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1 Bayesian model

In what follows, X stands for sample space, which might be (a subset of) R,
RY, R™, (R)". Thus 2 € X might be a real number, a d-dimensional vector,
a sample (vector) (z1,...,x,), where z; € R%.

Parametric model. In statistics, ¢ model P is any set of probability dist-
ributions on X (more precisely, on (X, B(X)), where B(X') stands for Borel
o-algebra). Observe that a set of probability distribution can be formally
represented as {Fy : 0 € O}, where © is a set. The model {Fy : § € O} is
parametric, when © is finite dimensional, w.l.o.g. © C RP. In what follows,
we shall consider parametric model, and we assume that all distributions
are absolutely continuous with respect to some common reference measure
(typically either Lebesgue or counting measure), let f(:|#) be the density of
Py. The integration with respect to the reference measure will be denoted by
Py(A) = [, f(x|0)dz, as it is typically done when integrating with respect to
the Lebesgue’i measure. However, when the reference measure is the coun-
ting measure, then the integral above is sum and f(:|f) is the probability
mass function. So the densities of continuous and discrete random variables
will be denoted identically.

1.1 Examples of parametric models

Here X C R? and {f(-|)} is a class of distributions. In the following we list
the models that will be used later.

Discrete models.

e Binomial distribution:
X ={0,1,...},0 = (n,p) e Nx [0,1] = ©, (notation B(n,p))

F(k|0) = f(k|n,p) = <Z>e’f(1—9)n—’i k=0,...,n; fkl§)=0, k>mn;

e Poisson distribution:
X ={0,1,...},0 =X € (0,00) = O, (notation P,(\))

FOKI8) = FHN) = e

e Negative binomial distribution:
X ={0,1,...}, 06 = (r,p) € (0,00) x (0,1) = O, (notation NB(r,p),
alternative parametrizations)
- T(k+7)

f(k|0) = f(Kk|r,p) = W(l —p)*p’;



when r is integer, then

W: <k+]:—1>.

e Discrete distributions with (at most) k& atoms (categorical distribu-

tions):

X =A{1,...,k},
k

0= { Dly-- s Dk) sz } =: Sk—1, (k—1)-dim simplex,
=1

fQ0) = fdlp1, - ox) =m, 1<k, f(0)=0, 1>k
e Multinomial distribution:

X ={(n,...,nE) :n1+ - +ng=n}
0=(n,(p1,...,pr)) €E Nx Sp_1 =0© (notation Multin(n; p1,...,px))

k

mn
ni,...,ngl0) = f(ni,...,ngn;p1, ..., = i
f(n k|0) = f(m k|n; p1 Pk) (ny”nk)il}pl

Continuous models.

e Beta distribution:
X =10,1], 0 = (o, B) € (0,00) x (0,00) = O, (notation Beta(a, 3))

F@lf) = f(alo. §) = g™ (=)
s 1y — D@T(B)
o, B)= [ 2z Y1 —2)flde = =17
Blo.g) = [ w1 - e =

Thus Beta(1, 1) is U[0, 1] — uniform distribution.
e Dirichlet distribution:
X =5Sp1,0=(ai,...,a;) € (0,00)F = O (notation Dir(ar,...,ax))

k
a;—1

1
f(95|9):f(90|0él,---70¢k)=mﬂxi ;

i=1
B(ag,...,ap / H )% e =
S

k=1

1—x1 l—x1——xp_ 2
// / (%)az " —2— =2 )™ ey - dagy =

041) F(Oék
Mog +---+ Oék)




Uniform distribution:
X =10,00), 0 € (0,00) = © (notation U(0,0)):

£(2) = 5Tng)(e).

Gamma distribution:
X =1[0,00), 0 = (o, 3) € (0,00)? = O (notation Gamma(a, 3), alter-
native parametrizations)

«

Flalf) = Flala ) = pisa® exl-fa).

Exponential distribution:
X =10,00), 0 = X € (0,00) = O (notation Exp(}))

f(@|0) = f(z|X) = Aexp[-Ax].
Gamma(1, 8) = Exp(f3).

Shifted exponential distributions:
X =1[0,00), 0 = (2, A) € (0,00)* = O (notation Exp(z,, \))

f(@|0) = f(z|zo, A) = Aexp[=A(x — 20)|[[z,,00) (7).
Exp(0,\) = Exp(}).

