples the prior and posterior distribution belonged to the
same parametric model/class: in Beta-Bernoulli model prior and posterior
both have Beta-distribution, in Dirichlet-multinomial model both have Di-
richlet distribution, in gamma-Poisson and gamma-exponential model both
(prior and posterior) have gamma distribution, and also in normal models
the prior and posterior distribution belong to the same class. In fact, in all
these examples the prior distribution was deliberately chosen so that such a
property would hold.

Let {f(·|θ)}, θ ∈ Θ be a parametric model and let P be a class of dist-
ributions on Θ. The class P is conjugate for {f(·|θ)} if for any x ∈ X and
for any prior π ∈ P also the posterior belongs to P: P (θ ∈ ·|X = x) ∈ P . In
terms of densities: when π(·) ∈ P , then π(·|x) ∈ P , ∀x ∈ X .

Of course, when P consists of all probability distributions on Θ, then it
is trivially conjugate for any model. Therefore the possibly small and para-
metric conjugate classes are of interest. We already know that the parameters
of priors are called hyperparameters and with conjugate prior switching from
prior to posterior distribution is reduced to an updating of the corresponding
hyperparameters. This property alone can explain why conjugate priors are
so popular, since the posterior distributions are always computable. Another
advantage of conjugate priors is being interpretable as additional data (prior
sample), as we have seen in all examples above.

Exponential family. The parametric model {f(·|θ)} belongs to an
exponential family , when all its members have form

f(x|θ) = h(x)g(θ) exp[ϕ(θ) · u(x)], (3.1)

where ϕ : Θ → Rk and u : X → Rk. For a, b ∈ Rk, a · b stands for inner
product. The vector ϕ(θ) is called the natural parameter for the family.

When ϕ(θ) = θ, then the exponential family is said to be in canonical form .
By the change of parameters ϕ = ϕ(θ), it is always possible to convert
an exponential family to canonical form. Note that the canonical form is
non-unique. When ϕ(θ) = θ and u(x) = x (hence ϕ(θ) · u(x) = θ · x) the
family is called natural exponential family . De�ning A(θ) = − ln g(θ), and
B(x) = lnh(x), we can rewrite (3.1) as

f(x|θ) = h(x) exp[ϕ(θ) ·u(x)−A(θ)] = exp[ϕ(θ) ·u(x)−A(θ)+B(x)]. (3.2)

Under the natural parametrization, it holds (Exercise 1) for every η such
that θ + η ∈ Θ

Mu(η) =

∫
exp[η · u(x)]f(x|θ)dx = eA(η+θ)−A(θ) (3.3)
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The function Mu is the moment generating function of u(X), where X has
density f(·|θ), its logarithm Λu(η) = lnMu(η) is the cumulant generating
function. In univariate case, i.e. when Θ ⊂ R, it follows that

A′(θ) = Λ′
u(0) = E[u(X)|θ], A′′(θ) = Λ′′

u(0) = Var[u(X)|θ]. (3.4)

When x1, . . . , xn is an iid sample from exponential family (3.1), then with
x = (x1, . . . , xn) and f(x|θ) =

∏n
i=1 f(xi|θ), we get that f(x|θ) belongs to

an exponential family as well:

f(x|θ) =
( n∏
i=1

h(xi)
)
gn(θ) exp[ϕ(θ) · t(x)], t(x) =

n∑
i=1

u(xi). (3.5)

The statistic t(x) =
∑n

i=1 u(xi) is called su�cient statistic .

Examples of exponential families.

1. Poisson distribution:

f(x|θ) = e−θ θ
x

x!
=

1

x!
exp[x ln θ − θ], x ∈ N.

Here A(θ) = θ (or g(θ) = e−θ), h(x) = 1
x! , u(x) = x, ϕ(θ) = ln θ.

2. Negative binomial distribution: r is �xed, θ = p is the parameter

f(x|θ) = f(k|r, θ) = Γ(x+ r)

x!Γ(r)
(1− θ)xθr.

Here u(x) = x, ϕ(θ) = ln(1− θ), g(θ) = θr (A(θ) = −r ln θ).

3. Gamma(α, θ). Here α is �xed, θ is a parameter.

f(x|θ) = θα

Γ(α)
xα−1e−θx.

Here g(θ) = θα, (A(θ) = −α ln θ), u(x) = −x, ϕ(θ) = θ � canonical
form.

4. Gamma(α, β). The parameters θ = (α, β).

f(x|θ) = βα

Γ(α)
xα−1e−βx =

βα

Γ(α)

1

x
exp[α lnx− βx].

Thus

ϕ(θ) = θ =

(
α
β

)
, u(x) =

(
lnx
−x

)
.
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5. Dirichlet distribution: θ = (θ1, . . . , θk)

f(x|θ) = 1

B(θ1, . . . , θk)

k∏
i=1

xθi−1
i , x = (x1, . . . , xk) ∈ Sk

=
1

B(θ1, . . . , θk)

( k∏
i=1

1

xi

)
exp[

k∑
i=1

θi lnxi].

Hence Dirichlet distribution constitute an exponential family canonical
form: ϕ : Θ → Rk is identity function ϕ(θ) = θ,

u = (u1, . . . , uk) : X → Rk, ui(x) = lnxi.

6. Beta distribution: θ = (θ1, θ2)

f(x|θ) = 1

B(θ1, θ2)

(1
x
· 1

1− x

)
exp[θ1 ln(x) + θ2 ln(1− x)], x ∈ (0, 1).

Hence ϕ(θ) = θ and

u(x) =

(
ln(x)

ln(1− x)

)
.

7. Binomial B(n, θ), θ ∈ (0, 1).

f(x|θ) =
(
n

x

)
θx(1− θ)n−x =

(
n

x

)
(1− θ)n exp[x ln

θ

1− θ
].

Thus ϕ(θ) = ln θ
1−θ , u(x) = x.

8. Multinom(n; θ1, . . . , θk), x = (x1, . . . , xk)

f(x|θ1, . . . , θk) =
(

n

x1 · · ·xk

) k∏
i=1

θxi
i =

(
n

x1 · · ·xk

)
exp[

n∑
i=1

xi ln θi].

Hence u(x) = x, ϕi(θ) = ln θi.

9. Normal distribution N (µ, σ2), θ = (µ, σ2).

f(x|θ) = 1√
2πσ2

exp[−x2 − 2xµ+ µ2

2σ2
].

Hence

u(x) =

(
x
x2

)
, ϕ(θ) =

( µ
σ2

− 1
2σ2

)
.

10. Normal distribution N (θ, σ2)

g(θ) = exp[− θ2

2σ2
], ϕ(θ) = θ, u(x) =

x

σ2
. (3.6)
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11. Normal distribution N (µ, θ)

g(θ) =
1√
θ
exp[−µ2

2θ
], u(x) =

(
x2

x

)
, ϕ(θ) =

(
− 1

2θ
µ
θ

)
.

If the support of the distribution depends on parameter, it cannot belong to
an exponential family. Hence uniform U(0, θ) distribution does not belong
to an exponential family. Also Student t-distribution cannot be represented
as (3.1).

Conjugate prior for exponential families. Let us consider the model
(3.5) that obviously includes also (3.1) when n = 1. A conjugate family of
priors is given by

π(θ|µ, λ) ∝ g(θ)λ exp[ϕ(θ) · µ], (3.7)

where λ ∈ R and µ ∈ Rk are hyperparameters. Then the posterior dist-
ribution of the model (1.2) belongs to the same family, because with x =
(x1, . . . , xn)

π(θ|x) ∝
( n∏
i=1

h(xi)
)
gn(θ) exp[ϕ(θ) · t(x)]g(θ)λ exp[ϕ(θ) · µ]

∝ g(θ)λ+n exp[ϕ(θ) · (µ+ t(x))].

Thus π(θ|x) = π(θ|µ+ t(x), λ+ n).

Examples of conjugate priors (3.7) for exponential families.

1. Bernoulli distribution B(1, θ):

ϕ(θ) = ln
θ

1− θ
, g(θ) = 1− θ, t(x) =

n∑
i=1

xi, x = (x1, . . . , xn)

π(θ|µ, λ) ∝ g(θ)λ exp[µϕ(θ)] = (1− θ)λ
θµ

(1− θ)µ
= (1− θ)λ−µθµ.

We recognize the Beta(µ + 1, λ − µ + 1) density (provided µ + 1 > 0
and λ− µ+ 1 > 0). Hence posterior

θ|x ∼ Beta(µ+ t(x) + 1, λ− µ− t(x) + n+ 1). (3.8)

Denoting µ + 1 = α and λ − µ + 1 = β, we that (3.8) is the same as
(2.3).

2. Multinomial distribution Multinom(n; θ1, . . . , θk):
Since the sample size n is included to multinomial distribution, we take
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in (3.5) sample size equal to 1.

ϕ(θ) =


ln θ1
ln θ2
· · ·
ln θk

 , u(x) = x ∈ Rk, g(θ) = 1, µ ∈ Rk

π(θ|µ, λ) ∝ exp[µϕ(θ)] = exp[
k∑

i=1

µi ln θi] =
k∏

i=1

θµi
i .

We recognize Dirichlet distribution Dir(µ1+1, . . . , µk+1). Hence, with
αi = µi + 1, we get the posterior

θ|x ∼ Dir(α1 + x1, · · · , αk + xk). (3.9)

3. Poisson distribution Po(θ):

ϕ(θ) = ln θ, g(θ) = e−θ, t(x) =
n∑

i=1

xi, x = (x1, . . . , xn)

π(θ|µ, λ) ∝ exp[µϕ(θ)− λθ] = θµe−λθ.

We recognize Gamma(µ+1, λ)-density. Denoting µ+1 = α and λ = β,
we get the posterior

θ|x ∼ Gamma(α+ t(x), β + n). (3.10)

we see that (3.10) is the same as (2.7).

4. Gamma(ν, θ):

ϕ(θ) = θ, g(θ) = θν , t(x) = −
n∑

i=1

xi,

π(θ|µ, λ) ∝ θνλ exp[µθ].

We recognize Gamma(νλ+1,−µ) density (provided µ < 0). Denoting
α = νλ+ 1 and β = −µ, we get the posterior

θ|x ∼ Gamma
(
α+ νn, β +

n∑
i=1

xi
)
. (3.11)

Since Gamma(1, θ) = Exp(θ), with ν = 1, we see that (3.11) is the
same as (2.12).
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5. Normal N (θ, σ2)

g(θ) = exp[− θ2

2σ2
], ϕ(θ) = θ, t(x) =

1

σ2

n∑
i=1

xi

π(θ|a, λ) ∝ exp[−λθ2

2σ2
+ aθ].

We recognize the normal distribution with mean µo and variance τ2,
where

µo =
aσ2

λ
, τ2 =

σ2

λ
.

because

(θ − µo)
2

2τ2
=

θ2

2τ2
− µoθ

τ2
+

µ2
o

2τ2
=

λθ2

2σ2
− aθ +

µo

2τ2
.

The posterior density

π(x|a+ θ(x), λ+ n) ∝ exp[−(λ+ n)θ2

2σ2
+ (a+ t(x))θ].

The posterior mean and variance are thus

µn =
(a+ nx̄

σ2 )σ
2

λ+ n
=

σ2 µo

τ2
+ nx̄

σ2

τ2
+ n

=
µo

τ2
+ nx̄

σ2

1
τ2

+ n
σ2

τ2n =
σ2

λ+ n
,

1

τ2n
=

1

τ2
+

n

σ2
.

We get the same posterior distribution as in the subsection 2.5.1.

6. Normal N (µ, θ)

g(θ) =
1√
θ
exp[−µ2

2θ
], t(x) =

( ∑
i x

2
i∑

i xi

)
, ϕ(θ) =

(
− 1

2θ
µ
θ

)
.

π(θ|(a1, a2), λ) ∝
1

θ
λ
2

exp[−λµ2 + a1 − 2a2µ

2θ
].

We recognize Scale− Invχ2(ν, τ2)-distribution, with

ν = λ, ντ2 = λµ2 + a1 − 2a2µ.

Posterior density is

π
(
θ|(a1+

∑
i

x2i , a2+
∑
i

xi), λ+n
)
∝ 1

θ
λ+n
2

exp[−
(λ+ n)µ2 + a1 +

∑
i x

2
i − 2(a2 +

∑
i xi)µ

2θ
]
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Since

(λ+ n)µ2 + a1 +
∑
i

x2i − 2(a2 +
∑
i

xi)µ =
n∑

i=1

(xi − µ)2 + ντ2,

we obtain the posterior distribution

θ|x ∼ ScaleInvχ2(νn, τ
2
n), νn = ν + n, νnτ

2
n =

n∑
i=1

(xi − µ)2 + ντ2,

just like in (2.17).

Conjugate priors and su�cient statistics. Let {f(·|θ) : θ ∈ Θ} be a
parametric family, let x = (x1, . . . , xn) be observations. Recall that a statistic
t(x) is su�cient, if the density f(x|θ) factorizes f(x|θ) = h(x)g(θ, t(x)). Then
the conditional density of data given the value of su�cient statistic t(x) is
independent of parameter, because for any x such that t(x) = t

f(x|t(x) = t, θ) =
h(x)g(θ, t)∫

{x′:t(x′)=t} h(x
′)g(θ, t)dx′

=
h(x)∫

{x′:t(x′)=t} h(x
′)dx′

.

In Bayesian setting it means that the posterior distribution depends on x
through t(x):

π(θ|x) = h(x)g(θ, t(x))π(θ)

f(x)
=

h(x)g(θ, t(x))π(θ)∫
h(x)g(θ, t(x))π(θ)dθ

=
g(θ, t(x))π(θ)∫
g(θ, t(x))π(θ)dθ

.

Thus, when t(x) is a su�cient statistic, then π(θ|x) ∝ g(θ, t(x))π(θ) and

π(θ|x) = π(θ|t(x)). (3.12)

On the other hand, when (3.12) holds, then f(θ|x)f(x) = π(θ|t(x))f(x) and
f(x|θ) = f(x)π(θ|t(x))/π(θ). We see that with h(x) = f(x) and g(θ, t(x)) =
π(θ|t(x))/π(θ) the factorization f(x|θ) = h(x)g(θ, t(x)) holds and by de�ni-
tion t(x) is a su�cient statistic.

Suppose that {π(θ|α) : α ∈ Λ}, where Λ ⊂ Rd is a conjugate family for
{f(·|θ) : θ ∈ Θ}. Then for every x, π(θ|x) = π(θ|α(x)), where α(x) ∈ Λ.
Hence (3.12) holds and α(x) must be a su�cient statistic. Hence a para-
metric conjugate priors exist if and only if there exists a su�cient statistic.
The following lemma states than when {f(·|θ) : θ ∈ Θ} is such that the
support of f(·|θ) does not depend on θ, then a su�cient statistic exists only
if {f(·|θ) : θ ∈ Θ} is an exponential family. In the lemma by a sample the
iid sample is meant.
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Lemma 3.1 (Pitman-Koopman lemma) Let {f(·|θ) : θ ∈ Θ} be a fa-
mily with the property that the support of f(·|θ) does not depend on θ. If the
following holds: for a sample size large enough, there exists a su�cient sta-
tistic of constant dimension, then {f(·|θ) : θ ∈ Θ} is an exponential family.

Thus, for the families where support does not depend on parameters, the exis-
tence of parametric (i.e. �nite dimensional) conjugate priors is equivalent to
being exponential. When the support depends on parameter, then the family
cannot be exponential. However, the conjugate priors might still exist: the
class of Pareto distributions constitute conjugate priors for U(0, θ) (Exercise
2); the class of Pareto distributions Pa(α, θ) has conjugate priors (Exercise
4); shifted exponential distributions Exp(θ, λ) have conjugate priors (Exe-
rcise 5).

Mixtures of conjugate priors are conjugate. Let P be a class of conju-
gate priors for a parametric family {f(·|θ)}. Consider the class ofK-mixtures
from P:

PK =
{ K∑

k=1

qiπk, qk > 0,

K∑
k=1

qk = 1, πk ∈ P
}
. (3.13)

Here K is the number of mixture components. It is easy to see that PK is
conjugate as well, because (Exercise 8), when π(θ) =

∑K
k=1 qkπk(θ), then the

posterior belongs to PK as well:

π(θ|x) =
K∑
k=1

qk(x)πk(θ|x), qk(x) =
qkfk(x)∑K
j=1 qjfj(x)

, fk(x) :=

∫
πk(θ)f(x|θ)dθ.

(3.14)
When {f(·|θ)} is an exponential family (3.1) and P is the corresponding
class of conjugate priors as in (3.7), then (Exercise 8)∫

f(x|θ)π(θ|µ, λ)dθ = h(x)
K(µ, λ)

K(µ+ u(x), λ+ 1)
, K−1(µ, λ) =

∫
g(θ)λeϕ(θ)·µdθ.

(3.15)
Thus, when {f(·|θ)} is an exponential family (3.1), P is the correspon-
ding class of conjugate priors (3.7) , π(θ) =

∑K
k=1 qkπ(θ|µk, λk) and x =

(x1, . . . , xn) are observations from (1.2), then the posterior density is (exe-
rcise 8):

π(θ|x) =
K∑
k=1

qk(x)πk(θ|µk + t(x), λk + n), (3.16)

qk(x) =
qkK(µk, λk)/K(µk + t(x), λk + n)∑K
j=1 qjK(µj , λj)/K(µj + t(x), λj + n)

.

45



Observe that θ ∼
∑K

k=1 qiπk can be written in Bayesian language as follows:

k ∼ Cat(q1, . . . , qK)

θ|k∼πk

Hence the model (1.2) with mixture prior is a simple example of hierarchial model

k ∼ Cat(q1, . . . , qK)

θ|k ∼ πk

X1, . . . , Xn|θ
iid∼ f(·|θ).

Example of Beta-Binomial mixtures. As an example, consider the
mixture of Beta-binomial models, where πk = Beta(αk, βk) and given pa-
rameter θ, the observation has B(n, θ) distribution:

k ∼ Cat(q1, . . . , qK)

θ|k ∼ Beta(αk, βk)

X|θ ∼ B(n, θ).

We know that the posterior distribution is the mixture, and by (3.14) the
posterior density is

π(θ|x) =
K∑
k=1

qk(x)πk(θ|x),

where

� πk(θ|x) is the posterior density corresponding to prior πk = Beta(αk, βk),
i.e. (recall (2.4))

πk(θ|x) =
1

B(αk + x, βk + n− x)
θαk+x(1− θ)βk+(n−x)

� The weights qk(x) are

qk(x) =
qkfk(x)∑K
j=1 qjfj(x)

,

where fk(x) is the density of Beta-binomial distribution (2.2), i.e.

fk(x) =

(
n

x

)
B(αk + x, βk + n− x)

B(αk, βk)
.

Thus

qk(x) ∝ qk
B(αk + x, βk + n− x)

B(αk, βk)
, i.e. qk(x) =

qk
B(αk+x,βk+n−x)

B(αk,βk)∑K
j=1 qj

B(αj+x,βj+n−x)
B(αj ,βj)

.

More about this example (motivation, pictures), see [6], Example 3.4.1.
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3.1 Exercises

1. Let f(x|θ) be an exponential family in canonical form, i.e. ϕ(θ) = θ.
Assume θ ∈ R and consider the model (1.2).

� Prove (3.3) and (3.4).

� π(θ|µ, λ) ba conjugate prior as in (3.7). Knowing that∫
π′(θ|µ, λ)dθ =

(∫
π(θ|µ, λ)dθ

)′
= 0,

show that

E[u(X1)] = EA′(θ) =

∫
A′(θ)π(θ)dθ = µ/λ.

� Show that with x = (x1, . . . , xn) being iid sample,

E[u(Xn+1)|x] =
µ+ t(x)

λ+ n
.

2. Let {f(x|θ) = 1/θ, θ ≥ θo} be a family of uniform distributions.
Prove that Pareto distributions constitute a conjugate family. Find the
posterior density π(θ|x), where x = (x1, . . . , xn) are iid observations.

3. Let
{f(x|θ) = θx−(θ+1)I[1,∞)(x), θ > 0}

be a family of Pareto distributions. Find conjugate priors. Find the
posterior density π(θ|x), where x = (x1, . . . , xn) are iid observations.

4. Let
{f(x|θ) = αθαx−(α+1)I[θ,∞)(x), θ > 0}

be a family of Pareto distributions. Prove that the following family of
priors constitute a conjugate family:{

π(θ) =
a

ba
θa−1I[0,b](θ), a > 0, b > 0

}
.