Chi-squared distribution:
X =(0,00), 0 =k € {1,2,...} (notation x3)

1
— X
22T (§)

[SIES

-1 exp[—f}7 x> 0.

(alo) = f(alk) = :

X2 = Gamma(g, 3).

Inverse Gamma distribution:
X =[0,0), 0 = (o, B) € (0,00)? = O (notation InvGamma(a, 3)),

s
I(a)

When X ~ Gamma(a, 3), then X1 ~ InvGamma(a, 3).
When parametrized a = § and 8 = ”TTZ, then it is called scaled inverse

chi-squared distribution, thus

f(2|0) = f(z]a, B) = 2= exp[—p/1].

2
InvGamma(g, %) = ScaleInv—x?(v, 72).



e Normal distribution:
X =R, 0= (u,0?) €R x (0,00) (notation N(u,0?))

(l’ B M)2]
202

f(10) = f(zlp,0®) = exp[—

2mo?

e Student t-distribution:
X =R, 0=veR=0 (notation t,),

Fal6) = ftalv) = At (1+%)

Since I'(1/2) = /7,

1

rt) 1
Vavl(%)  vB(1/2,v/2)

e Location-scale t-distribution:
X =R, 0= (u,7%v)€Rx (0,00) x R= 0O (notation Ist(u, 72,v)),

(1+i<x—u>2>

T2

—(r+1)
2

f((l,‘w) = f(33|M,T2,V) =

When X ~ t,, then p+7X ~ lIst(u, 72, v).

e Pareto distribution:
X =10,00), 0 = (e, ) € (0,00) x (0,00) = O (notation Pa(a, z,))

f(.%"@) = f(w‘a7$0) = a(xo)aﬁl[mo,oo)(w)'

e Lomax distribution:
X =1[000), 0= (a,\) € (0,00) x (0,00) = © (notation: Lomax(a, A)),

a\®
f(x]|0) = f(x]a, \) = W, x> 0.

However, a parametric model can also be defined via a class of distributions
{f(:|9)} as above, but = = (x1,...,2,) can be an iid sample from f(:|¢). In
this case X C R", & = (z1,...,2y,) and f(z|0) =[], f(2:]0). It can also be
that x = (1, ...,xy,) is an output of any other model rather than iid model,
for example Markov chain.



Bayesian model. Given a parametric model {f(-|f)} and a parameter 6,
the data are modeled as a random vector (or random variable) X having
density f(:|6). Any realization x of X are called observations and f(x|0) is
the likelihood of x (we call it likelihood even when the reference measure is
the counting measure and f(z|f) is actually a probability).

In parametric Bayesian model, the parameter is modeled random as well,
thus (X, 0) is a random vector on (X, ©). The model presupposes that © is
equipped with Borel o-algebra B(©) and (X, ) is B(X) ® B(©)-measurable.
The distribution of € shall be denoted by 7, thus for any A € B(X) and
B € B(0), it holds (law of total probability)

P(X €A 0€eB)= /B/Af(a;ye)dm(de).

Clearly the integral above presupposes that the map (z,0) — f(z|f) is
B(X)®B(©)-measurable, and this is so for all models in these notes. Observe
that we use the same 6 for a random parameter and its realization. The dist-
ribution 7 is called the prior distribution (eelmoéét). Now the (marginal)

distribution of data X has density f(z) = [ f(z]0)7(df), because Fubini
theorem allows to change the order of integration and so

P(XEA):/@/Af(az\e)dam(de):/A/@f(x|0)7r(d9)dz:/Af(x)dx.

Observe that the density f(z) do not (in general) belong to the class { f(-|0)},
moreover, the marginal distribution of X might be very different form any
distribution from {f(-|0)}.

The central object in Bayesian statistics is the conditional distribution of
parameter given the observations: P(6 € -|X = x). This distribution is cal-

led posterior distribution (jdrelmoot) . By Bayes formula (Exercise 1)

[ FlO)r(@®) [, f(lo)r(as)
f(z) [ f(@(6)m(d6)
When 7 has density 7(f) with respect to some reference measure df on

(©,B(0)), then also posterior distribution has density (with respect to the
same measure), because

P(0 € BIX =z) = Ji f(?fx(e)dg = /B f(x}%(e)de = /Bw(9|;p)d9,

P € B|X =) VB € B(©). (1.1)

where
SOl o LEOTO) 1))
f(zx) [ f(z|0)m(6)do




In this note, a prior measure always has a density, thus 7(0|x) is always
defined and, in a sense, it is the main object of interest. Since the denominator
f(x) does not depend on 6, the posterior density is

m(0]x) < w(0)p(x|0).

To recapitulate: A Bayesian model is made of a parametric statistical model
f(z]0), and a prior density m(#) of parameters. When 7(6) belongs to a
parametric model, then these parameters are called hyperperameters .

Posterior predicative density. The standard parametric model is the
following: z = (x1,...,x,) is a realization of iid random variables X1, ..., X,
from the distribution f(-|@), where 6 has density m(#). In Bayesian literature
this model is often written as

0~m (12)
- 1.2
X1, X0 7K £(10)
Thus 6 is a random variable with density 7(6), and given 6, x1, ..., x, are rea-

lizations of iid random variables X7, ..., X,,, where X; has a density f(-0).
Now, let X,,11 another independent observation with the same distribution.
We are interested in the conditional distribution of X,,;+1 given the previous
observations x (here X = (X1,...,X,)):

P(Xp1 € A|X = 2) = /P(Xn+1 € AIX = z,0)n(8|z)do
_ / /A F(@ns1|0)dmns1m(0]2)d0
- /A [ Hnal0)m@l2)d0 doen
= [ f@nale)dnin, f@iale) = [ o)l

The second equality holds because given 6, the random variable X, is
independent of X7i,...,X, and has density f(:|#). The order of integra-
tion can be reversed due to Fubini theorem. The conditional distribution
P(Xp4+1 € | X = z) is called posterior predicative distribution and its den-
sity f(-|z) is called posterior predicative density . When the posterior density
m(0|x) in the definition of f(z,—1|z) is replaced by prior density m, then one
obtains prior predicative density , which is just density of X;.

Exchangeable random variables. The random variables X7, ..., X, are
said to be ezchangeable (vahelduvad) if the joint distribution of (X1,..., Xy)
is the same as that of {X,,,..., X, } for any permutation (o1, 02,...,04)
of the indices {1,2,--- ,n}. For example, when n = 3, then six random



vectors (Xl,XQ,Xg), (XQ,Xl,Xg), (Xl,Xg,XQ), (XQ,Xg,XQ), (Xg,Xl,XQ),
(X3, X2, X1) have the same distribution.

A sequence of random variables X, Xo, .. .is called (infinitely) exchangeable
if for any n, X1,..., X, are exchangeable.

When the vector (X1,...,X,) has the (joint) density f(x, . x,)(%1,-..,%n)

then the random variables are exchangeable when for every (z1,...,x,) and
for every permutation (o1, 09,...,0,) it holds:
fxt o x)(@1, - mn) = fixy o x0) (Toys - Toy, )

Clearly iid random variables are exchangeable. Also the random variables
X1,..., X, defined as in (1.2) are exchangeable, because the density

f(Xl,...,Xn)(UCh---,wn) —/Hf(ﬂcz‘fe)ﬁ(e)dg
i=1

is invariant with respect to the permutation of the arguments.

When Xj,..., X, are exchangeable, then they are identically distributed,
but not generally independent. For example, when Xi,..., X, are defined
as in (1.2) and

E(E[Xlw])2 = / (/xf(x\ﬁ)dx)Qﬂ(ﬁ)dﬁ < 00,

then for every i # j (Exercise 1), Cov(X;, X;) = Var(E[X|0]) > 0. Also
observe that when the random vector (Xi,...,X,) is as in (1.2), then the
distribution of X; is the same as with n = 1, i.e. X; has prior predicative
density (Exercise 1)

f@) = [ 1(al0)m(0)a0. (1.3)

Hewitt-Savage-deFinetti theorem. Let us recall once again our stan-
dard parametric model

0~m
- 1.4)
i.1.d. (
Xl,XQ,--«|0 ~ f(’e)
We know that the sequence X7, Xo,... is exchangeable. For every n and 6,

X1, Xo,..., X, are conditionally independent, i.e.