Find the posterior density π(θ|x), where x = (x1, . . . , xn) are iid ob-
servations.

5. Prove that the following family of priors constitute a conjugate family
for the shifted exponential distributions Exp(θ, λ):{

π(θ) = αeα(θ−β)I(−∞,β](θ), α > 0, β > 0
}
.

Find the posterior density π(θ|x), where x = (x1, . . . , xn) are iid ob-
servations.
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6. Let π(θ|λ, µ) be the prior density (3.7), thus

π(θ|µ, λ) = K(µ, λ)g(θ)λ exp[ϕ(θ)·µ], K−1(µ, λ) =

∫
g(θ)λ exp[ϕ(θ)·µ]dθ.

Show that the posterior predicative density is

f(xn+1|x) =
h(xn+1)K(µ+ t(x), λ+ n)

K(µ+ t(x) + u(xn+1), λ+ n+ 1)
.

7. Find conjugate prior for negative binomial distribution, the parameter
is p. Find the posterior density π(θ|x), where x = (x1, . . . , xn) are iid
observations.

8. Prove (3.14), (3.15), (3.16).

4 Noninformative and unproper priors

4.1 Flat prior

When no prior information is available, and the parameter space Θ is boun-
ded, then it is tempting to use uniform distribution with constant density
π(θ) ≡ const. In this case all parameters are "equiprobable" and the rese-
archer has no preferences. That was the reasoning of P. Laplace for using
uniform distribution in his studies about birth rates. Observe that the uni-
form prior also matches with the maximum likelihood principle, because
MLE estimator is the posterior mode under uniform prior:

argmax
θ

π(θ|x) = argmax
θ

f(x|θ)π(θ)
f(x)

= argmax
θ

f(x|θ)π(θ) = argmax
θ

f(x|θ).

The uniform (and uniform-like priors with possibly �at densities) are called
noninformative . Noninformative priors are often a popular choice in prac-
tice.

When Θ is not bounded, there is no uniform prior on Θ. For example, there
is no uniform distribution on R or [0,∞). There is, however, Lebesgue me-
asure and although it is not a probability measure, it is tempting to use it
as it were. This means plugging π(θ) ≡ c into Bayes formula and calculating
posterior

π(θ|x) = f(x|θ)c∫
f(x|θ)cdθ

=
f(x|θ)∫
f(x|θ)dθ

. (4.1)

When x is such that
∫
f(x|θ)dθ < ∞, then π(θ|x) is still a density of a

probability measure.
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Improper prior. In general, a (prior) density function π(·) (i.e. non-
negative and measurable function) onΘ is called a density of improper prior measure ,
when ∫

π(θ)dθ = ∞.

Thus the corresponding prior measure is not a �nite measure and certainly
not a probability measure. When the observations x satisfy:∫

f(x|θ)π(θ)dθ < ∞, (4.2)

then the posterior density

π(θ|x) = f(x|θ)π(θ)∫
f(x|θ)π(θ)dθ

is well de�ned probability density and, therefore, posterior probability me-
asure (for that particular x) exists. However, even the posterior exists for all
x, the Bayesian models with improper prior cannot be considered as standard
probability model, where (X, θ) is a random vector and posterior probability
is the conditional probability of parameter θ given X = x.

4.2 Example: normal models with �at unproper priors

Since normal models with �at unproper priors are very often used in practice,
we study them closer. We see that although the priors are not conjugate, the
posterior distributions can be analytically found. It is partially, because they
can be considers as a limits of conjugate priors.

4.2.1 One parameter normal models

Known variance. Consider the normal model with known varianceN (θ, σ2).
We know that conjugate prior is normal N (µ, τ2). The smaller is τ , the �at-
ter is the prior but there will be always more prior mass around µ. Let us
calculate π(θ|x) according to (4.1) (with x = (x1, . . . , xn)):

n∑
i=1

(xi − θ)2 =
n∑

i=1

(xi − x̄)2 + n(x̄− θ)2

so that

f(x) =

∫
f(x|θ)dθ =

1

(2πσ2)n/2
exp[−

∑n
i=1(xi − x̄)2

2σ2
]

∫
exp[−(x̄− θ)2

2σ2/n
]dθ.

Therefore

f(x) =
1

(2πσ2)n/2
exp[−

∑n
i=1(xi − x̄)2

2σ2
]

√
2πσ2

n
=

1
√
n(2πσ2)

n−1
2

exp[−
∑n

i=1(xi − x̄)2

2σ2
].

(4.3)
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π(θ|x) = f(x|θ)∫
f(x|θ)dθ

=
1√

2πσ2/n
exp[−(x̄− θ)2

2σ2/n
] (4.4)

and we recognize the density of N (x̄, σ2/n) distribution. Hence the posterior
is normal:

θ|x ∼ N (x̄, σ2/n). (4.5)

Observe that with (posterior variance and mean under N (µ, τ2) prior)

τ2n = (n/σ2 + 1/τ2)−1, µn =
µ/τ2 +

∑
xi

n+ 1/τ2
,

it holds
x̄ = lim

τ2→∞
µn σ2/n = lim

τ2→∞
τ2n.

Hence the �at prior can be considered as a limit of normal prior as τ2 → ∞
(in a sense), and so is the posterior as the limit τ2 → ∞.

Known mean. Another classical example of improper and non-informative
prior is the normal model with unknown variance N (µ, θ). We know that the
conjugate prior is scaled-inverse χ2-distribution with density

π(θ|ν, τ2) = 1

Γ(ν/2)

(ντ2
2

) ν
2
θ−(ν/2+1) exp[−ντ2

2θ
].

The density is becomes �atter as ν → 0, the limit:

lim
ν→0

θ−(ν/2+1) exp[−ντ2

2θ
] = θ−1.

Since
∫∞
0 θ−1dθ = ∞, we see that π(θ) = 1/θ is a density of an improper

prior. It still puts more prior mass to smaller variance but in a sense it is
less informative than any π(θ|ν, τ2). Since∫ ∞

0
θ−

n
2 exp

[
−
∑n

i=1(xi − µ)2

2θ

]1
θ
dθ =

∫ ∞

0
θ−(n

2
+1) exp

[
−
∑n

i=1(xi − µ)2

2θ

]
dθ < ∞,

we see that (4.2) holds for n ≥ 1 (at least one observation) and so the
posterior distribution is well de�ned. Since

π(θ|x) ∝ θ−(n
2
+1) exp

[
−

∑n
i=1(xi − µ)2

2θ

]
, (4.6)

we see that π(θ|x) is the density of ScaleInv − χ2(νn, τ
2
n), where

νn = n, τ2n =

∑n
i=1(xi − µ)2

n
.
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This justi�es the interpretation of the improper prior 1
θ as ScaleInv−χ2(0, τ2),

because when ν > 0, then ScaleInv − χ2(ν, τ2) prior gives the posterior
ScaleInv − χ2(νn, τ

2
n), where

νn = ν + n, τ2n =

∑n
i=1(xi − µ)2 + ντ2

n+ ν
.

Observe that in this example
∫
f(x|θ)dθ < ∞, when n > 2, but for n ≤ 2∫

f(x|θ)dθ = ∞ so the constant prior density (Lebesgue measure) would not
always give a well-de�ned posterior distribution for sample size n = 1, 2.

4.2.2 Unknown mean and variance

A popular �at choice for the prior for mean and variance is the product of
previously obtained priors, i.e. π(µ, σ2) = (σ2)−1. This prior measure cor-
responds to the product measure and is sometimes interpreted as the inde-
pendence of mean and variance. However, the concept of independence holds
for probability measures only, so for improper priors such an interpretation
is incorrect.
Since (x = (x1, . . . , xn))∫ ∫

f(x|µ, σ2)π(µ, σ2)dµdσ2 =∫
(2πσ2)−

n
2

∫
exp[−

∑
i(xi − x̄)2 + n(x̄− µ)2

2σ2
](σ2)−1dµdσ2 =

(2π)−
n
2

∫
(σ2)−

(n+2)
2 exp[−

∑
i(xi − x̄)2

2σ2
]

∫
exp[−(x̄− µ)2

2σ2/n
]dµdσ2 =

(2π)−
n
2

∫
(σ2)−

(n+2)
2 (2π

σ2

n
)
1
2 exp[−

∑
i(xi − x̄)2

2σ2
]dσ2 =

(2π)−
n−1
2

∫
(σ2)−(

(n−1)
2

+1) exp[−
∑

i(xi − x̄)2

2σ2
]dσ2 < ∞,

because with
ν = n− 1, τ2 =

∑
i

(xi − x̄)2/(n− 1)

it holds

(σ2)−(
(n−1)

2
+1) exp[−

∑
i(xi − x̄)2

2σ2
] = (σ2)−(ν/2+1) exp[−ντ2

2σ2
]

and so the right hand side is proportional to ScaleInv − χ2(ν, τ2) density.
Thus (4.2) holds and π(µ, σ2|x) is a probability density. Let us �nd this
distribution.
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Posterior distribution. To �nd posterior, we factorize it:

π(µ, σ2|x) = π(σ2|x)π(µ|σ2, x).

Observe that

π(µ|σ2, x) ∝ exp[−(x̄− µ)2

2σ2/n
],

so that given σ2, the mean is normally distributed:

µ|σ2, x ∼ N (x̄, σ2/n).

Since

π(σ2|x) ∝
∫

f(x|µ, σ2)π(µ, σ2)dµ ∝ (σ2)−(
(n−1)

2
+1) exp[−

∑
i(xi − x̄)2

2σ2
],

we see that

σ2|x ∼ ScaleInv − χ2
(
n− 1,

∑
i(xi − x̄)2

n− 1

)
.

The obtained distributions are used in sampling: �rst generate σ2 from
π(σ2|x) and given σ2, generate µ from π(µ|σ2, x).

So the posterior is NIX with parameters

νn = n− 1, τ2n =

∑
i(xi − x̄)2

n− 1
, µn = x̄, κn = n.

Sometimes it is of interest �nd the posterior of mean π(µ|x) (σ2 is a kind of
nuisance parameter). To �nd that distribution, integrate

∫
f(x|µ, σ2)π(µ, σ2)dσ2 = (2π)−

n
2

∫
(σ2)−(n

2
+1) exp[−

ντ2︷ ︸︸ ︷∑
(xi − x̄)2 + n(x̄− µ)2

2σ2
]dσ2

= (2π)−
n
2 Γ(n/2)

(∑
i(xi − x̄)2 + n(x̄− µ)2

2

)−n/2

∝
(
1 +

n(x̄− µ)2∑
i(xi − x̄)2

)−n−1+1
2

∝
(
1 +

1

n− 1

(x̄− µ)2∑
i(xi−x̄)2

n(n−1)

)−n−1+1
2

. (4.7)

Here we used:∫ ∞

0
(σ2)−(ν/2+1) exp[−ντ2

2σ2
]dσ2 =

(ντ2
2

)− ν
2
Γ(

ν

2
). (4.8)

Hence

µ|x ∼ lst
(
x̄,

∑
i(xi − x̄)2

n(n− 1)
, n− 1

)
.
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Posterior predicative distribution.

f(xn+1|x) =
∫ ∫

f(xn+1|µ, σ2)π(µ|σ2, x)dµπ(σ2|x)dσ2.

Using (2.15), and the fact that π(µ|σ2, x) is Gaussian with mean x̄ and
variance σ2/n, we obtain

Xn+1|x, σ2 ∼ N (x̄, σ2(1 + 1/n)),

i.e.∫
f(xn+1|µ, σ2)π(µ|σ2, x)dµ = (2πσ2(1/n+ 1))−

1
2 exp[− (xn+1 − x̄)2

2σ2(1/n+ 1)
].

Now integrate σ2 out∫
(2πσ2(1/n+ 1))−

1
2 exp[− (xn+1 − x̄)2

2σ2(1/n+ 1)
]·

· 1

Γ(n− 1)

(∑n
i=1(xi − x̄)2

2

)n−1
2
(σ2)−(n−1

2
+1) exp[−

∑n
i=1(xi − x̄)2

2σ2
]dσ2.

Since (recall (4.8))

∫
(σ2)−(n

2
+1) exp

[
− n

2σ2

τ2︷ ︸︸ ︷((xn+1 − x̄)2

n+ 1
+

∑n
i=1(xi − x̄)2

n

)]
dσ2 = Γ(

n

2
)
(nτ2

2

)−n
2 ,

we see that

f(xn+1|x) ∝
((xn+1 − x̄)2

n+ 1
+

∑n
i=1(xi − x̄)2

n

)−n
2 ∝

(
1+

1

n− 1

(xn+1 − x̄)2∑n
i=1(xi−x̄)2

n−1

n

(n+ 1)

)−n−1+1
2

.

Hence

Xn+1|x ∼ lst
(
x̄,

∑n
i=1(xi − x̄)2

n− 1
(1 +

1

n
), n− 1

)
. (4.9)

See also [5], sec 3.2.

4.2.3 Application: ordinary least squared regression

The setting. Let x1, . . . , xn ∈ Rk be �xed covariates/explanatory variab-
les and consider the standard regression model:

(β, σ2) ∼ π

Yi|β, σ2 ind.∼ N (β′xi, σ
2), i = 1, . . . , n

(4.10)

Here β is k-dim random vector. Observe that when k = 1 and xi = 1 for every
i, then we obtain the model considered on previous paragraph (iid Gaussian).
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Let X be n× k matrix (i-th row is x′i) and let Y be n-dimensional random
vector of responses Y = (Y1, . . . , Yn)

′. Then with In being n × n identity
matrix, (4.10) is

(β, σ2) ∼ π

Y |β, σ2∼N (Xβ, σ2In), i = 1, . . . , n
(4.11)

Hence, the density of Y given the parameters is

f(y1, . . . , yn|β, σ2) = (2πσ2)−
n
2 exp

[
− (y −Xβ)′(y −Xβ)

2σ2

]
, y = (y1, . . . , yn)

′.

Let β̂ = (X ′X)−1X ′y be the OLS regression estimate. Then (Exercise 1 )

(y −Xβ)′(y −Xβ) = (y −Xβ̂)′(y −Xβ̂) + (β − β̂)′X ′X(β − β̂) (4.12)

and so

f(y, β, σ2) = (2πσ2)−
n
2 exp

[
− (y −Xβ̂)′(y −Xβ̂) + (β − β̂)′X ′X(β − β̂)

2σ2

]
π(β, σ2).

With the �at prior as in the previous example:

π(β, σ2) = (σ2)−1,

we obtain

f(y, β, σ2) = (2πσ2)−(n
2
+1) exp

[
− (y −Xβ̂)′(y −Xβ̂) + (β − β̂)′X ′X(β − β̂)

2σ2

]
.

Posterior. We now �nd the posterior distribution of parameters (the pos-
terior is proper as soon as n > k):

π(β, σ2|y) = π(β|σ2, y)π(σ2|y)

To �nd π(β|σ2, y), observe (Exercise 1)

π(β|y, σ2) ∝ exp[−(β − β̂)′X ′X(β − β̂)

2σ2

]
, (4.13)

so that
β|y, σ2 ∼ N

(
β̂, (X ′X)−1σ2

)
.

In order to �nd π(σ2|y), observe that (Exercise 1) with c being independent
of σ2, ∫

exp[−(β − β̂)′X ′X(β − β̂)

2σ2

]
dβ = c× (σ2)

k
2 (4.14)
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and so (Exercise 1)∫
f(y, β, σ2)dβ ∝ (σ2)−

(
n−k
2

+1
)
exp

[
− (y −Xβ̂)′(y −Xβ̂)

2σ2

]
(4.15)

= (σ2)−
(

ν
2
+1
)
exp[−ντ2

2σ2
], ν = n− k, τ2 =

(y −Xβ̂)′(y −Xβ̂)

n− k
.

Therefore
σ2|y ∼ ScaleInv − χ2(ν, τ2).

Easy to sample: �rst σ2 from ScaleInv−χ2(ν, τ2) and then β|σ2 fromN
(
β̂, (X ′X)−1σ2

)
.

Observe that when k = 1 and xi = 1, i = 1, . . . , n, then β̂ = ȳ and then the
obtained distribution is exactly the same as in the previous example.

To get π(β|y), integrate σ2 out (Exercise 1):∫ ∞

0
f(y, β, σ2)dσ2 ∝

(
1 +

1

(n− k)

(β − β̂)′X ′X(β − β̂)

(y −Xβ̂)′(y −Xβ̂)
(n− k)

)− (n−k)+k
2

.

(4.16)

Hence β|y follows multivariate lst distribution with parameters β̂ (mean),

(y −Xβ̂)′(y −Xβ̂)

(n− k)
(X ′X)−1

(scale matrix) and n − k (degrees of freedom). Observe that when k = 1
and xi = 1, i = 1, . . . , n, then (4.16) reduces to (4.7). The marginal of
multivariate lst-distribution is univariate lst-distribution:

β1|y ∼ lst
(
β̂1,

(y −Xβ̂)′(y −Xβ̂)

(n− k)
(X ′X)−1

11 , n− k
)
,

where (X ′X)−1
11 is the �rst row and column element of (X ′X)−1.

Predicative distribution. Let xn+1 be one more covariate and let us �nd
the predicative distribution of the response Yn+1.

f(yn+1, β|σ2, y) = f(yn+1|β, σ2, y)π(β|σ2, y)

= (2πσ2)−
1
2 exp[−(yn+1 − β′xn+1)

2

2σ2
](2π)−

k
2 |(X ′X)−1σ2|−

1
2 exp[−(β − β̂)′(X ′X)(β − β̂)

2σ2
]

∝ exp
[
− (yn+1 − β′xn+1)

2 + (β − β̂)′(X ′X)(β − β̂)

2σ2

]
.
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We recognize that (Yn+1, β) must be jointly normally distributed, hence
Yn+1|σ2, y ∼ N . To �nd expectation and variance, observe

E[Yn+1|σ2, y] = E[E[Yn+1|β, σ2, y]|σ2, y] = E[β′xn+1|σ2, y] = β̂′xn+1

Var[Yn+1|σ2, y] = E[Var[Yn+1|β, σ2, y]|σ2, y] + Var
[
E[Yn+1|β, σ2, y]|σ2, y

]
= σ2 +Var[β′xn+1|σ2, y] = σ2(1 + x′n+1(X

′X)−1xn+1).

Yn+1|σ2, y ∼ N
(
β̂′xn+1, σ

2(1 + x′n+1(X
′X)−1xn+1)

)
.

So the expected value of the new response variable (given σ2) is β̂xn+1, just
like in ordinary regression, but the due to the random β, the variance is
bigger than σ2.

Denote µ = β̂′xn+1, and a = (1 + x′n+1(X
′X)−1x′n+1). To obtain the distri-

bution Yn+1|y, integrate σ2 out:∫ ∞

0
f(yn+1|σ2, y)π(σ2|y)dσ2 =

∫ ∞

0
(2πσ2a)−

1
2 exp[−(yn+1 − µ)2

2σ2a
](σ2)−

(
ν
2
+1
)
exp[−ντ2

2σ2
]dσ2.

Since (recall (4.8))∫ ∞

0
(σ2)−( ν+1

2
+1
)
exp[−a−1(yn+1 − µ)2 + ντ2

2σ2
]dσ2 =

(a−1(yn+1 − µ)2 + ντ2

2

)− ν+1
2
Γ(

ν + 1

2
),

we obtain (Exercise 1), that

Yn+1|y ∼ lst
(
β̂xn+1,

(y −Xβ̂)′(y −Xβ̂)

n− k
(1 + x′n+1(X

′X)−1xn+1), n− k
)
.

(4.17)
Observe that when k = 1 and xi = 1, i = 1, . . . , n, then (4.17) reduces to
(4.9).

The expected value of the new response variable is β̂xn+1, the variance is
(when n > k + 2) is

Var[Yn+1|y] =
(y −Xβ̂)′(y −Xβ̂)

n− k − 2
(1 + x′n+1(X

′X)−1xn+1).

As an application of such regression in political science, see [5], sec. 14.2.