P(X1 € Ar,..., Xp € Al0) = [[ P(Xi = Ailf), VA €B(X), i=1,...,n.
=1



Since P(X; = A;|0) = P(X; = A;|0), we denote P(X; € A|f) =: Q(A,0), so
that the equation above reads

n

P(X1 € Ay,... . Xp € A)0) = [[Q(Ai,0), VA €B(X), i=1,...,n.
=1

Unconditionally thus
P(X1 € Ay,... Xn € A,) = /HQ(Ai,Q)w(dG), VA € B(X), i=1,... .n.
i=1

Let P be the set of all probability measures on X. It can be equipped with
a suitable metric (Prokhorov one) so that the mapping

T:0—-P, T(0O)=Q(,0)

is B(©)/B(P)-measurable. Then by the change of variables formula, it holds

Toa. oo — | TToAN T
/@ [t 0n(@) /7> [[ouomr @),

where 777! is the pushforward measure, let us denote it 7* = #7~'. Thus,
there exists a probability measure (prior) 7* on P so that it holds

P(X,€Ay,....X,€A,)= / HQ(Ai)w*(dQ), Vn, VA; € B(X).
Pi=1

(1.5)
Since 7* can be considered as the distribution of a random probability me-
asure (defined on some probability space), the random variables X1, X, . ..
can be considered as outputs of the following model: drawing a probability
measure () from the prior 7* (a realization of random measure) and the
sampling from Q. Formally:

Q~r
i.4.d.

(1.6)
X1, X0...1Q ~"Q

To summarize: (1.4) is a special case of (1.6). Since under (1.6) also (1.5)
holds, so it follows that X1, Xo,... are infinitely exchangeable.

Let P, be the empirical measure of X1,...,X,, i.e.
1 n
Po(4) =~ > Ia(X3)
i=1



When X1, Xs,... are iid random variables from the distribution @), then
P, = @, a.s., where = stands for the weak convergence of probability me-
asures (convergence in Prokhorov metric). Hence in the model (1.6) the ran-
dom measure @ is the limit of empirical measures.

The celebrated deFinetti-Hewitt-Savage theorem states that whenever X, Xo, ...
is a infinitely exchangeable sequence of random variables, there exists a pro-
bability measure 7* such that (1.6) holds. In other words: all (infinitely)
exchangeable sequences are mixtures of iid sequences — the prior measure
exists!

Theorem 1.1 (deFinetti-Hewitt-Savage) Let X1, Xo, ... be infinitely exc-
hangeable random variables. Then there exists a probability measure ™™ on P
so that (1.5) holds. Moreover, 7 is the distribution of a random measure Q,
where Q = lim, P,, a.s. and given Q, the random variables X1, Xo, ... are
1id with distribution Q:

P(Xi€Ay,..., X, € 4,)Q) = HQ(Ai) Vn, VA; € B(X).
i1

When |X| =k < o0, i.e. the random variables have categorical distribution,
then P = S_; (simplex) and the random measure @ is then a just a k-dim
random vector and we have a parametric case. In case k = 2, the simplex
is [0,1] and random measure @) can be identified with a random variable
taking values in [0, 1]. Then the theorem above can be stated as follows.

Theorem 1.2 (deFinetti) Let X1, Xo,... be infinitely exchangeable Ber-
noulli random variables. Then there exists a random variable 0 taking values
in [0,1] such that for every n, every xi,...,x, € {0,1}, it holds

PXy=x1,...,. X, =2,]0) =0°(1—-0)""% s=x1+ - +xz, (L7
Moreover, 0 is the a.s. limit of sample mean: %Z?:l X; =0, as..

Taking expectation in (1.7), we get the special case of (1.5):
P(X1 = 21, X = ) = E[P(X1 = 21, ., Xp = 2n]0)] = /05(1—0)n_57r(d9),
where 6 ~ 7.

For the proofs of these theorems, see [4], sec 1.5.

1.2 Exercises

1. The conditional probability P(6 € B|X) is defined as any function
g(X) satisfying

E(IA(X)g(X)) =P(X € A,0 € B), VAeB(X). (18)

10



Show that
_ fB f(X|0)m(0)do
[ F(X1|0)m(6)do

satisfies (1.8) and so Bayes formula (1.1) holds.