4.3 Je�rey's prior

4.3.1 Change of variables

Univariate. Let Θ,Θη be open subsets of R and let g : Θ → Θη be a
one-to-one (monotone) function. When π(θ) is a density of θ with respect to
the Lebesgue measure, then the random variable η = g(θ) has the density

π∗(η) = π(h(η))|h′(η)|, h(η) := g−1(η).
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Since h′(η) = 1/g′(h(η)) (because g(h(η)) = η and g′(h(η))h′(η) = 1), the
formula above reads

π∗(η) =
π(h(η))

|g′(h(η))|
Since h(η) = θ, we obtain the change of variable formula also in other direc-
tion

π∗(η) =
π(θ)

|g′(θ)|
⇔ π(θ) = π∗(g(θ))|g′(θ)|. (4.18)

Example: Let Θ = (0, 1) and π(θ) ≡ 1 be the density of uniform distribution.
Let θ ∼ U(0, 1) and de�ne η = θ

1−θ . Thus Θη = (0,∞). Now

g(θ) =
θ

1− θ
, h(η) =

η

1 + η
, h′(η) =

1

(1 + η)2
.

The density of η is thus

π∗(η) =
1

(1 + η)2
, η ∈ (0,∞).

We see that the distribution of η is not uniform � more weights for small η
(corresponding to small θ).

Similarly taking

η = g(θ) = ln
θ

1− θ
, h(η) =

eη

1 + eη
, h′(η) =

eη

(1 + eη)2
.

Thus

π∗(η) =
eη

(1 + eη)2
.

Again, the measure (although symmetric) is not uniform � more weights
around zero (corresponding θ = 0.5).

Multivariate. Let Θ,Θη ⊆ Rd (open subsets) and let g : Θ → Θη be a
one-to-one di�erentiable mapping. Let π(θ) be the density (w.r.t. Lebesgue
measure) of θ. Denote by h = g−1 the inverse of g and let J(η) be Jacobian
matrix of h evaluated at η, i.e. with h(η) = (h1(η), . . . , hd(η))

′ (transposed)

J(η) = J(η1, . . . , ηd) =
(∂hi(η)

∂ηj

)
ij
.

Then with |J(η)| being absolute value of the the determinant of Jacobian,
the random vector η = g(θ) has density

π∗(η) = π(h(η))|J(η)| = π(θ)|J(η)|.
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In other direction:

π(θ) = π∗(g(θ))|J(θ)| = π∗(η)|J(θ)|.

Hence |J(θ)||J(η)| = 1.

For example, let θ1, θ2 be iid standard normal variables. Let us �nd the dist-
ribution of the random vector (η1, η2), where η1 = θ1 + θ2 and η2 = θ1 − θ2.
The inverse mapping is

h(η) = h

(
η1
η2

)
=

( η1+η2
2

η1−η2
2

)
, J(η) =

(
1
2

1
2

1
2 −1

2

)
, |J(θ)| = 1/2

Let ϕ(θ) theta be the density of standard normal. Thus π(θ) = ϕ(θ1)ϕ(θ2)
and

π∗(η) =
1

2
ϕ(

η1 + η2
2

)ϕ(
η1 − η2

2
) =

1

4π
exp[−1

2

(η1 + η2
2

)2
+(

η1 − η2
2

)2] =
1

4π
exp[−η21 + η22

4
].

Thus

π∗(η1, η2) =
1√
2π2

exp[−η21
4
]

1√
2π2

exp[−η22
4
]

and hence η1,η2 are iid N (0,
√
2
2
) distributed random variables.

Reparametrization (switching from θ to η) changes the prior distribution
and this is the main criticism against the �at (uninformative) prior � it is
�at under a certain parametrization, only. Having uniform prior in Beta-
Bernoulli model might be interpreted as having no prior information about
the success probability θ. In terms of odds ratio η = θ

1−θ , the same prior has
density (1 + η)−2 so that more weights are put on smaller odds. In terms of
log odds, however, more weights are put around zero.

4.3.2 Fisher information

Let Θ ⊂ R (open) and let us assume that θ 7→ f(x|θ) are di�erentiable
functions for every x. The Fisher information is the following quantity:

I(θ) := E
[( ∂

∂θ
ln f(X|θ)

)2∣∣θ].
Observe that

∂

∂θ
ln f(x|θ) =

∂
∂θf(x|θ)
f(x|θ)

so that

E
[ ∂

∂θ
ln f(X|θ)

∣∣θ] = ∫ ∂
∂θf(x|θ)
f(x|θ)

f(x|θ)dx =

∫
∂

∂θ
f(x|θ)dx.
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Under so-called regularity conditions the order of taking derivatives and in-
tegral can be switched (i.e. on can move with derivation under the integral),
then ∫

∂

∂θ
f(x|θ)dx =

∂

∂θ

∫
f(x|θ)dx = 0.

Then I(θ) is the conditional (on θ) variance of a random variable ∂
∂θ ln f(X|θ),

because the expectation of this random variable is 0. Usually Fisher infor-
mation is considered for regular families, otherwise it is meaningful to de�ne
it using variance instead of second moments.

An alternative de�nition. If θ 7→ ln f(x|θ) (and hence θ 7→ ln f(x|θ))
are twice di�erentiable functions for every x then under regularity (that
allows to change the order of di�erentiation and integration)∫

∂2

∂θ2
f(x|θ)dx =

∂2

∂θ2

∫
f(x|θ)dx = 0

implying that (Exercise 3)

I(θ) = −E
[ ∂2

∂θ2
ln f(X|θ)

∣∣θ]. (4.19)

Fisher information of independent observations. When X1, . . . , Xn

are independent random variables with density Xi ∼ fi(·|θ) (the same pa-
rameter θ for every i), then under regularity the Fisher information of the
random vector (X1, . . . , Xn) (i.e. the model f(x|θ) =

∏n
i=1 fi(xi|θ), x =

(x1, . . . , xn)) � let it be In(θ) � is the sum of components information (Exe-
rcise 3):

In(θ) =
n∑

i=1

Ii(θ), Ii(θ) = E
[( ∂

∂θ
ln fi(Xi|θ)

)2∣∣θ]. (4.20)

Hence, when X1, . . . , Xn are iid from f(·|θ), then In(θ) = nI(θ).

Change of variables and Fisher information. Let Θ,Θη be open sub-
sets of R and let g : Θ → Θη be a di�erentiable one-to-one function.
Let us denote the density in η-parametrization as p(x|η). Thus p(x|η) :=
f(x|g−1(η)) or, equivalently, f(x|θ) = p(x|g(θ)). Then

∂

∂θ
ln f(x|θ) = ∂

∂θ
ln p(x|g(θ)) = ∂

∂η
ln p(x|η)g′(θ), (4.21)

so that with g(θ) = η.

I(θ) =

∫ ( ∂

∂θ
ln f(x|θ)

)2
f(x|θ)dx = (g′(θ))2

∫ ( ∂

∂η
ln p(x|η)

)2
f(x|θ)dx

= (g′(θ))2
∫ ( ∂

∂η
ln p(x|η)

)2
p(x|η)dx = (g′(θ))2Iη(η),
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where

Iη(η) :=

∫ ( ∂

∂η
ln p(x|η)

)2
p(x|η)dx.

Hence, we have

I(θ) = (g′(θ))2Iη(g(θ)) = (g′(θ))2Iη(η). (4.22)

Multivariate case. Let Θ ⊂ Rd, thus θ = (θ1, . . . , θd)
′. Then ∂

∂θ ln f(x|θ)
is the following vector:

∂

∂θ
ln f(x|θ) =


∂

∂θ1
ln f(x|θ)

∂
∂θ2

ln f(x|θ)
· · ·

∂
∂θd

ln f(x|θ)


The Fisher information is matrix

I(θ) = E
[( ∂

∂θ
ln f(X|θ)

)( ∂

∂θ
ln f(X|θ)

)′|θ].
Thus I(θ) is d× d-dimensional matrix with i, j-th element being

I(θ)ij = E
[( ∂

∂θi
ln f(X|θ)

)( ∂

∂θj
ln f(X|θ)

)∣∣∣θ].
The multivariate version of (4.19) is (holds under regularity):

I(θ)ij = −E
[ ∂2

∂θi∂j
ln f(X|θ)

)
|θ
]

∀i, j. (4.23)

Multivariate version of change of variable: Let Θ,Θη be open subsets of Rd,
let g : Θ → Θη be a di�erentiable one-to-one function. Thus θ = (θ1, . . . , θd)
and g(θ) = (g1(θ), . . . , gd(θ)). By the chain rule, the multivariate version of
(5.9) is

∂

∂θ
ln f(x|θ) = ∂

∂θ
ln p(x|g(θ)) =


∂ ln p(x|η)

∂η1

∂g1(θ)
∂θ1

+ · · ·+ ∂ ln p(x|η)
∂ηd

∂gd(θ)
∂θ1

∂ ln p(x|η)
∂η1

∂g1(θ)
∂θ2

+ · · ·+ ∂ ln p(x|η)
∂ηd

∂gd(θ)
∂θ2

· · ·
∂ ln p(x|η)

∂η1

∂g1(θ)
∂θd

+ · · ·+ ∂ ln p(x|η)
∂ηd

∂gd(θ)
∂θd

 .

In matrix notation

∂

∂θ
ln f(x|θ) =


∂g1(θ)
∂θ1

· · · ∂gd(θ)
∂θ1

· · · · · · · · ·
∂g1(θ)
∂θd

· · · ∂gd(θ)
∂θd




∂ ln p(x|η)
∂η1
· · ·

∂ ln p(x|η)
∂ηd

 = J ′(θ)
(∂ ln p(x|η)

∂η

)
,
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where J(θ) is the Jacobian matrix, i.e. J(θ)ij =
∂gi(θ)
∂θj

. Therefore

( ∂

∂θ
ln f(x|θ)

)( ∂

∂θ
ln f(x|θ)

)′
= J ′(θ)

(∂ ln p(x|η)
∂η

)(∂ ln p(x|η)
∂η

)′
J(θ)

and so (expectation is linear) and with η = g(θ) we obtain:

I(θ) = J ′(θ)Iη(η)J(θ). (4.24)

4.3.3 Examples of Fisher information

Binomial distribution. Here x ∈ {0, 1, . . . , n} and

f(x|θ) =
(
n

x

)
θx(1− θ)n−x,

∂

∂θ
ln f(x|θ) =

∂
∂θf(x|θ)
f(x|θ)

=
x

θ
− n− x

1− θ( ∂

∂θ
ln f(x|θ)

)2
=

x2

θ2
+

(n− x)2

(1− θ)2
− 2

x(n− x)

θ(1− θ)
=

x2 − 2xnθ + θ2n2

θ2(1− θ)2
.

Since

E[X2|θ] = nθ(1− θ) + n2θ2, E[X|θ] = nθ

we obtain

I(θ) =
E[X2|θ]− 2nE[X|θ] + θ2n2

θ2(1− θ)2
=

n

θ(1− θ)
.

Since
∂2

∂θ2
ln f(x|θ) = − x

θ2
− n− x

(1− θ)2
,

it holds

E
[ ∂2

∂θ2
ln f(x|θ)|θ

]
= −n

θ
− n

1− θ
= − n

θ(1− θ)
= −I(θ),

so that the formula (4.19) holds.

Negative binomial model. X ∼ NB(r, θ),

f(x|θ) = Γ(x+ r)

x!Γ(r)
(1− θ)xθr, ln f(x|θ) = const + x ln(1− θ) + r ln θ.

∂

∂θ
ln f(x|θ) = − x

1− θ
+

r

θ
,

∂2

∂θ2
ln f(x|θ) = − x

(1− θ)2
− r

θ2
.

When X ∼ NB(r, θ), then

EX =
r(1− θ)

θ
, EX2 = r

1− θ

θ2
+ r2

(1− θ)2

θ2
,
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so that according to de�nition the Fisher information is,

I(θ) =
EX2

(1− θ)2
− 2rEX

θ(1− θ)
+

r2

θ2
=

r

θ2(1− θ)
− 2r2

θ2
+

2r2

θ2
=

r

θ2(1− θ)
.

The formula (4.19) holds:

−E
( ∂2

∂θ2
ln f(X|θ)

)
=

EX

(1− θ)2
+

r

θ2
=

r

θ2(1− θ)
= I(θ).

Poisson model. X1, . . . , Xn are iid with Po(λ) distribution. Let us �nd
Fisher information I(θ) for single observation X ∼ Po(λ), since the informa-
tion for the sample is nI(θ). When X ∼ Po(λ), then EX = λ, EX2 = λ+λ2.
Fisher information is I(λ) = λ−1, since

ln f(x|λ) = −λ+ x lnλ− lnx!

∂

∂λ
ln f(x|λ) = x

λ
− 1, E

(X
λ

− 1
)2

=
1

λ2
EX2]− 1 =

1

λ
∂2

∂λ2
ln f(x|λ) = − x

λ2
, −EX

λ2
= − 1

λ
,

so the formula (4.19) holds.

Exponential family. Recall exponential family in canonical form

f(x|θ) = exp[θu(x)−A(θ) +B(x)], θ ∈ R.

When regular, then according to (4.19) I(θ) = A
′′
(θ).

Normal with known variance: The density of N (θ, σ2) is in canonical form
with A(θ) = θ2

2σ2 (recall (3.6)), so that A
′′
(θ) = (σ2)−1 that is independent

of θ.

When the exponential family is not canonical form, i.e.

f(x|θ) = exp[ϕ(θ)u(x)−A(θ) +B(x)], ϕ(θ) ∈ R,

then one can use canonical parametrization η = ϕ(θ) (here ϕ must be mo-
notone), so that

p(x|η) = exp[ηu(x)−A(ϕ−1(η)) +B(x)],

�nd the information matrix

Iη(η) =
d2

dη2
A(ϕ−1(η))
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and then use the change of variable formula for Fisher information (4.22):

I(θ) = (ϕ′(θ))2Iη(ϕ(θ)).

Binomial distribution belongs to exponential family

ln f(x|θ) = x ln
θ

1− θ
+n ln(1−θ)+ln

(
n

x

)
= xη−n ln(1+eη)+ln

(
n

x

)
, η = ln

θ

1− θ
=: ϕ(θ).

Since (
ln(1 + eη)

)′′
=

eη

1 + eη
−
( eη

1 + eη
)2
,

we obtain

Iη(η) = n
( eη

1 + eη
−
( eη

1 + eη
)2)

.

To get I(θ) use the change of variable formula for information (4.22):

I(θ) = (ϕ′(θ))2Iη(ϕ(θ)) =
1

θ2(1− θ)2
n(θ − θ2) =

n

θ(1− θ)
.

Poisson distribution belongs to exponential family

f(x|θ) = exp[x ln θ − θ − ln(x!)] = exp[xη + eη − lnx!], η = ln θ =: ϕ(θ).

Therefore Iη(η) = (eη)
′′
= eη and by (4.22)

I(θ) =
1

θ2
Iη(ln θ) =

1

θ
.

Exponential distribution belongs to exponential family. Information (Exerci-
se 5)

I(θ) =
1

θ2
. (4.25)

Normal model with µ and σ2 unknown. Thus X1, . . . , Xn are iid
N (µ, σ2)-distributed random variables, θ = (µ, σ2). The model is regular,
so to �nd the information matrix, the formula (4.23) can be used. Since
(x = (x1, . . . , xn)).

ln f(x|µ, σ2) = const− n

2
lnσ2 −

∑n
i=1(xi − x̄)2

2σ2
− n(x̄− µ)2

2σ2
,

the derivatives are

∂2

∂µ2
ln f(x|µ, σ2) = − n

σ2

∂2

∂µ∂σ2
ln f(x|µ, σ2) = −n(x̄− µ)

σ4

∂2

∂σ2∂µ
ln f(x|µ, σ2) = −n(x̄− µ)

σ4

∂2

∂(σ2)2
ln f(x|µ, σ2) =

n

2(σ2)2
−

∑n
i=1(xi − µ)2

(σ2)3
.
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Taking expectations (and multiplying with -1), we obtain the information
matrix:

In(θ) =

(
n
σ2 0
0 n

2σ4

)
= n

(
1
σ2 0
0 1

2σ4

)
= nI(θ). (4.26)

4.3.4 Je�reys prior

Univariate case. Given the model f(x|θ), where θ ∈ Θ ⊂ R (open subset),
Je�reys prior denoted by πJ(θ) is proportional to square root of Fisher
information

πJ(θ) ∝
√

I(θ).

When
∫ √

I(θ)dθ < ∞, then

πJ(θ) =

√
I(θ)∫ √
I(θ)dθ

< ∞,

otherwise Je�reys prior is improper.

Je�reys prior is invariant with respect to reparametrization � when θ ∼
πJ(θ), then η := g(θ) ∼ πJ(η). Indeed, when θ ∼ πJ(θ), then g(θ) ∼ π∗(η),
where by the change of variable (4.18)

π∗(η) =
πJ(θ)

|g′(θ)|
∝

√
I(θ)

|g′(θ)|
=

√
Iη(η),

where the last equality follows from (4.22).

Multivariate case. Given the model f(x|θ), where θ ∈ Θ ⊂ Rd (open
subset), Je�reys prior denoted by πJ(θ) is proportional to square root of
the determinant of Fisher information:

πJ(θ) ∝
√
|I(θ)|.

When θ ∼ πJ(θ), then g(θ) ∼ π∗(η), where by (4.24)

π∗(η) = πJ(h(η))|J(η)| = πJ(θ)|J(η)| ∝
√

|I(θ)||J(η)| =
√

|J ′(θ)Iη(η)J(θ)||J(η)|.

Since (recall |J(η)||J(θ)| = 1)

|J ′(θ)Iη(η)J(θ)| = |J ′(θ)||Iη(η)||J(θ)| = |J(θ)|2|Iη(η)| = |J(η)|−2|Iη(η)|,

we obtain
√
|J ′(θ)Iη(η)J(θ)||J(η)| =

√
|Iη(η)|.

The invariance with respect to the one-to-one transformations holds also for
posterior: Let π(θ|x) ∝ πJ(θ)f(x|θ) be posterior with respect to the Je�reys
prior, and let g be one-to-one (univariate) transformation. Then after change
of variable, the posterior has density (recall (4.18))

π∗(η|x) = π(θ|x)
|g′(θ)|

∝ f(x|θ)πJ(θ)

|g′(θ)|
= f(x|θ)πJ(η) = p(x|η)πJ(η).
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4.3.5 Examples of Je�reys priors

Location parameter. Let f(x|θ) = f(x− θ), where f(x) > 0 for every x
and f is di�erentiable probability density. The parameter θ is called location
parameter, because whenX ∼ f , then f(·|θ) is the density ofX+θ. Therefore
a noninformative prior should be location invariant as well, i.e. for every
c ∈ R the random variables c + θ and θ should have the same distribution,
i.e. π(θ− c) = π(θ) implying that π(θ) = const. It turns out that this is also
Je�reys prior, because I(θ) = const. (Exercise 4). Thus πJ ∝ 1 (uniform).
For example, when θ is the mean of Gaussian model, then Je�reys prior is
improper. In other words, when X1, . . . , Xn are iid N (µ, σ2) and σ2 is known
(�xed), then Je�reys prior for µ is constant (uniform). However, as showed
in Section 4.2, the posterior π(µ|x) (here x = (x1, . . . , xn)) is (recall (4.5))

θ|x ∼ N (x̄,
σ2

n
),

so posterior is proper and, as pointed out in Section 4.2, it is the limit of
posterior of conjugate prior (normal) when the variance tends to in�nity:
τ2 → ∞.

Scale parameter. Let f(x|θ) = 1
θf(

x
θ ), where f is di�erentiable probabi-

lity density. The parameter θ > 0 is called scale parameter. When X ∼ f ,
then f(·|θ) is the density of θX. Therefore a noninformative prior should be
invariant with respect to the multiplication with positive scalar, i.e. cθ and
θ should have the same distribution for every c > 0: π(θ) = 1

cπ(
θ
c ). This

holds only if π(θ) ∝ 1
θ . It turns out that this is also Je�reys prior, because

I(θ) = a
θ2
, where a > 0 is a constant that is independent of θ (Exercise 4).

Thus πJ(θ) ∝ 1
θ .

For example, when θ = σ is the standard deviation of Gaussian model, then
Je�reys prior is proportional to 1/σ and this is again improper. In other
words, when X1, . . . , Xn are iid N (µ, σ2), the Je�reys prior for σ is pro-
portional to 1

σ (improper). After change of variable, we see that Je�reys
prior for η = σk, k = 2, 3, . . . must be proportional 1

η (Exercise 4). Thus

Je�reys prior for variance θ = σ2 is proportional to 1
θ . In Section 4.2, it was

shown that this improper prior can be interpreted as ScaleInv−χ2(0, τ2) si-
nce leads to the proper posterior ScaleInv−χ2(νn, τ

2
n), where νn = n and

τ2n = 1
n

∑n
i=1(xi − µ)2.

Normal model with µ and σ2 unknown. Thus X1, . . . , Xn are iid
N (µ, σ2)-distributed random variables, θ = (µ, σ2). We already have found
the information matrix (4.26), so the determinant and Je�reys prior are as
follows:

I(θ) =

(
1
σ2 0
0 1

2σ4

)
, |I(θ)| = 1

2σ6
, πJ(θ) ∝ 1

σ6
=

1

(σ2)
3
2

.

65



This is improper prior with proper posterior, because

πJ(θ)f(x|θ) ∝ (σ2)−
n
2
− 3

2 exp[−
∑n

i=1(xi − µ)2

2σ2
]

= (σ2)−
(

(n+1)
2

+1
)
exp[−

∑n
i=1(xi − x̄)2 + n(x̄− µ)

2σ2
]

so that posterior distribution is NIX distribution with parameters

νn = n, µn = x̄, τ2n =
1

n

n∑
i=1

(xi − x̄)2, κn = n

Thus the posterior:

σ2|x ∼ ScaleInv−χ2(νn, τ
2
n)

µ|σ2, x ∼ N (µn,
σ2

κn
).

Recall the posterior updating formulas for NIX prior:

νn = ν + n

µn =
κ

κ+ n
µo +

n

κ+ n
x̄

κn = κ+ n

νnτ
2
n = ντ2 +

n∑
i=1

(xi − x̄)2 +
κn

κ+ n
(x̄− µo)

2.

This justi�es calling Je�erys prior as NIX prior with ν = κ = 0.
Recall that with π(θ) ∝ (σ2)−1 (Section 4.2), the posterior os NIX with

νn = n− 1, τ2n =

∑
i(xi − x̄)2

n− 1
, µn = x̄, κn = n.

Poisson model. X1, . . . , Xn are iid with Po(λ) distribution. We alrea-
dy know that the Fisher information is I(θ) = 1

λ , so that Je�reys prior
πJ(λ) ∝ 1√

λ
(improper).

We also know already that under the parametrization η = g(λ) = ln(λ)
(natural parametrization for exponential model) Iη(η) = eη. Therefore cor-
responding Je�reys prior is π∗J(η) ∝ e

η
2 and after the change of variable

formula (4.18)

πJ(λ) = π∗J(g(λ))|g′(λ)| = π∗J(lnλ)

λ
∝

√
λ

λ
=

1√
λ
.

Sometimes Je�reys prior for Poisson model is interpreted as Gamma(1/2, 0),
because θ1/2−1e−0θ = θ−1/2. Posterior is proper (Exercise 5)):

θ|x1, . . . , xn ∼ Gamma
( n∑
i=1

xi + 1/2, n) (4.27)

an analogue with (2.7) that justi�es Gamma(1/2, 0)-notation.
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Binomial model. X ∼ B(n, θ). We already know that

I(θ) =
n

θ(1− θ)
,

so that
πJ(θ) ∝ θ−

1
2 (1− θ)−

1
2 ,

implying that Je�reys prior is Beta(12 ,
1
2) distribution.

Exponential model. X1, . . . , Xn are iid with Exp(θ) distribution.

I(θ) =
1

θ2

and so Je�reys prior πJ(θ) ∝ 1
θ (improper), sometimes denoted asGamma(0, 0).

Posterior (Exercise 5):

θ|x1, . . . , xn ∼ Gamma(n,
n∑

i=1

xi). (4.28)

Again analogue with (2.12) justifying the Gamma(0, 0)-notation.

Negative binomial model. X ∼ NB(r, θ), We already know that

I(θ) =
r

θ2(1− θ)

and so the Je�reys prior πJ(θ) ∝ 1

θ
√

(1−θ)
(improper).

Posterior (Exercise 5)

θ|x1, . . . , xn ∼ Beta(nr,

n∑
i=1

xi +
1

2
). (4.29)

Multinomial model. X ∼ Multinom(n, θ1, . . . , θk). Je�reys prior isDir(1/2, . . . , 1/2)
(Exercise 6).

4.4 Exercises

1. Work out the formulas in subsection 4.2.3: prove (4.12), (4.13), (4.14),
(4.15), (4.16), (4.17).

2. Let θ ∼ π(θ), where π is univariate density with respect to the Lebesgue
maesure. Find the density of linear combination η = aθ + b.

3. Prove (4.19), (4.20).
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4. � Let f(x|θ) = f(x − θ), where f(x) is a di�erentiable probability
density. Prove that I(θ) =const.

� Let f(x|θ) = 1
θf(

x
θ ), where f(x) is a di�erentiable probability

density. Prove that I(θ) ∝ θ−2.

� Let πJ(θ) ∝ 1/θ. Show that for any k = 2, 3, . . . πJ(η) ∝ 1/η,
where η = θk.

5. Prove (4.25), (4.27), (4.28), (4.29).

6. Je�reys prior for multinomial. Take n = 1 and �nd

Cov
( ∂

∂θ
ln f(x|θ)

)
= diag(

1

θ1
, . . . ,

1

θk
)− 1k =: J,

where 1k is a matrix where every entry is 1. Then show that for n > 1,

In(θ) = nJ + n21k = diag(
n

θ1
, . . . ,

n

θk
) + (n2 − n)1k.

Then use matrix determinant lemma to show that

|In(θ)| = c ·
k∏

i=1

1

pi
.

5 Testing hypotheses

5.1 Bayes factor

Suppose we have two alternative Bayesian models to explain observations
x: the 0-model {f0(·|θ)} with prior π0 and 1-model {f1(·|θ)} with prior π1.
These priors might have densities with respect to the di�erent reference
measures, so the integration with respect to πi will be denoted by πi(dθ).
The Bayes factor is ratio of marginal densities (marginal likelihoods):

B01(x) :=
f0(x)

f1(x)
, fi(x) :=

∫
fi(x|θ)πi(dθ), i = 0, 1. (5.1)

Hence Bayes factor measures how much the 0-model describes the obser-
vations better (or worse) than the alternative 1-model. Observe that when
f0(·|θ) = f1(·|θ) = f(·|θ), but π0 = δθ0 and π1 = δθ1 then Bayes factor is
just the likelihood ratio:

B01(x) =
f(x|θ0)
f(x|θ1)

.
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Example (binomial): Suppose that x is the number of successes out of
n trials. Assume that under 0-model, the observation come from binomial
distribution with parameter 0.5, under 1-model the parameter has uniform
distribution: π1(θ) = 1. In this example, f0(x|θ) = f1(x|θ) (both are bino-
mial), but π0 = δ0.5 and π1 is uniform. Hence f0 is the density (probability)
of binomial B(n, 0.5) distribution and f1 is the density of Beta-binomial
distribution BetaBin(n, 1, 1) and we know that this distribution is uniform.
Hence

B01(x) =
f0(x)

f1(x)
=

(
n
x

)
(0.5)n

(n+ 1)−1
= (n+ 1)

(
n

x

)
(0.5)n.

Some numerical examples:

1. When n = 200 and x = 115, (x/n = 0.575) then f0(115) ≈ 0.006
and f1(x) = 1/201 ≈ 0.005, so that B01 ≈ 1.2 � slightly supporting
0-model.

2. When n = 98451 and x = 49581, (x/n ≈ 0.5036),

B01(x) ≈
1.95× 10−4

1.02× 10−5
≈ 19.

Thus there are very strong evidences favoring 0-model.

5.2 Hypotheses in Bayesian setting

Assume Θ = Θ0 ∪Θ1, where Θ0 ∩Θ1 = ∅. Suppose we have model {f(·|θ)}
with prior density π(θ). We would like to test hypotheses

H0 : θ ∈ Θ0

H1 : θ ∈ Θ1

In Bayesian approach it is natural to calculate the posterior probability

P (Θi|x) =
∫
Θi

π(θ|x)dθ =

∫
Θi

f(x|θ)π(θ)dθ
f(x)

, i = 0, 1

and compare these probabilities. The following decision theoretic argument
justi�es that comparison.

Loss and risk. Let ϕ(x) ∈ {0, 1} be a test so that when ϕ(x) = 0, then
H0 is accepted and when ϕ(x) = 1, H1 is accepted. It means the existence
of set A such that ϕ = IA, meaning that H0 is rejected whenever x ∈ A. Let
L be the following loss function (here ϕ ∈ {0, 1})

L(θ, ϕ) =


0, if ϕ = IΘ1(θ);
a0, if θ ∈ Θ0, ϕ = 1;
a1, if θ ∈ Θ1, ϕ = 0.

(5.2)
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Hence the loss is a0, when θ ∈ Θ0, but ϕ(x) = 1 (�rst type error); the loss
is a1, when θ ∈ Θ1, but ϕ(x) = 0 (second type error); otherwise the loss
is zero. Given x, the test ϕ(x) is �xed (either 0 or 1), let us �nd the test
that minimizes the expected loss when expectation is taken with respect to
posterior measure π(·|x):

R(ϕ|x) :=
∫

L(θ, ϕ)π(θ|x)dθ.

It is easy to see that the optimal (best) test that minimizes R(ϕ|x) over 0, 1
is the following (Exercise 1):

ϕ(x) = argmin
0,1

R(ϕ|x) =
{

0, if P (Θ0|x) ≥ a1
a1+a0

;
1, else.

(5.3)

The ratio a0
a0+a1

is sometimes known as acceptance level. How ϕ(x) is de�ned
when P (Θ0|x) = a1

a1+a0
does not matter, because the risk is the same, but

as it is common in statistics, the ties are broken in favor of H0. Also observe
that only the ratio a1

a1+a0
, not the constants ai, matter. Hence for symmetric

loss a0 = a1, w.l.o.g. we take a0 = a1 = 1. Observe that the rule (5.3) is
equivalent to (Exercise 1)

ϕ(x) = 0 ⇔ a0P (Θ0|x) ≥ a1P (Θ1|x) (5.4)

Hence for symmetric loss (a1 = a0) the acceptance level is 0.5 and the
decision is H0, i.e. ϕ(x) = 0, when

P (Θ0|x) ≥ 0.5 ⇔ P (Θ0|x) ≥ P (Θ1|x).

It is easy to see that for symmetric loss a0 = a1 = 1, the loss function (5.2)
can be written as L1-loss

L(θ, ϕ) = |IΘ1(θ)− ϕ| (5.5)

and the solution is the same if ϕ is minimized over the interval [0, 1] instead
of {0, 1} (Exercise 2):

argmin
0,1

R(ϕ|x) = argmin
[0,1]

R(ϕ|x) (5.6)

Hypotheses testing as the comparison of the models. The hypot-
heses testing can be considered as the comparison of two models: f0(·|θ) =
f1(·|θ) = f(·|θ), ∀θ, but the prior measures πi have densities proportional to
IΘi(θ)π(θ), i.e.

πi(θ) = IΘi(θ)
π(θ)

qi
, qi :=

∫
Θi

π(θ)dθ = π(Θi), i = 0, 1.
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Thus the prior is mixture of two (model) priors and qi are prior model pro-
babilities:

π(θ) = q0π0(θ) + q1π1(θ). (5.7)

Hence

fi(x) =

∫
f(x|θ)πi(dθ) =

∫
Θi

f(x|θ)π(dθ)
qi

= P (Θi|x)
f(x)

qi
, i = 0, 1.

Therefore the Bayes factor is

B01(x) =
f0(x)

f1(x)
=

P (Θ0|x)
P (Θ1|x)

q1
q0

=
P (Θ0|x)
P (Θ1|x)

π(Θ1)

π(Θ0)
. (5.8)

We now see that in terms of Bayes factor (5.4) is

ϕ(x) = 0 ⇔ B01(x) ≥
a1q1
a0q0

. (5.9)

Hence the prior probabilities and losses give a meaningful threshold.

Example (normal mean, one sided). Consider the normal model with
known variance and conjugate prior:

θ ∼ N (µ, τ2)

X1, . . . , Xn|θ
iid∼ N (θ, σ2).

We know the posterior is normal (subsection 2.5.1):

θ|x ∼ N (µn, τ
2
n),

with

µn =
µσ2 + nτ2x̄

nτ2 + σ2
=

µ
τ2

+ n
σ2 x̄

n
σ2 + 1

τ2

, τ2n = (
n

σ2
+

1

τ2
)−1 =

σ2τ2

nτ2 + σ2
. (5.10)

Observe that τ2n is independent of observations x, but µn depends on x
through the sample mean, hence we can write µn(x̄).
We aim to test

H0 : θ < 0

H1 : θ ≥ 0

Thus Θ0 = (−∞, 0) and Θ1 = [0,∞). Calculate (x = (x1, . . . , xn))

P
(
θ < 0|x) = P

(θ − µn

τn
< −µn

τn

∣∣x) = P (Z < −µn

τn
), Z ∼ N (0, 1).
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With Φ being the distribution function of standard normal, thus

P
(
θ < 0|x) = Φ

(
− µn

τn

)
. (5.11)

Therefore, by (5.3), H0 is accepted when

Φ
(
− µn

τn

)
≥ a1

a1 + a0

With ka0,a1 being a1/(a1 + a0)-quantile, i.e. Φ(za0,a1) = a1/(a1 + a0), the
rule (5.3) is: H0 is accepted when

−µn(x̄) > ka0,a1τn.

More general setting. We generalize the argument above allowing the
conditional densities fi(·|θ) being di�erent and also πi can be di�erent pro-
bability measures (prior distributions) on Θi, respectively i = 0, 1. With qi
being prior model probabilities, the overall prior measure on Θ0 ∪Θ1 is now
mixture π = q0π0 + q1π1. Thus we have the following hierarchial model

Z ∼ B(1, q1) (5.12)

θ|Z ∼ πZ

X|θ, Z ∼ fZ(·|θ)

When both priors π have a density with respect to same measure, denoted
as πi(θ), then π has also density that is a mixture of model densities as in
(5.7). However, it might be that the two priors have densities with respect to
di�erent measures. Typically it is the case when testing point-null hypotheses
H0 : θ = θ0, i.e. Θ0 = {θ0} and Θ1 = Θ \ {θ0}, where Θ ⊂ R. Then π0 = δθ0
has density with respect to counting measure and πi might have density
with respect to Lebesgue measure. This was exactly the case in the binomial
example above. Observe that the posterior is still well de�ned:

P (A|x) = P0(A ∩Θ0|x)q0(x) + P1(A ∩Θ1|x)q1(x), (5.13)

where Pi(·|x) is posterior under the model i, i.e. Pi(·|x) has density (on Θi)
proportional to πi(θ)fi(x|θ) and

qi(x) :=
qifi(x)

q0f0(x) + q1f1(x)
, fi(x) :=

∫
Θi

fi(x|θ)πi(θ)dθ, i = 0, 1.

Taking A = Θi in (5.13), we see that

qi(x) = P (Θi|x), i = 0, 1

and in terms of (5.12), we see that qi(x) = P (Z = i|X = x) (Exercise 3).
With loss L(θ, ϕ) the risk function is

R(ϕ|x) = q0(x)

∫
Θ0

L(θ, ϕ)P0(dθ|x) + q1(x)

∫
Θ1

L(θ, ϕ)P1(dθ|x)
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and when L(θ, ϕ) as in (5.2), it is easy to see that (5.4) and (5.3) still holds
(Exercise 3), i.e.

ϕ(x) = 0 ⇔ q0(x) ≥
a1

a1 + a0
. (5.14)

Hence the optimal decision is the model 0 when the posterior probability of
0-model is su�ciently high (determined by losses). In terms of Bayes factor
B01(x), the posterior probability q0(x) is (Exercise 3)

q0(x) =
(
1 +

q1
q0B01(x)

)−1
. (5.15)

In terms of Bayes factor, the rule (5.14) is (5.9) (Exercise 3).

Observe that with Θ0 = {θ0} and Θ1 = {θ1}, πi = δθi , we have fi(x) =
fi(x|θi) (feature densities) and so

qi(x) =
qifi(x|θi)

q0f0(x|θ0) + q1f1(x|θ1)
.

Then (5.14) is known as Bayes rule in classi�cation.

Example (binomial). Let us continue the binomial example above.

H0 : θ = 0.5

H1 : θ 6= 0.5

The posterior probability of 0-model is

q0(x) =
q0f0(x)

q0f0(x) + q1f1(x)
=

q0
(
n
x

)
(0.5)n

q0
(
n
x

)
(0.5)n + q1(n+ 1)−1

=
(
1+

q1
q0
2n

x!(n− x)!

(n+ 1)!

)−1
.

1. When n = 200, x = 115, q0 = 0.5, from (5.15) we obtain (recall
B01(115) = 1.2)

q0(115) =
(
1 +

1

1.2

)−1 ≈ 0.54.

With a1 = a2, by the rule (5.14) we decide for H0 : θ = 0.5.

The probability that B(200, 0.5)-distributed random variable X takes
values at least 115 is 0.02002, hence P (X ≥ 115) + P (X ≤ 85) = 0.04
so that frequentist test would reject the hypotheses H0 : θ = 0.5 at
level 0.05.

2. When n = 98451, x = 49581, q0 = 0.5, with B01(49581) = 19, we
obtain

q0(49581) =
(
1 +

1

19

)−1
= 0.95
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So the posterior probability for H0 is (approximatively) 0.95.

The probability that B(98451, 0.5)-distributed random variable takes
values at least 49851 is approximatively 0.01183, hence the frequen-
tist test would reject the hypotheses H0 : θ = 0.5 at level 0.05
(2× 0.01183 < 0.05).

We see that Bayesian and frequentist approach give di�erent solutions and
as it is evident from the last example, the di�erence can be remarkable big.

Example (normal mean, two-sided). Let f(·|θ) be the normal den-
sity with known variance σ2. The parameter θ is the mean and we test the
hypotheses:

H0 : θ = 0

H1 : θ 6= 0

We take π1 as N (0, τ2) (conjugate) and π0 = δ0. Hence the model is

Z ∼ B(1, q1)

θ|Z = 0 ∼ δ0 (θ = 0)

θ|Z = 1 ∼ N (0, τ2)

X1, . . . , Xn|θ, Z
iid∼ N (θ, σ2)

We know that f1(x1, . . . , xn) is the density of jointly normally distributed
random variables with mean vector zero and covariance matrix as in (2.14):

Σ =


σ2 + τ2 τ2 · · · τ2

τ2 σ2 + τ2 · · · τ2

· · · · · · · · · · · ·
τ2 τ2 · · · σ2 + τ2

 ,

Σ−1 =
1

σ2


1− 1

σ2/τ2+n
− 1

σ2/τ2+n
· · · − 1

σ2/τ2+n

− 1
σ2/τ2+n

1− 1
σ2/τ2+n

· · · − 1
σ2/τ2+n

· · · · · · · · · · · ·
− 1

σ2/τ2+n
− 1

σ2/τ2+n
· · · 1− 1

σ2/τ2+n

 , |Σ| =
(
1 +

n

σ2/τ2
)
(σ2)n.

Thus

f1(x1, . . . , xn) = (2π)−
n
2 |Σ|−

1
2 exp[−1

2
x′Σ−1x]

= (2π)−
n
2 (σ2)−

n
2
(
1 +

n

σ2/τ2
)− 1

2 exp
[
− 1

2σ2

( n∑
i=1

x2i −
1

σ2/τ2 + n
(
∑
i

xi)
2
)]
.

Clearly

f0(x1, . . . , xn) = (2πσ2)−
n
2 exp[−

∑n
i=1 x

2
i

2σ2
].

74



Hence with x = (x1, . . . , xn)

B01(x) =
f0(x)

f1(x)
=

(
1 +

n

σ2/τ2
) 1

2 exp
[
− 1

2σ2(σ2/τ2 + n)
(
∑
i

xi)
2
]

=

√
n+ σ2/τ2

σ2/τ2
exp

[
− 1

2

n

(σ2/τ2 + n)

( x̄

σ/
√
n

)2]
=

√
τ2n+ σ2

σ2
exp

[
− 1

2

τ2n

(σ2 + τ2n)

( x̄

σ/
√
n

)2]
. (5.16)

Plugging B01(x) into (5.15), we obtain q0(x). Observe that B01(x) is a func-
tion of z-score z := x̄

σ/
√
n
that in frequentist statistics is used in calculating

p-value for testing the hypotheses H0 : θ = 0.

Also observe:

� When n increases and z remains constant, then B01(x) → ∞, hence
q0(x) → 1 whatever the z-score is. Bayesian choice would be H0 (for
very big n).

� When τ2 increases (everything else is remains constant), thenB01(x) →
∞, hence q0(x) → 1 whatever the z-score is. Bayesian choice would be
H0 � �at prior do not work!