9(X)

2. Let X1,...,X, as in (1.2). Prove that when E(E[X1]9])2 < oo, then
for every i # j, Cov(X;, X;) = Var[E(X1|f)] > 0. Show that X; has
density (1.3).

2 Examples of standard parametric models

In this section we give overview of some standard parametric models in form
(1.4) used in practice.

2.1 Beta-Bernoulli and Beta-Binomial model

From deFinetti theorem, it follows that for any infinitely exchangeable sequence
of Bernoulli random variables X1, Xo, ..., there exists a probability measure
7 on [0, 1] (prior) so that the model (1.4) hold:

0~

iid (2.1)

X1,Xs,...10 "~ B(1,0).
Hence when modeling exchangeable Bernoulli random variables, one has to
choose m. A common choice for 7 is Beta distribution.

Beta distribution. Beta distribution is supported on [0, 1], hence suitable
for modeling probabilities. When 6 ~ Beta(a, ), then

« B af o« I5) 1
m, Var(@) = =

E(6) = (a+pB2(a+B8+1) a+Ba+tBa+f+1

Hence the bigger a+ 3, the smaller variance and the more is prior concentra-
ted around its mean. When o > 1 and 5 > 1 then the density 7(#) has unique

maximum at
a—1

a+p-—2’
this is then the mode of the distribution.

Observe that any density in form () o< §271(1 —0)%~! must be the density
of Beta(a, 8) distribution.

11



Beta-Bernoulli and Beta Binomial models. With Beta distribution
as m, we obtain Beta-Bernoulli model :

0 ~ Beta(a, )
X1,..., X0 % B(1,0).
Thus = (x1,...,2,) € {0,1}", the hyperparameters are o and (. Since
the sum of n iid Bernoulli random variables has binomial distribution, then
for given 0, X = > | X; ~ B(n,0), hence with the sum X instead of
X1,...,X,, we obtain Beta-Binomial model :

6 ~ Beta(a, )
X|0~B(n,0).

When Xi,...,X, are obtained by Beta-Bernoulli model — we shall call
them Beta-Bernolli random variables for short — then > | X; follows Beta-
Binomial model.

(Marginal) distribution of X. Let us find the joint distribution of Beta-
Bernoulli random variables X = (X1,...,X,). As noted above, in Bayesian
terminology it is a marginal distribution, because the full model is (6, X).
The sample space is X = {0,1}", and for any = € {0,1}", let ny = > - | ;.
The distribution of X is thus

1 1 a—1/1 _ m\B—1
P(X =z) :/0 P(X = z|0)m(0)do :/0 g™ (1 — e)n—MM

Bl.g) "

1 1
— 0a+n1—1 1-6 B+n—n1—1d9
5 ) =0

_ Bla+ni,B+n—mn)
B(a, B)

Observe that the probability P(X = z) depend on the number of ones nq,
so that clearly any permutation of vector x has the same probability — the
exchangeability. Since Beta-Bernoulli model is a special case of (1.2), we al-
ready know that X1,..., X, are identically distributed with B(1, a/(a+ 3))
distribution random variables that are positively correlated (Exercise 1).

Let now X be as in Beta-Binomial model, i.e. X € {0,...,n}. Since X =
Yoy Xi, where (X1,...,X,) follow Beta-Bernoulli model, then (now z ins-
tead n1)

P(X =a) = (Z) Bla +g(’£;)”_x), ze{0,1,...,n). (2.2)

The obtained distribution is known as Beta-binomsial distribution with pa-
rameters «, 3,n, denoted X ~ BetaBin(n,«, ). When a = 3, then this

12



distribution is symmetric in the sense that f(0) = f(n), f(1) = f(n — 1),
f(2) = f(n —2), etc. Here f the density (probability mass function) of
Beta-binomial law. When X ~ BetaBin(n, a, ), then (Exercise 2)

no - naﬁ(a—&-ﬁ—i—@
arp =GB D@ AT

EX =

When a = 8 =1 (the prior distribution is uniform), then Beta-binomial law
is uniform over {0,...,n} (Exercise 2).