� When τ2 → 0 (everything else is remains constant), then B01(x) → 1
and q0(x) → q0 (prior probability).

In Table 5.2.2 in [6], the values for q0(x) for di�erent z-scores are found
n = 1, σ2 = τ2, q0 = 0.5. For z = 1.96 (p-value 0.05) q0(x) = 0.351, for
z = 1.28 (p-value 0.2), q0(x) = 0.484. In Table 5.2.3 the same is done for
τ2 = 10σ2. The probabilities are now bigger: for z = 1.96 (p-value 0.05)
q0(x) = 0.366, for z = 1.28 (p-value 0.2), q0(x) = 0.612.

Improper priors. Consider the case of testing point-null hypotheses H0 :
θ = θ0 with π0 = δθ0 , but π1 is improper with f1(x) =

∫
Θ1

f1(x|θ)π1(dθ) <
∞. Then qi(x) can be calculated for i = 0, 1, but, unfortunately, it is not
invariant with respect to scaling and might be biased. Indeed, multiplying
an improper prior π by a constant c > 0 would not normally change the
posterior, because

π(θ|x) = f(x|θ)π(dθ)∫
f(x|θ)dπ(θ)

=
cf(x|θ)π(dθ)
c
∫
f(x|θ)π(dθ)

=
f(x|θ)cπ(dθ)∫
f(x|θ)cπ(dθ)

,

but it might change qi(x) in hypotheses testing, because with f0(x) = f0(x|θ0),

q0(x) =
q0f0(x)

q0f0(x) + q1f1(x)
=

q0f0(x)

q0f0(x) + q1
∫
f1(x|θ)π1(dθ)

6= q0f0(x)

q0f0(x) + cq1
∫
f1(x|θ)π1(dθ)

.

When c increases, then q0(x) tends to 0.
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Example (normal mean, two-sided). Let us modify the previous examp-
le by taking π1 Lebesgue measure (Je�rey's prior) and σ2 = 1. Thus θ0 = 0,
f0(x) is standard normal density, f1(x|θ) is normal density with mean θ and
unit variance. Let π1(θ) ≡ 1. Then with n = 1 and x1 = x

f1(x) =

∫
f1(x|θ)dθ =

1√
2π

∫
exp[−1

2
(x− θ)2]dθ = 1. (5.17)

Therefore (the generalization is Exercise 6)

q0(x) =
q0(2π)

− 1
2 exp[−x2

2 ]

q0(2π)
− 1

2 exp[−x2

2 ] + q1
=

q0

q0 + q1
√
2π exp[x

2

2 ]
. (5.18)

Hence the maximal value of q0(x) is q0(0) =
(
1 + (q1/q0)

√
2π

)−1
, which for

q0 = 0.5 is 0.285.

In Tables 5.2.5 and 5.2.6 in [6], the probabilities q0(x) are calculated for
π1(θ) ≡ 1 and π1(θ) ≡ 10, resp (q0 = 0.5). For π1(θ) ≡ 1, q0(0) = 0.28 and
q0(1.96) = 0.055; for π1(θ) ≡ 10, q0(0) = 0.0384 (upper bound for q0(x))
and q0(1.96) = 0.00581.

So far we have observed that improper prior can be considered as limit of
proper priors and the posterior behaves accordingly. Recall, for example, the
normal model with known variance:

θ ∼ N (µ, τ2)

X1, . . . , Xn|θ
iid∼ N (θ, σ2).

The posterior θ|x ∼ N (µn, τ
2
n) and when τ2 → ∞, then the posterior con-

verges to N (x̄, σ
2

n ) that is the posterior under improper (Lebesgue) prior
π(θ) ≡ c. Since Lebesgue measure can (in a sense) be considered as a li-
mit of normals as τ2 → ∞, we obtain a certain continuity. There are many
examples like that where improper prior can be considered (in a sense) as
a continuation of proper prior and the posterior of improper prior is a limit
of corresponding posteriors. In hypotheses testing the situation is di�erent.
Recall the normal example � with π1 being N (µ, τ2), for any x, it holds
q0(x) → 1. Hence in the limit the posterior probability of 0-model is 1. By
the continuity argument, one could expect the same for improper Lebesgue
prior π(θ) ≡ c. However, we saw totally di�erent phenomenon: q0(x) is upper
bounded by as small constant, and the bound decreases with c. This is so-
metimes known as Je�reys-Lindley paradox. It typically holds for two-sided
tests, because then only one of the model priors, typically π1, is improper.
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Example (normal mean, one-sided). Consider normal model N (θ, σ2).
Hypotheses

H0 : θ < 0

H1 : θ ≥ 0.

Let π(θ) ≡ 1, x = (x1, . . . , xn). Since (recall (4.5)) θ|x ∼ N (x̄, σ
2

n ), it holds

q0(x) = P (θ < 0|x) = Φ(−z), z =
x̄

σ/
√
n
,

where Φ is the distribution function of N (0, 1). Therefore, q0(x) is the p-
value of frequentist test. Recall from (5.11) than for conjugate normal prior
π = N (µ, τ2),

P (θ < 0|x) = Φ
(
− µn

τn

)
, lim

τ→∞
τ2n = σ2/n, lim

τ→∞
µn = x̄,

so that when τ → ∞, then the posterior probability P (θ < 0|x) converges
to that of �at prior.

Pseudo-Bayes factors. Let π be a improper prior. Following [6], we
say that (x1, . . . , xn) is a a training sample, if the corresponding posterior
π(·|x1, . . . , xn) is proper and is a minimal training sample if no subsample
is a training sample.

Example. Normal model N (µ, σ2). The parameters θ = (µ, σ2).

1. With Je�reys prior π(θ) = (σ2)−3/2, the posterior is NIX with para-
meters (Subsection 4.3.5)

νn = n, τ2n =

∑
i(xi − x̄)2

n
, µn = x̄, κn = n.

The minimal training sample size is 1.

2. With prior π(θ) = (σ2)−1, the posterior is NIX with parameters (Sub-
section 4.2.2)

νn = n− 1, τ2n =

∑
i(xi − x̄)2

n− 1
, µn = x̄, κn = n.

Hence the the size of minimal training sample is 2.

3. With prior π(θ) = (σ)−1 = (σ2)−1/2, the minimal training sample size
is 3 (Exercise 4).
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Consider the general setting (5.12), where π0 is a proper prior on Θ0 and
π1 improper prior on Θ1. Given a sample x = (x1, . . . , xn), let x(ℓ) be the
minimal training sample for π1; let x(−ℓ) be the rest of the sample. Hence
both posteriors πi(·|x(ℓ)) (i = 0, 1) are proper and independent of norma-
lizing constants.

The pseudo-Bayes factor is

B
(ℓ)
01 :=

∫
Θ0

f0(x(−ℓ)|θ)π0(dθ|x(ℓ))∫
Θ1

f1(x(−ℓ)|θ)π1(dθ|x(ℓ))
. (5.19)

It depends on the choice of x(ℓ).

The following holds (x = (x1, . . . , xn), Exercise 5):

B
(ℓ)
01 = B01(x) ·B10(x(l)) where (5.20)

B01(x) :=

∫
Θ0

f0(x|θ)π0(dθ)∫
Θ1

f1(x|θ)π1(dθ)
, B10(x(l)) :=

∫
Θ1

f1(x(l)|θ)π1(dθ)∫
Θ0

f0(x(l)|θ)π0(dθ)
.

Example (normal mean, two-sided). The model N (θ, 1): Hypotheses

H0 : θ = 0, π0 = δ0

H1 : θ 6= 0, π1(θ) ≡ 1.

The minimal sample size is 1. Hence (recall (5.17))

B10(x(1)) =
√
2π exp[

x21
2
]

Since

f0(x1, . . . , xn) = (2π)−
n
2 exp[−

∑n
i=1 x

2
i

2
]

and (by (4.3))

f1(x1, . . . , xn) =

∫
(2π)−

n
2 exp[−

∑n
i=1(xi − θ)2

2
]dθ = (2π)

(1−n)
2 n− 1

2 exp[−
∑n

i=1(xi − x̄)2

2
]

so that

B01(x) =
(2π
n

)− 1
2 exp[−(x̄)2

2/n
]. (5.21)

By Formula (5.20), thus

B
(1)
01 = B01(x)·B10(x(l)) =

(2π
n

)− 1
2 exp[−(x̄)2

2/n
]
√
2π exp[

x21
2
] =

√
n exp[

x21 − n(x̄)2

2
].
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Let us also calculate B01(x) directly, i.e. without formula (5.20). Recall (4.4):

π1(θ|x1) =
1√
2π

exp[−(x1 − θ)2

2
].

Then (recall (4.3))

f1(x2, . . . , xn) = (2π)−
(n−1)

2

∫
exp[−1

2

n∑
i=2

(xi − θ)2]
1√
2π

exp[−(x1 − θ)2

2
]dθ

= (2π)−
n
2

∫
exp[−1

2

n∑
i=1

(xi − θ)2]dθ

= (2π)−
(n−1)

2 n−1/2 exp[−
∑n

i=1(xi − x̄)2

2
].

Since

f0(x2, . . . , xn) = (2π)−
(n−1)

2 exp[−
∑n

i=2 x
2
i

2
],

we get the same result

B
(1)
01 =

f0(x2, . . . , xn)

f1(x2, . . . , xn)
=

√
n exp[

x21 − n(x̄)2

2
].

We see that B(1)
01 depend on x1 � the choice of training sample.

Example (normal mean, unknown variance, two-sided). Hypothe-
ses

H0 : µ = 0, π0(σ
2) ∝ 1

σ2
.

H1 : µ 6= 0, π1(µ, σ
2) ∝ 1

σ2
.

The minimal sample size under H1 is n = 2 and then the posterior is NIX
with parameters (section 4.2.2)

ν = 1, τ2 =
2∑

i=1

(xi − x̄1)
2 =

(x1 − x2)
2

2
, µo = x̄1 :=

x1 + x2
2

, κ = 2.

Applying formula (2.26) (marginal density under NIX prior):

f(x) =
Γ(νn2 )

Γ(ν2 )

(
ντ2

) ν
2

π
n
2

(
νnτ2n

) νn
2

√
κ

κn
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with (sample size is n− 2)

νn = n− 2 + ν = n− 1, κn = n− 2 + κ = n,

νnτ
2
n = τ2 +

n∑
i=3

(xi − x̄3)
2 +

2(n− 2)

n
(x̄3 − x̄1)

2, x̄3 :=
1

n− 2

n∑
i=3

xi,

the marginal density is

f1(x3, . . . , xn) =

∫ ∞

−∞
f(x3, . . . , xn|σ2, µ)π1(µ, σ

2|x1, x2)dµdσ2 =
Γ(n−1

2 )

Γ(12)
π

(2−n)
2

(τ2)
1
2

(νnτ2n)
n−1
2

√
2

n
,

Under H0 the posterior is (recall (4.6)) ScaleInv-χ2(ν, τ2) where

ν = 2, ντ2 =

2∑
i=1

x2i .

In particular,

π0(σ
2|x1, x2) ∝ (σ2)−(1+1) exp[−x21 + x22

2σ2
].

Applying formula (2.16) (the marginal density under scaled inverse χ2 with
sample size n− 2, we obtain :

f0(x3, . . . , xn) =
Γ
(
n
2

)
Γ
(
2
2

) ( 2∑
i=1

x2iπ
)−(n−2)/2

(∑n
i=3 x

2
i∑2

i=1 x
2
i

+ 1
)−n

2

= Γ
(n
2

)
(π)

2−n
2

(∑2
i=1 x

2
i∑n

i=1 x
2
i

)n
2
(

2∑
i=1

x2i )
2−n
2 .

Now the pseudo-Bayes factor

B
(2)
(01)(x) =

f0(x3, . . . , xn)

f1(x3, . . . , xn)
=

Γ
(
n
2

)
Γ(n−1

2 )

√
nπ

(νnτ
2
n)

n−1
2

(
∑n

i=1 x
2
i )

n
2

(x21 + x22)

|x1 − x2|
,

which depends on x1 and x2.

A way to remove this dependence is to average all possible pseudo-Bayes
factors over all possible training samples. One option is so called arithmetic
intrinsic-Bayes factor

BA
01 =

1

L

∑
x(l)

B
(l)
01 = B01(x)

1

L

∑
x(l)

B10(x
(l)).
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Example (normal). For the normal unknown mean example we obtain

BA
01 := B01(x)

√
2π

( 1

n

n∑
l=1

exp[x2l /2]
)
= exp[−nx̄2

2
]
( 1√

n

n∑
l=1

exp[x2l /2]
)
.

When π1 is N (0, 2), then the regular Bayes factor is (recall (5.16), τ2 = 2,
σ2 = 1)√

τ2n+ σ2

σ2
exp

[
−1

2

τ2n

(σ2 + τ2n)

( x̄

σ/
√
n

)2]
=

√
2n+ 1 exp

[
−nx̄2

2
· 2n

(1 + 2n)

]
.

5.3 Credible intervals

Credible sets are Bayesian analogue of con�dence sets. De�nition (from [6]):
For a prior π, a set Cx is said to be an α-credible region if

P (θ ∈ Cx|x) = 1− α.

This region is called an HPD a-credible region (for highest posterior den-
sity), denoted by Cα

x if it can be written under the form

{θ : π(θ|x) > kα} ⊂ Cα
x ⊂ {θ : π(θ|x) ≥ kα},

where kα is the largest bound such that

P (θ ∈ Cα
x |x) = 1− α.

To consider only HPD regions is motivated by the fact that they minimize
the volume (when density is with respect to Lebesgue measure) among a-
credible regions and, therefore, it is in a sense an optimal solutions. Credible
intervals can be used with improper priors (as long as posterior is proper), as
the following examples show, they might coincide with frequentist con�dence
intervals.

Example (normal mean). Consider the normal model with known va-
riance and conjugate prior

θ ∼ N (µ, τ2)

X1, . . . , Xn|θ
iid∼ N (θ, σ2).

The posterior is normal with mean µn(x̄) and variance τ2n as in (5.10)

µn(x̄) = µ+ (nx̄− nµ)
τ2

nτ2 + σ2
=

µσ2 + nτ2x̄

nτ2 + σ2
=

µ
τ2

+ n
σ2 x̄

n
σ2 + 1

τ2

τ2n = (
n

σ2
+

1

τ2
)−1 =

σ2τ2

nτ2 + σ2
.
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Then, with e kα being α/2 quantile of standard normal distribution, the
HPD region is

Cα
x = [µn(x)− kατn, µn(x) + kατn].

With improper �at (Je�erys) prior π(θ) ≡ 1, the posterior (recall (4.5)) is
normal with mean x̄ and variance σ2/n (the limits of µn and τ2n as τ2 → ∞)
so that HPD region is the same as the frequentist con�dence interval

Cα
x = [x̄− kασ/

√
n, x̄+ kασ/

√
n].

Example (normal, unknown mean and variance). Consider the nor-
mal model with unknown variance and �at improper prior π(µ, σ2) ∝ (σ2)−1.
We are interested in HDP region for µ. The posterior (subsection 4.2.2)

µ|x ∼ lst
(
x̄,

∑
i(xi − x̄)2

n(n− 1)
, n− 1

)
.

Therefore √
n(µ− x̄)√∑

i(xi−x̄)2

n−1

=
µ− x̄√∑

i(xi−x̄)2

n(n−1)

∼ tn−1,

so that with kα being α/2 quantile of student tn−1 distribution, the HDP
region is the same as the standard con�dence interval in frequentist statistics:

Cα
x =

[
x̄− kα

√∑
i(xi − x̄)2

n(n− 1)
, x̄+ kα

√∑
i(xi − x̄)2

n(n− 1)

]
.

To �nd the HDP-region for conjugate NIX prior is Exercise 7.

Exercises:

1. Prove (5.3), (5.4).

2. Prove that for a0 = a1 = 1 the equations (5.5) and (5.6) hold.

3. Let Θ0 and Θ1 form a partition of Θ; let πi be a prior density on Θi and
let fi(·|θ) be conditional densities for observation. With model (5.12)
show that qi(x) = P (Z = i|X = x) and prove that (5.4), (5.15) and
(5.9) hold.

4. Prove that for normal model with π(θ) = (σ)−1, the minimal training
sample size is 3.

5. Prove (5.20).

6. Generalize (5.18) for n > 1 and σ2 6= 1.

7. Consider the normal model with unknown µ and σ2. Find the HDP
region for mean µ under NIX-prior with hyperparameters ν, µo, τ

2, κ.
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6 Posterior consistency

Let {f(·|θ); θ ∈ Θ} be a parametric model, and let X1, X2, . . . be iid random
variables with density f(·|θ0), where θ0 ∈ Θ is so called true parameter.
Since the true data generating parameter θ0 is unknown, a prior probability
measure π is assumed and so one ends up with our standard model (1.4):

θ ∼ π

X1, X2, . . . |θ
i.i.d.∼ f(·|θ).

The existence of true parameter θ0 is called frequentist setting. Then, for-
mally, θ is not a random variable any more. However, the posterior measure

P (A|X1, . . . , Xn) :=

∫
A
π(θ|X1, . . . , Xn)dθ =

∫
A

∏n
i=1 f(Xi|θ)π(θ)dθ∫ ∏n
i=1 f(Xi|θ)π(θ)dθ

still exists and we ask: how does the posterior distribution behave when the
sample size n grows? It is natural to expect that when the prior is not very
badly chosen, then the true parameter θ0 should be recovered as n grows. In
classical frequentist statistics, the property of recovering the true parameter
as sample size increases is called consistency: an estimator θ̂n (that is a
function of X1, . . . , Xn, hence random variable) is consistent if it converges
to the true parameter θ0 in some sense (as n grows). When θ̂n → θ0 in
probability, then θ̂n is called consistent, and when θ̂n → θ0, a.s., then θ̂n
is called strongly consistent. In Bayesian case, the main idea behind the
consistency is the same but since instead of random variables (estimators)
there are random measures P (·|X1, . . . , Xn), the de�nitions are should be
slightly modi�ed. There are (slightly) di�erent versions of consistency in the
literature, in parametric case the most common version is as follows: The
posterior distribution P (·|X1, . . . , Xn) is called strongly consistent at θ0 if
for every ϵ > 0,

P
(
‖θ − θ0‖ > ϵ|X1, . . . , Xn

)
→ 0, f(·|θ0)− a.s.. (6.1)

When the convergence in (6.1) holds in probability, then the posterior dist-
ribution P (·|X1, . . . , Xn) is called consistent (mõjus) .

Remarks:

1. In the frequentist setting θ is not a random variable, so the conditional
probability in (6.1) is de�ned as follows

P
(
‖θ − θ0‖ > ϵ|X1, . . . , Xn

)
:= P

(
Bc(θ0, ϵ)

∣∣X1, . . . , Xn

)
,

where B(θ0, ϵ) ⊂ Θ is the closed ball centered at θ0 and having radius
ϵ > 0. The convergence (6.1) means that the posterior mass outside ϵ-
neighborhood tends to 0 and it holds for any neighborhood. However, to

83



facilitate the reading, in what follows, we use the full Bayesian notation
as in (6.1), i.e P (θ ∈ ·|X1, . . . , Xn) := P (·|X1, . . . , Xn). So we use
this notation even when the prior is improper (so that the conditional
distribution P (θ ∈ ·|X1, . . . , Xn) does not exist), but posterior measure
in proper probability measure and P (·|X1, . . . , Xn) exists.

2. f(·|θ0) � a.s. means that X1, X2, . . . are iid with density f(·|θ0). It
does not necessarily presuppose the frequentist setting (true parameter
exists). When θ is random variable (as in fully Bayesian model (1.4)),
then θ0 is just a realization of θ.

3. By de�nition of a.s. convergence, for any ϵ > 0 there exists the exceptio-
nal null set where the convergence fails. However, since we can restrict
ourselves with rational ϵ-s, a single null set always works.