Polya urn. Let @ > 1 and 8 > 1 be integers. Imagine an urn containing
a red balls and 8 black balls, where random draws are made. If a red ball is
observed, then two red balls are returned to the urn. Likewise, if a black ball
is drawn, then two black balls are returned to the urn. Let X; = 1, when
the ball taken out is red and X; = 0, otherwise. Then repeat it n times. Let
X; € {0, 1} be the color of i-th ball taken out of urn. When o« > 0 and 5 > 0

are not integer, the Polya urn model/scheme mimics the above-described

urn: Xy ~ B(1, 395),
o+ 11
(X2 =1|X1 = 21) IR
P(Xi+1:1X1=$1,...,XZ':£L‘Z'):a+(ozfl++ﬁ._'|_';—xi), z':3,...,n.

So we shall speak about Polya urn with initial number of balls o and
even when they are not integers. It is easy to see that the random variables
X1, Xo,... are infinitely exchangeable (the order the balls are taken out of
urn do not matter), hence by deFinetti theorem there exists a prior distribu-
tion 7 so that the model (2.1) holds. It turns out that the prior distribution
is Beta(a, B) distribution. To see that observe that for every n, (X1,...,X,)
has the same distribution as in Beta-Bernoulli model, and hence the total
number of red balls taken out of urn (during n draws) has BetaBin(n, a, §)-
distribution (Exercise 3). Hence, from deFinetti theorem again, the propor-
tion of red balls out of all balls taken out of urn (as well as the proportion of
red balls in urn) converges a.s. to a random variable 0, where 6 ~ Beta(c, 3).

The observation that Beta-Bernoulli model is equivalent to Polya urn is
important in generating observations Xi, Xo, ... from Beta-Bernoulli model
— sampling. According to the definition, one could generate a random para-
meter 6§ ~ Beta(a, ), and then generate an iid sample from B(1,6). The
alternative is just to use Polya urn scheme. Polya urn model is an example
of a model, where a prior measure naturally exists (whether we believe in
Bayesian approach or not).

13



Posterior predicative distribution. Polya urn allows to calculate the
posterior predicative distribution in Beta-Bernoulli model without actual-
ly calculating the posterior distribution! Indeed: let Xi,..., X, be Beta-
Bernoulli random variables, and let us find the posterior predicative distri-
bution. Since X,+1 € {0, 1}, it suffices to find the conditional probability

o+ ny

P(X =1|X; = X, = = -
( n+1 | 1 X1, y A xn) ()é-{-ﬂ—l-n?

ny=x1+-+ o,

In particular, when the prior has uniform distribution, i.e. @« = = 1, then

ny+1
P(Xn+1:1‘X1:$1,...,Xn:xn): nl_|_2'

The estimate above is known as Laplace rule of succession and it does not
exclude the possibility that X,4+1 =1 (or X,4+1 = 0) even when n; = 0 i.e.
only zeros so far (or n; = n i.e. only ones so far):

1
PX,;1=1X1=0,...,X,=0) =
(n—i—l ‘ 1 07 } n 0) n+2

n+1
P(X, =0X;=1,...,.X,,=1) = .
(n-l—l | 1 ) y AAny ) n+2

When data consists of only ones (or zeros), then maximum likelihood es-
timate n1/n would be 1 (or 0) and with such estimates the possibility of
observing something else would be zero.

Posterior density. Consider the Beta-Bernoulli model with hyperpara-
meters o and . Let « = (z1,...,2,) € {0,1}", where ny = > | z; be the
observations. The posterior density:

7(0|x) o< 7(0) f(x|0) = B(; ﬁ)ea*1(1 — )P Lgm (1 —gnm
— B(; ﬁ) 9n1+a—1(1 . G)n—nl—l-ﬁ—l.

Hence
m(0]z) oc 01— gyt

so posterior distribution must be Beta distribution:
0|z ~ Beta(ni + a,n — ny + 5). (2.3)

Suppose o > 1 and 8 > 1 are integers. Then Beta(a, 3) distribution can be
considered as posterior distribution of a sample that has «—1 ones and 5—1
zeros and uniform Beta(1,1) prior. This observation allows to interpret the
hyperparameters — the prior distribution can be considered as the posterior
of some "prior sample".