4. When P1, P2, . . . is a sequence of probability measures on Θ such that
for every ϵ > 0, Pn

(
Bc(θ0, ϵ)

)
→ 0, then (see e.g. Prop 6.2 in [2])

Pn ⇒ δθ0 , where ⇒ stands for the weak convergence of probability
measures and δθ0 is Dirac measure at θ0. Thus (6.1) can be equivalently
stated as follows:

P (θ ∈ ·|X1, . . . , Xn) ⇒ δθ0 , f(·|θ0)− a.s.. (6.2)

Moreover, with d being a metric in Θ that metrizes the weak conver-
gence (e.g. Prokhorov metric), then (6.2) is

d
(
P (θ ∈ ·|X1, . . . , Xn), δθ0

)
→ 0, f(·|θ0)− a.s.. (6.3)

6.1 A simple criterion for consistency

In the following proposition, we assumeX1, X2, . . . to be iid random variables
with density f(·|θ0) and the a.s. convergence will be with respect to θ0 (i.e.
f(·|θ0)-a.s. will be dropped). We shall assume Θ ⊂ R1 and we denote denote
posterior mean and variance by µn and σ2

n, resp. Thus

µn = E[θ|X1, . . . , Xn] =

∫
θπ(θ|X1, . . . , Xn)dθ,

σ2
n = Var[θ|X1, . . . , Xn] =

∫
(θ − µn)

2π(θ|X1, . . . , Xn)dθ.

Proposition 6.1 Let σ2
n → 0 and µn → θ0, a.s.. Then the posterior distri-

bution is strongly consistent.

Proof. By triangular inequality

P (|θ − θ0| > ϵ|X1, . . . , Xn) ≤P (|θ − µn| > ϵ/2|X1, . . . , Xn)+

+P (|µn − θ0| > ϵ/2|X1, . . . , Xn).
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Since µn → θ0, a.s., P (|µn − θ0| > ϵ/2|X1, . . . , Xn) = 0 eventually, a.s.
(meaning that for almost every ω, P (|µn − θ0| > ϵ/2|X1, . . . , Xn) = 0, even-
tually). By Chebyshev inequality

P (|θ − µn| > ϵ/2|X1, . . . , Xn) ≤
σ2
n

(ϵ/2)2
→ 0, a.s.

Hence (6.1) holds.

The proof relies on the posterior measure only (Chebyshev inequality does
not require the random variables), hence Proposition 6.1 also holds when the
prior is improper but posterior is proper.

In multivariate case, i.e. θ = (θ1, . . . θd) the consistency holds, when the
assumptions of Proposition 6.1 holds for every component (Exercise 1): for
every i = 1, . . . , d:

E[θi|X1, . . . , Xn] → θ0,i, Var[θi|X1, . . . , Xn] → 0, a.s.. (6.4)

Examples.

1. Beta-Bernoulli model: X1, X2, . . . iid Xi ∼ B(1, θ0). Prior: Beta(α, β).
Posterior is

Beta
( n∑
i=1

Xi + α, n−
n∑

i=1

Xi + β)

with mean

µn =

∑n
i=1Xi

n
· n

α+ β + n
+

α

α+ β + n
.

By SLLN,
∑n

i=1 Xi

n → θ0, a.s, and so µn → θ0, a.s.
Posterior variance

σ2
n =

µn(1− µn)

α+ β + n+ 1
→ 0, a.s..

2. Gamma-Poisson model:X1, X2, . . . iidXi ∼ Po(θ0). Prior:Gamma(α, β).
Posterior is

Gamma
( n∑
i=1

Xi + α, n+ β
)
,

with mean

µn =

∑n
i=1Xi

n
· n

β + n
+

α

β + n
.
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By SLLN,
∑n

i=1 Xi

n → θ0, a.s., so µn → θ0, a.s..
Posterior variance:

σ2
n =

∑n
i=1Xi + α

(n+ β)2
=

∑n
i=1Xi

n
· n

(n+ β)2
+

α

(n+ β)2
→ 0, a.s..

With Je�reys prior: Gamma(1/2, 0) (improper) posterior is

Gamma
( n∑
i=1

Xi + 1/2, n)

with mean and variance

µn =

∑n
i=1Xi + 1/2

n
→ θ0, σ2

n =

∑n
i=1Xi + 1/2

n2
→ 0, a.s..

3. Gamma-Exponential model:X1, X2, . . . iidXi ∼ Exp(θ0). Prior:Gamma(α, β).
Posterior is

Gamma
(
n+ α,

n∑
i=1

Xi + β
)
,

with mean:
µn =

n+ α∑n
i=1Xi + β

→ θ0, a.s.,

since ∑n
i=1Xi

n
→ 1

θ0
a.s..

Posterior variance:

σ2
n =

n+ α

(
∑n

i=1Xi + β)2
=

n+ α

n2(
∑n

i=1Xi/n+ β/n)2
→ 0, a.s..

With Je�reys prior: Gamma(0, 0) (improper).
Posterior is Gamma

(
n,

∑n
i=1Xi), with mean and variance

µn =
n∑n

i=1Xi
→ θ0, σ2

n =
n

(
∑n

i=1Xi)2
→ 0 a.s..

4. Normal model, unknown mean: X1, X2, . . . iid Xi ∼ N (θ0, σ
2). Prior:

normal N (µ, τ2). Posterior is normal with mean:

µn =

∑n
i=1Xi

n

n
σ2

n
σ2 + 1

τ2

+ µ
1
τ2

n
σ2 + 1

τ2

→ θ0, a.s.

and variance

σ2
n =

σ2τ2

nτ2 + σ2
→ 0.

With Je�reys prior (constant) posterior is normal with mean and va-
riance

µn =

∑n
i=1Xi

n
→ θ0, σ2

n =
σ2

n
→ 0.
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5. Normal model, unknown variance: X1, X2, . . . iid Xi ∼ N (µ, θ0). Prior:
scale-inversed χ2(ν, τ2). Posterior is ScaleInv−χ2(νn, τ

2
n), where

νn := ν + n, νnτ
2
n :=

n∑
i=1

(Xi − µ)2 + ντ2.

Posterior mean:

µn =

∑n
i=1(Xi − µ)2 + ντ2

ν + n− 2
=

∑n
i=1(Xi − µ)2

n

n

ν + n− 2
+

ντ2

n+ ν − 2
→ θ0, a.s.,

because
1

n

n∑
i=1

(Xi − µ)2 → θ0, a.s..

Posterior variance

σ2
n =

2µ2
n

νn − 4
→ 0, a.s..

With Je�reys prior (proportional to 1/θ) ScaleInv−χ2(0, τ2) the pos-
terior is ScaleInv−χ2(νn, τ

2
n), where

νn := n, nτ2n :=
n∑

i=1

(Xi − µ)2.

Posterior mean and variance

µn =

∑n
i=1(Xi − µ)2

n− 2
→ θ0, σ2

n =
2µ2

n

n− 4
→ 0, a.s..

6. Normal model, unknown mean and variance:X1, X2, . . . iidXi ∼ N (µ0, σ
2
0).

Prior: NIX with ν,m, τ2, κ, for Je�reys prior ν = κ = 0.
Posterior: NIX with

νn = ν + n

µn =
κ

κ+ n
m+

n

κ+ n

∑n
i=1Xi

n

κn = κ+ n

νnτ
2
n = ντ2 +

n∑
i=1

(
Xi −

∑n
i=1Xi

n

)2
+

κn

κ+ n

(∑n
i=1Xi

n
−m

)2
.

Posterior means (subsection 2.5.3)

E[µ|X1, . . . , Xn] = µn =
κ

κ+ n
m+

n

κ+ n

∑n
i=1Xi

n
→ µ0, a.s.,

E[σ2|X1, . . . , Xn] =
ντ2 +

∑n
i=1(Xi − µn)

2 + κ(µn −m)2

ν + n− 2
→ σ2

0, a.s..
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Posterior variances: Since σ2|X1, . . . , Xn ∼ ScaleInv−χ2(νn, τ
2
n)

Var[σ2|X1, . . . , Xn] =
2µ2

n

νn − 4
→ 0, a.s..

Since

µ|X1, . . . , Xn ∼ lst
(
µn,

τ2n
κn

, νn
)

we have

Var[µ|X1, . . . , Xn] =
νnτ

2
n

κn(νn − 2)
→ 0, a.s..

6.2 Doob's consistency theorem

The celebrated Doob's consistency theorem assumes (only) that our mo-
del {f(·|θ)} is identi�able meaning that to di�erent parameters corresponds
di�erent probability distributions: when θ 6= θ′, then there exists A ∈ B(X )
such that

Pθ(A) =

∫
A
f(x|θ)dx 6=

∫
A
f(x|θ′)dx = Pθ′(A).

Recall that g ∈ L1(π) means that g : Θ → R is a measurable function such
that

∫
|g(θ)|π(dθ) < ∞.

Theorem 6.1 (Doob's consistency theorem) Let π be an arbitrary pro-
per prior on Θ and let g ∈ L1(π). Then there exists a set Θ0 ⊂ Θ with
π(Θ0) = 1 such that the posterior is strongly consistent at every θ0 ∈ Θ0.
Moreover,

E[g(θ)|X1, . . . , Xn] → g(θ0), f(·|θ0)− a.s..

In full Bayesian setting (1.4), θ is a random variable with distribution π
and Doob's theorem simply states that for almost every realization of θ, the
consistency as well as the convergence of conditional expectation of g holds
without further assumptions. In frequentist setting, there is an unknown true
parameter θ0. Doob's theorem then states that whatever prior one chooses,
there is a set Θ0 with prior probability one so that strong consistency holds
provided θ0 ∈ Θ0. Unfortunately in practice one does not know in advance
whether the unknown θ0 belongs to Θ0 or not, and that constitutes the main
criticism of Doob's theorem. An exception is countable Θ. Then any prior
assigning positive mass to all parameters on Θ guarantees the posterior con-
sistency, because for any such prior, Θ0 = Θ.

Formally, Doob's theorem assumes proper prior. With improper prior, π
one can use (minimal) training sample x(l), de�ne a proper posterior

π(ℓ)(·) := P (·|x(ℓ)) (6.5)
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and use this as the prior for the rest of the observations to get posterior
P(ℓ)(·|Xℓ+1, . . . , Xn). Since (Exercise 2) P(ℓ)(·|Xℓ+1, . . . , Xn) = P (·|X1, . . . , Xn),
the consistency prevails. The set Θ0, however, might depend on X(l). When
π has an atom θ0, and f(X(ℓ)|θ0) > 0, then θ0 is an atom of π(ℓ) as well
(Exercise 2). Then θ0 ∈ Θ0.

For the proof of Doob's theorem as well as a nice discussion with further
references, see [1].

6.3 Schwartz's theorem

Kullbak-Leibler support. The Kullback Leibler (KL)divergence between
two densities f(x) := f(x|θ) and f0(x) := f(x|θ0) is de�ned as follows:

D(f0‖f) :=
∫

ln
(f0(x)
f(x)

)
f0(x)dx.

KL-divergence is always nonnegative, D(f0‖f) = 0 if and only if f = f0,
a.s.. KL divergence measures the di�erence between f and f0, but it is not
symmetric and transitive, hence not a metric. Since we only consider den-
sities from our parametric model {f(·|θ)}, we de�ne D(θ0‖θ) := D(f0‖f),
where f(x) = f(x|θ) and f0(x) = f(x|θ0). Since we assume identi�ability,
D(θ0‖θ) = 0 i� θ = θ0 otherwise D(θ0‖θ) > 0.

When our model {f(·|θ)}, Θ ⊂ Rd is such that for a.e. x ∈ X , θ 7→ f(x|θ) is
continuous at θ0 and ∃ϵ > 0 such that∫

sup
θ∈B(θ0,ϵ)

∣∣∣ ln(f(x|θ0)
f(x|θ)

)∣∣∣f(x|θ0)dx < ∞ (6.6)

then by dominated convergence θ 7→ D(θ0‖θ) is continuous at θ0. To see that
let θn → θ0 and observe that for almost any x,

ln
(f(x|θn)
f(x|θ0)

)
→ 0.

Condition (6.6) allows to go with limit under the integral (this is what do-
minated convergence is) and so

lim
θ→θ0

D(θ0‖θ) = lim
θ→θ0

∫
ln
(f(x|θ0)
f(x|θ)

)
f(x|θ0)dx

=

∫
lim
θ→θ0

ln
(f(x|θ0)
f(x|θ)

)
f(x|θ0)dx = 0.

The continuity of D(θ0‖·), identi�ability (i.e. D(θ0‖θ) = 0 only if θ = θ0)
and relative compactness (boundedness) of Θ implies

D(θ0‖θn) → 0 ⇒ θn → θ0. (6.7)
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The support (kandja) of a probability distribution π on Θ is the minimal
closed set supp(π) ⊆ Θ having probability one. Equivalently the support is
the set of such elements whose every neighborhood has positive probability:

θ ∈ supp(π) ⇔ ∀ϵ > 0, π(B(θ, ϵ)) > 0. (6.8)

Let for every ϵ > 0

BKL(θ0, ϵ) := {θ : D(θ0‖θ) ≤ ϵ}

be the Kullback-Leibler ball. We say that a parameter θ belongs to Kullback-
Leibler support of π , denoted by θ ∈ suppKL(π), if ∀ϵ > 0, π(BKL(θ, ϵ)) >
0.

Proposition 6.2 If θ 7→ D(θ0‖θ) is continuous at θ0 and (6.7) holds, then
θ0 ∈ suppKL(π) if and only if θ0 ∈ supp(π).

Proof. If θ 7→ D(θ0‖θ) is continuous at θ0, then by de�nition of continuity
for every ϵ > 0 there exists δ > 0 such that B(θ0, δ) ⊂ BKL(θ0, ϵ). This
means:

θ0 ∈ supp(π) ⇒ θ0 ∈ suppKL(π). (6.9)

On the other hand, (6.7) implies that for every ϵ > 0, there exists δ > 0 so
that BKL(θ0, δ) ⊂ B(θ0, ϵ). Indeed, if not, there would exists a ϵ > 0 so that
for every δ there exists a θδ such that D(θ0‖θδ) ≤ δ, but ‖θδ − θ‖ > ϵ. This
contradicts (6.7). Consequently:

θ0 ∈ suppKL(π) ⇒ θ0 ∈ supp(π). (6.10)

Examples of Kullback-Leibler support.

� (Beta-)Bernoulli model. For Bernoulli densities with parameters θ, θ′,
KL-divergence is (Exercise 3)

D(θ‖θ′) = θ ln
( θ
θ′

)
+ (1− θ) ln

( 1− θ

1− θ′

)
. (6.11)

Here 0 ·∞ = ∞·0 = 0. Thus D(θ‖·) is a continuous function and (6.7)
holds. For any θ and therefore for any prior suppKL(π) = supp(π).
The support of Beta-distribution is [0, 1] = Θ.

� (Gamma-)Poisson model. For Poisson densities with parameters θ, θ′,
KL-divergence is (Exercise 3)

D(θ‖θ′) = θ′ − θ + ln
( θ
θ′
)
θ. (6.12)
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Formally Θ = (0,∞) (for θ = 0, there is no Poisson distribution).
Thus D(θ‖·) is a continuous function for any θ and clearly (6.7) holds.
Therefore for any prior suppKL(π) = supp(π). The support of Gamma-
distribution is then Θ = (0,∞) (even when the support of Gamma
distribution on R is [0,∞)). One can de�ne Po(0) = δ0 (has density
with respect to the counting measure), then Θ = [0,∞), continuity
and (6.7) holds (because D(0, ‖θ′) = θ′) and suppKL(π) = supp(π). In
this case, for Gamma distribution supp(π) = [0,∞).

� (Gamma-)Exponential model. Here Θ = (0,∞). For exponential den-
sities with parameters θ, θ′, KL-divergence is (Exercise 3)

D(θ‖θ′) = θ′

θ
− 1 + ln

( θ
θ′
)
. (6.13)

Thus D(θ‖·) is a continuous function for any θ > 0 and (6.7) holds.
Therefore for any prior, suppKL(π) = supp(π).

� Normal model. For normal densities with parameters (µ, σ2) and (µ′, σ
′2),

KL-divergence is (Exercise 3)

D(µ, σ2‖µ′, σ
′2) =

1

2

(
ln
(σ′2

σ2

)
+

(µ− µ′)2

σ′2
+

σ2

σ′2
− 1

)
. (6.14)

Here Θ = R× (0,∞), D((µ, σ2)‖·) is continuous for any (µ, σ2), (6.7)
holds and so suppKL(π) = supp(π).

Tests. Let X1, . . . , Xn be iid sample from f(·|θ) with unknown parameter
θ. For testing the hypotheses H0 : θ = θ0 against the alternative H1 : θ 6= θ0,
one typically determines a set An ⊂ X n so that H0 is rejected whenever
the sample (x1, . . . , xn) ∈ An. Hence IAn(x1, . . . , xn) = 1 i� H0 is rejected,
otherwise IAn(x1, . . . , xn) = 0. Let X = (X1, . . . , Xn) . Thus the probability∫

An

n∏
i=1

f(xi|θ0)dx1 · · · dxn = P (X ∈ An|θ = θ0) = E
[
IAn(X)|θ = θ0

]
=: Eθ0

(
IAn(X)

)
is the probability of the error of the �rst type. The test is good when that
probability is small. The function θ 7→ Eθ

(
IAn(X)

)
is called the power func-

tion of the test and it is desirable when that function is big when θ 6= θ0.

In the theory of statistics, test is any measurable function ϕn : X n → [0, 1].
The fact that ϕn(x1, . . . , xn) can take any values in [0, 1], not just 0 or
1 indicates the fact that a statistical test can be randomized and then
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ϕn(x1, . . . , xn) is just the probability (over the extra randomness) that 0-
hypothesis will be rejected when the sample is x1, . . . , xn. Now

Eθ

(
ϕn(X)

)
= Eθ

(
ϕn(X1, . . . , Xn)

)
is again the probability of rejecting H0 under θ (i.e. X1, . . . , Xn be iid sample
from f(·|θ)). A test ϕn is good if Eθ0

(
ϕn(X)

)
is small (close to 0) and for

any θ 6= θ0, Eθ

(
ϕn(X)

)
is close to one or, equivalently, Eθ

(
1 − ϕn(X)

)
is

close to 0.

Theorem 6.2 (Schwartz) Let θ0 ∈ suppKL(π). Suppose that for every
ϵ > 0 and n, there exists tests ϕn such that as n → ∞,

Eθ0

(
ϕn(X1, . . . , Xn)

)
→ 0, sup

θ:∥θ−θ0∥≥ϵ
Eθ

(
1− ϕn(X1, . . . , Xn)

)
→ 0. (6.15)

Then the posterior is strongly consistent at θ0.

For the proof see [2], sec 6.

The existence of test required in Schwartz theorem is nor very restricti-
ve. It holds true, when there exist estimators Tn = T (X1, . . . , Xn) that are
uniformly consistent: ∀ϵ > 0

sup
θ

Pθ(‖Tn − θ‖ > ϵ) → 0 (6.16)

(Exercise 4). Here, obviously, Pθ(‖Tn − θ‖ > ϵ) := P (‖Tn − θ‖ > ϵ|θ).
Consistent tests typically exist, to prove the uniform consistency might be a
challenge and the proof might depend on the concrete family. For example,
when θ ∈ R is mean and variance of f(·|θ) is bounded by M for every θ
(like for Bernoulli model), then by Chebyshev inequality, the sample mean
Tn = 1

n(X1 + · · ·+Xn) is universally consistent:

Pθ(|Tn − θ| > ϵ) ≤ M

nϵ2
→ 0.

Another example is Lemma 10.4 in [3] states that when the distribution
functions of f(·|θ), let them be Fθ satisfy the following condition

inf
∥θ−θ′∥>ϵ

sup
t

|Fθ(t)− Fθ′(t)| > 0, (6.17)

then universally consistent test exists. The condition (6.17) is often met in
practice. Finally observe that the existence of the tests depends on the model
{f(·|θ)}, only (not on the prior). Hence, even when the Schwartz theorem
assumes proper proof, for improper π, one can replace π by π(ℓ) (recall (6.5)),
just as in the case of Doob's theorem, provided θ0 ∈ suppKL(π(ℓ)).
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6.4 Point-null hypotheses and consistency

Recall the point-null hypotheses:

H0 : θ = θ0

H1 : θ 6= θ0.

Let π1 be a (possible improper) prior on Θ1 = Θ \ {θ0}. We take π0 = δθ0
and �x the model priors q0, q1 (both positive). The overall prior on Θ is thus
mixture π = q0δθ0 + q1π1 that has an atom at θ0. The posterior (recall 5.13)
is also a mixture, since Θ0 = {θ0}, the posterior is now (x is replaced now
by X1, . . . , Xn)

P (A|X1, . . . , Xn) = IA(θ0)q0(X1, . . . , Xn)+P1(A\{θ0}|X1, . . . , Xn)q1(X1, . . . , Xn).

Thus (take A = {θ0}), P ({θ0}|X1, . . . , Xn) = q0(X1, . . . , Xn), and we show
that under H0 (i.e. when X1, X2, . . . are iid from f(·|θ0))

q0(X1, . . . , Xn) → 1, a.s..

Assuming, for a moment, that π1 is proper, hence π is proper as well, we
apply Doob's consistency theorem with g(θ) = Iθ0(θ) to obtain

P ({θ0}|X1, . . . , Xn) = E(g(θ)|X1, . . . , Xn) → g(θ0) = 1, a.s.. (6.18)

Doob's theorem applies, since θ0 is an atom. When π1 is improper, we addi-
tionally assume that all densities in the model {f(·|θ)} have the same support
and posterior under π1 is �nite. The additional assumption that all densities
{f(·|θ)} have the same support ensures that for almost every training samp-
le X(ℓ), the posterior π(ℓ) (recall (6.5)) has the atom at θ0 as well and then
(6.18) holds.

Suppose now that H1 holds, i.e. X1, X2, . . . are iid random variables from
f(·|θ1), with θ1 6= θ0. Assume that π1 is proper and θ1 ∈ suppKL(π1). Thus
∀ϵ > 0, π1(BKL(θ1, ϵ)) > 0 and since π is mixture, clearly π(BKL(θ1, ϵ)) > 0
as well. Hence θ1 ∈ suppKL(π). It can be shown (see [2], Thm 10.24) that
the tests exists and so by Schwartz's theorem posterior consistency holds.
Hence, for any ball B := B(θ1, ϵ) ⊂ Θ1 (thus θ0 6∈ B(θ1, ϵ)),

P (B|X1, . . . , Xn) = P1(B|X1, . . . , Xn)q1(X1, . . . , Xn) → 1, a.s..

Hence P1(B|X1, . . . , Xn) → 1, a.s. � it follows from Schwartz's theorem when
applied to π1 � but also (and most importantly)

q1(X1, . . . , Xn) → 1, a.s..
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When π1 is improper, one can replace π by π(ℓ).

Now recall the Bayes factor and formula (5.15):

q0(X1, . . . , Xn) =
(
1 +

q1
q0B01(X1, . . . , Xn)

)−1
.

Since q0(X1, . . . , Xn) tends to 1 (to 0) if and only if B01(X1, . . . , Xn) →
∞ (to 0), we have shown that under H0, B01(X1, . . . , Xn) → ∞, a.s. and
(provided π1 is not too wrongly chosen) under H1, B01(X1, . . . , Xn) → 0,
a.s.. These convergences are sometimes known as Bayes factor consistency .

Example (normal mean, known variance). Let f(·|θ) be normal den-
sity with known variance σ2 = 1 and unknown mean θ. Hypotheses:

H0 : θ = 0

H1 : θ 6= 0.

With π1(θ) ≡ 1 it holds (recall (5.21)):

B01(X1, . . . , Xn) =

√
n

2π
exp[−n(X̄)2

2
]. (6.19)

When X1, X2, . . . are iid with θ = 0 (i.e. H0 holds), then by LIL, for every
ϵ > 0,

√
nX̄ =

∑n
i=1Xi√
n

≤ (1 + ϵ)
√
2 ln lnn, ev, a.s.

exp[
n(X̄)2

2
] = exp

[n
2

(∑n
i=1Xi√
n

)2]
≤ (lnn)(1+ϵ)2 ev, a.s..

Therefore, under H0, B01(X1, . . . , Xn) → ∞, a.s. and q0(X1, . . . , Xn) → 1,
a.s. (recall (5.18) gives upper bound to q0(X1), only).

When X1, X2, . . . are iid with θ1 6= 0 (i.e. H1 holds), then by LIL, for every
ϵ > 0, ∑n

i=1(Xi − θ1)√
n

≤ (1 + ϵ)
√
2 ln lnn, ev, a.s.∑n

i=1(Xi − θ1)√
n

≥ −(1 + ϵ)
√
2 ln lnn, ev, a.s.

This means∣∣∣∑n
i=1Xi√
n

∣∣∣ = ∣∣∣∑n
i=1(Xi − θ1)√

n
+
√
nθ1

∣∣∣ ≤ √
n
|θ1|
2

ev, a.s..
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Therefore
1√
n
exp

[1
2

(∑n
i=1Xi√
n

)2]
→ ∞, a.s.

implying that under H1, B01(X1, . . . , Xn) → 0, a.s. Hence Bayes factor con-
sistency holds.

When π1 = N (0, τ2), then by (5.16),

B01(X1, . . . , Xn) =
√

(τ2n+ 1) exp
[
− 1

2

τ2n

(1 + τ2n)
· n

(
X̄
)2]

.

We see again that Bayes factor consistency holds.

6.5 Bernstein-von Mieses theorem

Total variation distance. Recall the total variation distance between two
probability measures P and Q on B:

‖P −Q‖TV = sup
A∈B

|P (A)−Q(A)|.

When Q and P have densities p and q w.r.t. some reference measure µ, then

‖P −Q‖TV =
1

2

∫
|p(x)− q(x)|µ(dx).

Sometimes the total variation distance is de�ned as
∫
|p(x) − q(x)|µ(dx).

When measuring the di�erence between distributions of random variables
X,Y observe that the total variation distance is invariant under linear trans-
formation (location and scale changes):

‖P (X ∈ ·)− P (Y ∈ ·)‖TV = ‖P (aX + b ∈ ·)− P (aY + b ∈ ·)‖TV , a 6= 0.
(6.20)

The total variation distance is strong: the convergence in total variation
implies the convergence in distribution (weak convergence):

‖Pn − P‖TV → 0 ⇒ Pn ⇒ P.

When the model {f(·|θ)} is such that θ → f(x|θ) is continuous at (almost)
every x, then from She�e's theorem it follows that the model is continuous
in total variation, i.e.

θn → θ ⇒
∫

|f(x|θn)− f(x|θ)|dx → 0. (6.21)

Most of the models considered above satisfy (6.21). In particular, it means
that for every ϵ > 0 there exists δ > 0 such that

sup
A

|Pθ(A)− Pθ′(A)| = 1

2

∫
|f(x|θn)− f(x|θ)|dx ≤ ϵ,

whenever ‖θ − θ′‖ ≤ δ.
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Asymptotic normality of MLE. Consider the frequentist setting:X1, . . . , Xn

is iid sample from f(·|θ0). Let θ̂n be maximum likelihood estimate (MLE),
i.e.

θ̂n = argmax
θ

f(X1, . . . , Xn|θ).

As it is well known, under fairly general conditions, θ̂n → θ0, a.s., (consis-
tency) and it is asymptotically normal:

√
n
(
θ̂n − θ0) ⇒ N

(
0, I−1(θ0)

)
, (6.22)

where I(θ0) is Fisher information matrix. Hence, for large n, θ̂n has approxi-
mativelyN (θ0, n

−1I−1(θ0))-distribution. Observe that n−1I−1(θ0) = I−1
n (θ0).

For a rigorous statement and proof of (6.22), see e.g. [3], Thm 5.39.

Bernstein-von Mieses theorem. Let X1, X2, . . . be iid random variables
from f(·|θ0) and let θ̂n be MLE. The Bernstein-von Mieses theorem states
that under some general assumptions and under the existence of tests sa-
tisfying (6.15) for any prior distribution that is absolutely continuous (with
respect to Lebesgue'i measure) and bounded away from zero in a neighbor-
hood of θ0, the following holds:

Eθ0

∥∥P (
√
n(θ − θ0) ∈ ·|X1, . . . , Xn)−N (

√
n(θ̂n − θ0), I

−1(θ0))
∥∥
TV

→ 0.
(6.23)

Remarks:

1. Since we are in frequentist setting, the probability

P (
√
n(θ − θ0) ∈ ·|X1, . . . , Xn)

should be interpreted as P (θ :
√
n(θ − θ0) ∈ ·|X1, . . . , Xn), where

P (·|X1, . . . , Xn) is posterior (just like in the consistency results).

2. Since θ̂n is a function of X1, . . . , Xn, so both measures in (6.23) depend
on X1, . . . , Xn. Hence the total variation distance, let us denote it by
Yn, i.e.

Yn :=
∥∥P (

√
n(θ − θ0) ∈ ·|X1, . . . , Xn)−N (

√
n(θ̂n − θ0), I

−1(θ0))
∥∥
TV

is a function of X1, . . . , Xn � a random variable. The theorem claims
that when X1, X2, . . . are iid random variables from f(·|θ0), then the
expectation of these random variable converges to 0: Eθ0Yn → 0.
Recall that Eθ0 indicates that X1, X2, . . . are iid random variables from
f(·|θ0), i.e. the true parameter is θ0.

3. "Bounded away from 0 in a neighborhood of θ0" means that there
exists a neighborhood of θ0, say U , (i.e U is open and θ0 ∈ U) and an
ϵ > 0 such that π(θ) > ϵ, ∀θ ∈ U . It holds when π is continuous at θ0
and π(θ0) > 0.
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4. The total variation distance is bounded by 1 and so Yn ≤ 1. For boun-
ded random variables the convergence in probability is equivalent to
the convergence to in expectation, i.e.

Eθ0Yn → 0 ⇔ Pθ0(Yn > ϵ) → 0, ∀ϵ > 0. (6.24)

This means that (6.23) is equivalent to the convergence to 0 in proba-
bility, and sometimes in the literature it is so stated.

5. Let Z ∼ N (0, I−1(θ0)). Then

Yn =
∥∥P (

√
n(θ − θ0) ∈ ·|X1, . . . , Xn)− P (Z +

√
n(θ̂n − θ0) ∈ ·)

∥∥
TV

From (6.20), (take a = 1 and b = −
√
n(θ̂n − θ0)), it follows

Yn =
∥∥P (

√
n(θ − θ̂n) ∈ ·|X1, . . . , Xn)− P (Z ∈ ·)

∥∥
TV

. (6.25)

Applying (6.20) again (now take a = 1/
√
n and b = θ̂n), (6.25) can be

restated:

Yn =
∥∥P (θ ∈ ·|X1, . . . , Xn)−N (θ̂, I−1

n (θ0))
∥∥
TV

.

Bernstein-von Mieses theorem provides Bayesian counterpart of asymp-
totic normality of MLE. Indeed, (6.22) states:

√
n
(
θ̂n − θ)|θ0 ⇒ N

(
0, I−1(θ0)

)
and (6.25) states (with some reservation)

√
n
(
θ − θ̂n)|X1, . . . , Xn ⇒ N

(
0, I−1(θ0)

)
.

6. In [2, 3], the Yn in the statement of Bernstein-von Mieses is de�ned
di�erently:

Yn = ‖P (
√
n(θ − θ0) ∈ ·|X1, . . . , Xn)−N (∆n,θ0 , I

−1(θ0))‖, (6.26)

where

∆n,θ0 :=
1√
n

n∑
i=1

I−1(θ0)
∂ ln f(Xi|θ0)

∂θ
.

Observe that (under regularity)

Eθ0

[∂ ln f(Xi|θ0)
∂θ

]
= 0, Varθ0

[∂ ln f(Xi|θ0)
∂θ

]
= I(θ0).

Hence

1

n

n∑
i=1

I−1(θ0)
∂ ln f(Xi|θ0)

∂θ
→ 0, ∆n,θ0 ⇒ N (0, I−1(θ0)) (6.27)
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It can be shown that under θ0

|∆n,θ0 −
√
n(θ̂n − θ0)|

P→0,

and from this, it follows that under θ0

‖N (∆n,θ0 , I
−1(θ0))−N (

√
n(θ̂n − θ0), I

−1(θ0))‖TV
P→0.

Now, it is clear that
√
n(θ̂n − θ0) in (6.23) can be replaced by ∆n,θ0 .

For detailed assumptions, theorems and proof, see [2], Ch 12, [3], Ch 10, [4],
7.4.2.

6.6 Exercises

1. Show that when (6.4) holds for every component, then the posterior is
strongly consistent i.e. (6.1) holds.

2. Prove that for any training sample x(ℓ)

P(ℓ)(·|xℓ+1, . . . , xn) = P (·|x1, . . . , xn).

Show that when π has an atom θ0, and f(X(ℓ)|θ0) > 0, then θ0 is an
atom of π(ℓ).

3. KL divergence. Prove (6.11),(6.12),(6.13), (6.14).

4. Prove that when (6.16) holds, there for every ϵ > 0 and n there exists
ϕn such that (6.15) holds.

7 Dirichlet process model

7.1 Non-parametric setting: preliminaries

The space (P,B(P), π). Let X = Rd, let P be the set of all probability me-
asures on X . In this section, we denote the elements of P as p. Recall the weak
convergence of probability measures pn ⇒ p if and only if

∫
fdpn →

∫
fdp for

any f ∈ Cb(X ) (set of bounded continuous functions). By portmanteu theo-
rem, this is one of the many equivalent de�nitions. The weak convergence is
metrizable by many metrics, one of them is Prokhorov distance:

d(p, q) = inf{ϵ > 0 : p(A) < q(Aϵ) + ϵ, q(A) < p(Aϵ) + ϵ},

where Aϵ := {x : ‖x− y‖ < ϵ, y ∈ A}. It can be shown that (P, d) is comp-
lete and separable (hence Polish) metric space ([2], Thm A3 or [7], Thms
1.9, 1.15). The distance d generates open sets and, hence, also the Borel σ-
algebra B(P) on P.
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For every A ∈ B(X ) and for every f ∈ Cb(X ), we de�ne

TA : P 7→ [0, 1], TA(p) = p(A)

Tf : P 7→ R, Tf (p) =

∫
fdp.

It can be shown that B(P) is the smallest σ-algebra on P making all maps
TA measurable (for every measurable A). Also B(P) is the smallest σ-algebra
on P making all maps Tf measurable (for every bounded continuous f). ([2],
Prop. A5 or [7], Prop 1.16, 1.18). From that the following proposition can
be deduced ([2], Prop. A5 or [7], Thm. 1.19 and 1.21):

Proposition 7.1

1. When π and π′ are two di�erent probability measures on (P,B(P)),
then there exists a �nite measurable partition A1, . . . , Ak of X and a
k-dimensional Borel set B ∈ B(Rk) such that

π{p : (TA1(p), . . . , TAk
(p)) ∈ B} 6= π′{p : (TA1(p), . . . , TAk

(p)) ∈ B}.

2. When π and π′ are two di�erent probability measures on (P,B(P)),
then there exists a function f ∈ Cb(X ) and a Borel set B ∈ B(R) such
that

π
{
p :

∫
fdp ∈ B

}
6= π′{p :

∫
fdp ∈ B

}
.

In other words, 1. states that any probability measure π on B(P) is comple-
tely determined by the set of distributions p →

(
p(A1), . . . , p(Ak)

)
for every

measurable partition A1, . . . , Ak of X (given π, every partition generates a k-
dimensional random vector and the distributions of all these vectors uniquely
determine π).
In other words, 2. states that any probability measure π on B(P) is comp-
letely determined by the set of distributions p →

∫
fdp for every bounded

and continuous f (given π, every function generates a random variable and
the distributions of all these random variables uniquely determine π).

Random measure and its law as the prior. Let (Ω,F ,P) be a pro-
bability space. Recall P is the set of all probability measures on (X ,B(X ))
and also recall that (P,B(P)) is a measurable space (set of all probabi-
lity measures equipped with Borel σ-algebra induced by Prokhorov metric).
A random measure P on X is a measurable mapping P : Ω → P . The me-
asurability here means that for every E ∈ B(P), P−1(E) ∈ F . Since for
every A ∈ B(X ), TA is B(P) measurable, we get that the composition

TA ◦ P : Ω → [0, 1], TA ◦ P (ω) = P (ω)(A)
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is F -measurable, hence a random variable. On the other hand, since B(P) is
the smallest σ-algebra on P making all maps TA measurable, it follows that
a mapping P : Ω → P is F -measurable (hence random measure) in and only
if the composition above is a random variable for every A ∈ B(X ) (Exercise
1.) Hence the mapping P (ω,A) := P (ω)(A) is a Markov kernel:

P (·, A) is F -measurable for every A ∈ B(X )

P (ω, ·) is a measure on B(X ) for every ω.

Every random measure P induces a pushforward measure on (P,B(P))� the
law (distribution) of P . Let that be π:

π(E) := P(P−1(E)), ∀E ∈ B(P).

We shall write P ∼ π. In non-parametric Bayesian setting, the measure π
is the prior measure on the set of all probability measures P. On the other
hand, given a probability measure π on (P,B(P)), one can take the under-
lying probability space (Ω,F ,P) as (P,B(P), π) and de�ne P (p) = p. Then
the law of P is π. So any prior measure π can be considered as a law of (at
least one) random measure. In Bayesian setting, the distribution of a ran-
dom measure matters, and so the setting above, i.e. (Ω,F ,P) = (P,B(P), π)
(hence ω = p) is typically used.

By proposition 7.1, any probability measure π on (P,B(P)) is determined
by the distributions of all vectors (TA1 , . . . , TAk

) corresponding to all measu-
rable partitions (A1, . . . , Ak) of X . Equivalently, the the distribution of any
random measure P is determined by the laws of (P (A1), . . . , P (Ak)).

For any random measure P ∼ π, let

µ(A) := E[P (A)] =

∫
p(A)π(dp).

Clearly (Exercise 2) that µ is a measure on (X ,B(X )) � mean measure.

7.2 Diriclet process

De�nition. Let α be a �nite measure on (X ,B(X )). A random measure P
on X is a Dirichlet process with base measure α if for any �nite measurable
partition A1, . . . , Ak of X ,

(P (A1), . . . , P (Ak)) ∼ Dir(α(A1), . . . , α(Ak)). (7.1)

We know that (7.1) uniquely de�nes the distribution of Dirichlet process: if
P ∼ π and P ′ ∼ π′ are two di�erent Dirichlet distributions with the same
base measure (both satisfying (7.1) for all �nite measurable partitions), then
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π = π′. In what follows, the distribution of a Dirichlet process with base
measure α will be denoted by DP(α). Hence, if P is a Dirichlet process with
base measure α, we shall write P ∼ DP(α).

We write |α| := α(X ) < ∞ for the total mass of α and we de�ne ᾱ := α/|α|.
The measure ᾱ � often refereed to as center measure � is a probability me-
asure.

For the proof of the existence of Dirichlet process see ([2], Sec 4.2).

Moment properties of Dirichlet process. Let P ∼ DP(α). Then for
any two measurable sets A,B ∈ B(X ) and for any two measurable functions
f, g : X → R having the needed integrals,

1. P (A) ∼ Beta(α(A), α(Ac));

2. µ(A) = EP (A) = ᾱ(A);

3. Var(P (A)) = ᾱ(A)ᾱ(Ac)
1+|α| ;

4. Cov(P (A), P (B)) = ᾱ(A∩B)−ᾱ(A)ᾱ(Ac)
1+|α| ;

5. E[
∫
fdP ] =

∫
fdᾱ;

6. Var[
∫
fdP ] =

∫
(f−

∫
fdᾱ)2dᾱ

1+|α| ;

7. Cov[
∫
fdP,

∫
fdP ] =

∫
fgdᾱ−

∫
fdᾱ

∫
gdᾱ

1+|α| .

Assertions 1-3 are immediate from the de�nition and the properties of Di-
richlet distribution (Exercise 4). The proof of 4 can be found in ([2], Prop.
4.2). The proofs of 5,6,7 follow from the standard machinery argument when
noticing that with f = IA and g = IB, the properties 5,6,4 are the same as
the properties 2,3,4, (resp.) (see [2], Prop 4.3).

Properties 2 and 3 show that the bigger is |α|, the smaller the variance
and the more the Dirichlet process is concentrated around its mean ᾱ. This
justi�es calling M := |α| as the precision parameter and rewriting α = Mᾱ.
Thus when specifying the prior, one can start with center measure ᾱ and
then choosing the precision parameter M re�ecting the degree of con�dence.
The properties 2 and 3 also show that when α 6= α′, then DP(α) 6= DP(α′):
either means or variances di�er.

Stick-breaking representation. Stick-breaking is a technique to const-
ruct a random probability measure on countable set i.e. a random sequence
(W1,W2, . . .) of non-negative random variables summing a.s. up to 1. Let
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V1, V2, . . . be a sequence of random variables Vi ∈ [0, 1] for every i. De�ne
new random variables W1,W2, . . . as follows

W1 = V1, W2 = (1−V1)V2, W3 = (1−V1)(1−V2)V3, · · ·Wk =
k−1∏
i=1

(1−Vi)Vk.

(7.2)
The interpretation: a stick with length 1 is broken at a point given by V1.
The �rst weight is W1 = V1. The length of remaining stick is 1−V1 and it is
broken into two pieces of relative lengths V2 and 1− V2. The second weight
is the �rst part of it, thus W2 = (1 − V1)V2. The length of the remaining
stick (after two breakings) is (1− V1)(1− V2) that is broken into two pieces
of relative lengths V3 and 1 − V3, so that W3 = (1 − V1)(1 − V2)V3 and so
on. It can be shown that when V1, V2, . . . are iid random variables such that
P (V1 > 0) > 0, then

∑∞
i=1Wi = 1 a.s. ([2], Lemma 3.4).

It turns out that the stick-breaking construction can be used to construct a
Dirichlet process. Let α = Mᾱ be a base measure.

Theorem 7.1 (Sethuraman) Let θ1, θ2, . . . be iid random variables, θi ∼ ᾱ
and V1, V2, . . . are iid random variables, Vi ∼ Beta(1,M), then

∞∑
j=1

Wjδθj ∼ DP(α),

where W1,W2, . . . are as in (7.2).

For the proof see ([2], Thm 4.12). Since

EWk =
Mk−1

(1 +M)k
,

we see that the bigger M the more uniform (and smaller) are the masses
W1,W2, . . .; recall also that the variance of Wi decreases when M increases.

The stick-breaking construction gives an easy method to simulate a Dirichlet
process, at least approximatively. It also shows that almost every realization
of DP(α) is a discrete measure:

DP(α){p ∈ P : p is discrete} = 1.

So the set of all discrete measures is a subset of P having DP(α) measure 1.
Recall the support of any probability measure π on P is the smallest closed
set (in Prokhorov metric) having π-measure 1. It turns out that the support
of DP(α) is much larger set than just discrete measures � it can be shown
([2], Thm 4.15) that the support of DP(α) is the set

{p ∈ P : supp(p) ⊂ supp(ᾱ)}.

Hence if ᾱ or equivalently α is fully supported on X (supp(ᾱ) = X ), then
the support of DP(α) is P.
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7.3 Dirichlet process model

With DP(α) as the prior measure, we get the non-parametric version of our
basic model (1.2):

P |α ∼ DP(α)

X1, . . . , Xn|P = p
i.i.d.∼ p.

(7.3)

With some abuse of terminology, the random variables X1, . . . , Xn is called
a sample from Dirichlet process.

Conjugacy. We now argue that DP is conjugate prior, i.e. the poste-
rior distribution is DP as well. Let x = (x1, . . . , xn) be a realization of
(X1, . . . , Xn) de�ned as in (7.3). Let A1, . . . , Ak be a partition of X and let
(N1, . . . , Nk) be the cell-counts, i.e. Nj =

∑n
i=1 IAj (Xi), j = 1, . . . , k. Hence,

given A1, . . . , Ak, we end up with Dirichlet-multinomial model:(
P (A1), . . . , P (Ak)

)
|α ∼ Dir(α(A1), . . . , α(Ak))

(N1, . . . , Nk)|(P (A1), . . . , P (Ak)
)
= p(A1), . . . , p(Ak)

)
∼ Multin

(
n, (p(A1), . . . , p(Ak)

)
.

We know that Dirichlet distribution is conjugate prior for multinomial dist-
ribution, hence given a realization (n1, . . . , nk) of (N1, . . . , Nk), (i.e. nj =∑n

i=1 IAj (xi), j = 1, . . . , k), the posterior distribution of
(
P (A1), . . . , P (Ak)

)
is Dirchlet distribution as well:(

P (A1), . . . , P (Ak)
)
|n1, . . . , nk ∼ Dir(α(A1) + n1, . . . , α(Ak) + nk).

It can be shown ([2], Thm 4.6) that the distribution
(
P (A1), . . . , P (Ak)

)
|n1, . . . , nk

is the same as the distribution of
(
P (A1), . . . , P (Ak)

)
|x1, . . . , xk. Thus for

every partition A1, . . . , Ak,(
P (A1), . . . , P (Ak)

)
|x ∼ Dir

(
α(A1) +

n∑
i=1

IA1(xi), . . . , α(Ak) +

n∑
i=1

IAk
(xi)

)
.

Since for any A ∈ B(X )

α(A) +

n∑
i=1

IA(xi) = α(A) +

n∑
i=1

δxi(A),

we conclude that

P |x ∼ DP(α)
(
α+

n∑
i=1

δxi

)
.

With (M, ᾱ)-parametrization, the posterior updating α 7→ α +
∑n

i=1 δxi is
the following

M 7→ M + n, ᾱ 7→ M

M + n
ᾱ+

n

n+M
Pn,
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where

Pn =
1

n

n∑
i=1

δxi

is the empirical measure. Hence the center measure of posterior distribution
is the convex combination of prior center measure and empirical measure,
empirical measure becomes more relevant as n grows. We see that M can
be interpreted as "prior sample size". For any (Borel) A, we get thus from
moment-properties of DP (here X = (X1, . . . , Xn))

E(P (A)|X = x) =
M

M + n
ᾱ(A) +

n

n+M
Pn(A);

Var(P (A)|X = x) =
E(P (A)|X = x)E(P (Ac)|X = x)

1 +M + n
≤ 1

4(1 +M + n)
.

Marginal and predicative distributions. The marginal distribution of
Xi is ᾱ, because (moment property 2 of DP) with PX denoting the marginal
distribution of X

PX(A) =

∫
p(A)dDP(α)(p) = EP (A) = ᾱ(A).

Hence X1 ∼ ᾱ. Let us now �nd the distribution of X2|X1 = x1,denoted by
PX2|x1

. Clearly,
X2|P = p,X1 = x1 ∼ p.

Since P |X1 = x1 ∼ DP(α+ δx1), we get

PX2|x1
(A) =

∫
p(A)dDP(α+ δx1)(p) = E(P (A)|X1 = x1)

=
M

M + 1
ᾱ(A) +

1

1 +M
P1(A).

Thus

X2|X1 = x1 ∼
M

M + 1
ᾱ+

1

M + 1
δx1 .

Repeating this argument, we obtain

PXn+1|X1=x1,...,Xn=xn
(A) = E(P (A)|X1 = x1, . . . , Xn = xn)

=
M

M + n
ᾱ(A) +

n

n+M
Pn(A)

or, equivalently,

Xn+1|X1 = x1, . . . , Xn = xn ∼
α+

∑n
i=1 δxi

n+M
=

M

M + n
ᾱ+

n

n+M
Pn.

(7.4)

Hence, the predicative distribution is the center (or mean) measure of pos-
terior.
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Generalized Polya urn scheme. The formula (7.4) gives an easy algo-
rithm to generate a sample from Dirichlet process:

� generate X1 from ᾱ, i.e. X1 ∼ ᾱ;

� given X1 = x1 generate X2 as follows:

with probability 1
M+1 generate take X2 = x1,

with probability M
M+1 generate X2 from ᾱ;

� given X1 = x1, X2 = x2 generate X3 as follows:

with probability 1
M+2 take X3 = x1,

with probability 1
M+2 take X3 = x2

with probability M
M+2 generate X3 from ᾱ;

� · · ·

� given x1, . . . , xn generate Xn+1 is as follows:

with probability 1
M+n take Xn+1 = xi (i = 1, . . . , n)

with probability M
M+n generate Xn+1 from ᾱ.

Let x∗1, . . . , x
∗
k be distinct values in x1, . . . , xn with n1, . . . , nk being the re-

petitions. Then the same rule for generating Xn+1 is the following:

with probability nj

M+n take Xn+1 = x∗j (j = 1, . . . , k)

with probability M
M+n generate Xn+1 from ᾱ.

Hence there is a clear analogue with Polya urn scheme: initially, in the
urn there are M balls with "colors"distributed as ᾱ. After the �rst choice
there are M + 1 balls in urn and the colors are distributed accordingly
M

M+1 ᾱ(A) + 1
1+M δx1 . Proceeding like that, after n-th choice there are n ad-

ditional balls in the urn (so M + n balls in total) and the additional balls
are of k di�erent colors: nj balls are of color x∗j (j = 1, . . . , k). Thus the
distribution of colors after n-th draw is

M

M + n
ᾱ+

∑n
i=1 δxi

n+M
=

M

M + n
ᾱ+

k∑
j=1

nj

n+M
δx∗

j
.

The described algorithm is known as generalized Polya urn scheme . When
ᾱ is non-atomic, then every draw from ᾱ gives a new distinct value (new
color) to the sample.

105



Number of distinct values. Let X1, . . . , Xn be a sample from Dirichlet
process (or from generalized Polya urn scheme) with atomless base measure
α. There are clearly ties in the sample, letKn be the number of distinct values
among X1, . . . , Xn. Following ([2], Prop 4.8) we de�ne Di as a Bernoulli
random variable, withDi = 1 ifXi is the new value, i.e.Xi 6∈ {X1, . . . , Xi−1}.
Thus D1 ≡ 1 and from Polya urn scheme, it follows (recall α is atomless, i.e.
every value generated from ᾱ is new) P (Di = 1) = M/(M + i− 1) = E(Di).
Clearly the random variables Di are independent and clearly Kn =

∑n
i=1Di.

Thus the expected number of distinct values and the variance of that number
are:

E(Kn) =
n∑

i=1

M

M + i− 1
, Var(Kn) =

n∑
i=1

M(i− 1)

(M + i− 1)2
. (7.5)

Since
∑n

i=1
1
i ∼ lnn (an ∼ bn means an/bn → 1), it follows that

E(Kn) ∼ M lnn, Var(Kn) ∼ lnn.

Since
∑

i
1

i(ln i)2
< ∞, we get that

∞∑
i=1

Var(Di)

(ln i)2
=

n∑
i=1

M(i− 1)

(M + i− 1)2(ln i)2
< ∞,

by SLLN (Kolmogorov II thm)∑n
i=1(Di − EDi)

lnn
→ 0, a.s. ⇒ Kn

lnn
→ M, a.s.

(the implication above follows from E(Kn) ∼ M lnn).

The random variables Di are bounded (Bernoulli) with
∑∞

i=1Var(Di) = ∞.
Then CLT holds, i.e.

Kn − E(Kn)√
Var(Kn)

=

∑n
i=1(Di − EDi)√∑n

i=1Var(Di)
⇒ N (0, 1).

Hence, asymptotically Kn behaves like M lnn, for the exact distribution of
Kn see ([2], prop. 4.9).

Chinese restaurant process. A random sample X1, . . . , Xn from Di-
richlet process induces a random partition of {1, . . . , n} � equivalence classes
i ∼ j if and only if Xi = Xj . Hence Kn is the number sets (equivalence
classes) in the partition. Let (S1, . . . , Sk) be a partition of {1, . . . , n} with
(n1, . . . , nk) being the sizes of the sets (i.e. |Si| = ni). Suppose, for a moment,
that the partition is the following:

S1 = {1, . . . , n1}, S2 = {n1+1, . . . , n1+n2}, . . . , Sk = {n1+· · ·+nk−1+1, . . . , n}.
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From Polya urn scheme, it is evident that the probability of that partition
is (α is atomless)

M

M

1

M + 1
· · · n1 − 1

M + n1 − 1︸ ︷︷ ︸
S1

· M

M + n1

1

M + n1 + 1
· · · n2 − 1

M + n1 + n2 − 1︸ ︷︷ ︸
S2

· · ·

· · · M

M + n1 + · · ·+ nk−1

M + 1

M + n1 + · · ·+ nk−1 + 1
· · · nk − 1

M + n− 1︸ ︷︷ ︸
Sk

=

Mk(n1 − 1)!(n2 − 1)! · · · (nk − 1)!

M(M + 1) · · · (M + n− 1)
=

Mk
∏k

i=1 Γ(ni)Γ(M)

Γ(n+M)
. (7.6)

Form Polya urn scheme, it also follows that for any other partition with the
same set sizes (n1, . . . , nk), the probability is the same (see also [2], Prop
4.11).

The sequence of random partitions corresponding to the random samples
X1, X2 . . . from Dirichlet process with atomless α is called the Chinese res-
taurant process. To explain the name, we quote ([2], sec 14.11): "The name
derives from the following metaphor. Suppose that customers arrive sequen-
tially in a Chinese restaurant with an in�nite number of tables, each with
in�nite seating capacity. The �rst customer chooses an arbitrary table. The
second customer has two options, sit at the table opened by customer 1 or
open a new table, between which he decides with probabilities 1/(M + 1)
and M/(M + 1). More generally, the (n + 1)st customer �nds n customers
seated at k tables in groups of n1, . . . , nk, where

∑k
j=1 nj = n, and chooses

to sit at the jth open table with probability nj/(M+n), or open a new table
with probability M/(M + n). The gravitational e�ect of this scheme � more
massive tables, apparently with more known faces, attract a newcomer with
a higher probability � is valuable for clustering variables together in groups."

With Chinese restaurant process model, a sample X1, . . . , Xn from Dirichlet
process with atomless α can be constructed via random partition as follows:
Generate a random partition from distribution (7.6). Every set in this parti-
tion shares a common X∗

j distributed as ᾱ independently of other common
values. Then take Xi = X∗

j where i ∈ Sj .

7.4 Dirichlet process mixtures

Recall our parametric model {f(·|θ)}, where Θ ⊂ Rd. For any probability
measure (prior) p ∈ P , we de�ned the marginal density

fp(x) :=

∫
f(x|θ)p(dθ). (7.7)
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In statistics, densities like that are called mixture densities (segujaotused) .
The measure p is called the mixing measure, when it is discrete with �nite
number of atoms, i.e. p =

∑k
i piδθi then the corresponding mixture � called

as the �nite mixture � is

fp(x) =

k∑
i=1

f(x|θi)pi.

Clearly, an i.i.d sample X1, . . . , Xn form the mixture density fp(·) as in (7.7)
can be obtained as follows:

θ1, . . . , θn|p
i.i.d.∼ p

Xi|θi
ind∼ f(·|θi), i = 1, . . . , n.

Here the use of latent variables θ1, . . . , θn often simpli�es the analysis. Mix-
tures form a �exible and large class of densities and in Bayesian setting, the
mixing measures are considered random, i.e. the prior π is on P. Hence P is
a random probability measure and then

fP (x) :=

∫
f(x|θ)P (dθ)

is a random density. Hence we have the following Bayesian model:

P ∼ π

X1, . . . , Xn|P = p
i.i.d.∼ fp(·)

With the latent variables, the same model can be represented as the following
hierarchical model:

P ∼ π

θ1, . . . , θn|P = p
i.i.d.∼ p

Xi|θi
ind∼ f(·|θi), i = 1, . . . , n.

(7.8)

When π = DP(α), the model above is known as Dirichlet process mixture
model. From Sethuraman representation, it follows that the random mixture
fP is then a.s. discrete with in�nitely many atoms:

fP (x) =

∞∑
j=1

f(x|θj)Wj ,

where θ1, θ2, . . . are iid random variables from θi ∼ ᾱ; W1,W2, . . . are the
stick-breaking weights as in (7.2).
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Dirichlet process mixtures in density estimation. Dirichlet process
mixtures have may applications, one of them is density estimation. With Di-
richlet process P , one de�nes random density fP (·) and given the observation
x = (x1, . . . , xn), a meaningful point-estimate of unknown density would be
(here X = (X1, . . . , Xn))

f̂(t) = E[fP (t)|X = x].

Observe that

E[fP (t)|X = x] = E
[
E[fP (t)|θ1, . . . , θn, X = x]

∣∣X = x
]

= E
[
E[fP (t)|θ1, . . . , θn]

∣∣X = x
]
,

because given the latent variables, the posterior distribution of P is inde-
pendent of x. Now, since θ1, . . . , θn are the observations of Dirichlet process,
we know that

P |θ1, . . . , θn ∼ DP
(
α+

n∑
i=1

δθi

)
.

Then (the 5.-th moment property of DP),

E[fP (t)|θ1, . . . , θn] = E
[ ∫

f(t|θ)P (dθ)
∣∣∣θ1, . . . , θn]

=

∫
f(t|θ)

(α+
∑n

i=1 δθi
M + n

)
(dθ)

=
1

M + n

(∫
f(t|θ)α(dθ) +

n∑
i=1

f(t|θi)
)

=
M

M + n

∫
f(t|θ)ᾱ(dθ) + 1

M + n

n∑
i=1

f(t|θi).

Hence the estimate is

f̂(t) =
M

M + n

∫
f(t|θ)ᾱ(dθ) + 1

M + n

n∑
i=1

E[f(t|θi)|X = x].

The integral
∫
f(t|θ)ᾱ(dθ) = fᾱ(t) = E[fP (t)] is the prior expectation and

M shows how much we believe that the unknown density is (close to) fᾱ.
The analytic form of f̂(t) is known ([2], prop. 5.2), but it is not very practical.

Due to the Polya urn scheme, it is rather easy to apply Gibbs samplers
to generate a sample θ1, . . . , θn from the model (7.8) given X = x. There
are many algorithms in literature, see ([2], thm. 5.3, [5], sec 23.3; [8], sec 3).

Given m samples (θ
(l)
1 , . . . , θ

(l)
n ), l = 1, . . . ,m, the conditional expectation

E[f(t|θi)|X = x] can be estimated by

Ê[f(t|θi)|X = x] =
1

m

m∑
l=1

f(t|θ(l)i ).
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In other words, after sampling we have mn densities f(·|θ(l)i ) (they are not
all di�erent, because every sample has many repeating elements), after ave-
raging them, we get purely empirical estimate

f̂mn(·) :=
1

mn

n∑
i=1

m∑
l=1

f(·|θ(l)i ),

the �nal estimate is the convex combination of prior mean fᾱ and empirical
estimate f̂mn:

f̂ =
M

M + n
fᾱ +

n

M + n
f̂mn.

Dirichlet process mixtures in clustering. Dirichlet process mixtures
have may applications, one of them is modeling clusters. Consider (7.8). Since
the latent variables θ1, θ2, . . . can be considered as the observations from
Dirichlet process, they form (random) partitions � clustering � a clustering
S = {S1, . . . , Sk} occurs with probability (7.6):

Q(S) = Mk
k∏

j=1

(|Sj | − 1)! · Γ(M)

Γ(M + n)
. (7.9)

Every cluster shares a common latent variable θj , j = 1, . . . , k and the va-
riables are iid from atomless ((7.9) assumes atomless base-measure) ᾱ. Given
the clustering S = {S1, . . . , Sk} and θ1, . . . , θk, the observations X1, . . . , Xn

are independent, Xi ∼ f(·|θj) when i ∈ Sj . Hence, inside a cluster Sj , the
random variables {Xi : i ∈ Sj} are iid, the variables belonging to di�erent
clusters are independent. Formally, (7.8) can equivalently stated as follows:

S = (S1, . . . , SKn) ∼ Q

θ1, . . . , θk|Kn = k
i.i.d.∼ ᾱ

Xi|θ1, . . . , θk,S = {S1, . . . , Sk}
ind∼

k∑
j=1

f(·|θj)ISj (i), i = 1, . . . , n.

(7.10)

Given x = (x1, . . . , xn), the main interest now is the posterior distribution
of clusters P (S|X = x) (here X = (X1, . . . , Xn)) or some other clustering
related questions like P (Kn|X = x) (posterior distribution of the number
of clusters) or �nding the posterior probability that the observations xi1 , xi2
are from the same cluster. i.e. i1, i2 belong to the same cluster etc. Like in
the density estimation, these posterior distributions are estimated via Gibbs
sampling. One can generate the samples (θ

(l)
1 , . . . , θ

(l)
n ), l = 1, . . . ,m, and

read the clusters from the samples: there are typically k < n distinct values
in (θ

(l)
1 , . . . , θ

(l)
n ) and i1, i2 belong to the same cluster whenever they share

the common value: θ(l)i1
= θ

(l)
i2
. However, there also algorithms that generate

only the distinct values in a sample and corresponding clusters ([2], sec 5.2,
[5], sec. 23.3, [8], sec. 3).
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Exercises.

1. Let (Ω,F) be a measurable space. Show that a mapping P : Ω → P is
F -measurable if and only if ω → P (ω)(A) is F -measurable for every
A ∈ B(X ).

2. Prove that µ is a measure on (X ,B(X )).

3. Let g : X → R be a Borel-measurable mapping. Let P ∼ DP(α) be
a Dirichlet process on X . De�ne a random measure Q on R by Q =
P ◦ g−1, i.e. Q(B) = P (g−1(B)), B ∈ B(R). Prove: Q ∼ DP(α ◦ g−1).

4. Prove the properties 1�3.
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