14



We can now calculate the posterior predicative distribution directly (by de-
finition, without Polya urn scheme):

o+ ny

P(Xusr =1X =2) = [ F110)(0la)d0 = [ on(0la)do = Efpla) = 2"

Since the posterior distribution depends on data through n; only, the pos-

terior is the same as in Beta-binomial model. Now the observation z is the
number of ones, i.e. x € {0,1,...,n} and
B(a, B)

w(610) o< 7 Oplalh) = g0 1 -0 (1) oo - oy
1

- - n r+a—1 _ n—z+L8—1
= Bla.h) <w>9 e

Again, we see that
7(0|z) ox FHL (1 — g)n—r AL
hence the posterior distribution must be Beta(x + a,n —z + ) :

1

grroTl(1 — gy tAL 2.4
B(x+a,n—xz+ ) ( ) (24)

m(0|x) =

Posterior mean, mode and variance, interpretation. Since posterior
distribution is the same for Beta-Bernoulli and Beta-binomial model, we shall

consider the latter, thus x € {0,...,n} is the number of ones in observations
and 0|z ~ Beta(a + x, 8 + n — z). Recall the posterior mean:
Blf]] = /97r0|:v rta oz n Lo a+p '
n—l—a—i—ﬁ n a+f+n a+p a+pB+n

We see that the posterior mean is the weighted average of sample mean =

and prior mean aafﬂv the bigger is n, the smaller is prior influence. Thus
when n is relatively big in comparison with « + 3, then E[f|z] ~ £. The
posterior variance is

z
n

(x+a)(n—x+p) _ E[0|z](1 — E[f|x])
(a+B+n)2(a+pB+n+1) a+f+n+1 7

Var[f|z] =

and when n is relatively big then Var[f|z] ~ 1 Z(1—Z). We see that when the
data have distribution X ~ B(n,0"), where 6* is so called true parameter,
then by SLLN,  ~ 6%, so that the bigger n the more posterior distribution

concentrates around 6*.

When the goal is to obtain a point-estimate 6 of parameter (in Bayesian
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setup), then posterior mean and mode (analogue of MLE) are standard esti-
mates. Observe that for Beta-Bernoulli model they do not coincide, because
the posterior mode is

at+z—1
a+pf+n—2
Observe that when the prior is uniform (a« = § = 1), then the posterior

mode is MLE: z/n, the posterior mean is (z +1)/(n + 2).

The beginning of Bayesian analysis: T. Bayes and P.S. Laplace.
The article: An Essay towards solving a Problem in the Doctrine of Chances
by presbyterian minister Thomas Bayes (published in 1763, two years af-
ter Bayes death). The model in the article: A ball W is randomly thrown
(according to a uniform distribution) on the table of unit area. The horizon-
tal position of the ball on the table is . Then a second ball O is randomly
thrown n times; X denotes the number of times O stopped on the left of W.
T. Bayes asks: what inference can we make on 6 given X7

In modern terms it is a Beta-Bernoulli model with uniform prior. T. Bayes
succeeded to calculate posterior and found that the random variable X has
uniform distribution — BetaBinomial(n, 1, 1).

Independently of Thomas Bayes, the Bayes formula was used by Pierre S.
Laplace. One of his applications (published in 1786) was to test whether the
probability € of a male birth is above 1/2. From 1745-1770, a total 251527
boys and 241945 girls were born in Paris. Assuming uniform prior and Beta-
Binomial model with n = 251527 + 241945 = 493472, x = 251527 (thus
x/n = 0.5097-- ), Laplace showed that

0.5
P <0.5|z) = / m(0]x)df ~ 1.15 x 10~42.
0

He then deduces that 6 is more than likely to be above 1/2. We know that
such a small probability is due to the very small posterior variance.

Empirical prior: rat tumor example. Consider the rat tumor example
in [5], section 5.1. The problem is estimating the probability of tumor 6.
The data consists of small (current) estimate — 4/14 (number of rats with
tumor)/(total number of rats) and 70 estimates (x;/n;), j =1,...,70 const-
ructed from similar previous (historical) experiments (see Table 5.1 in [5]).
There are several ways to proceed.

One option is to consider all experiments equal — all 71 estimates (the cur-
rent estimate is 71-th) are considered as independent outputs from the same
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Beta-Binomial model:
0 ~ Beta(a, )
X;|0 % B(nj,0), j=1,...,71.

This model can be considered as a single Beta-Bernoulli model with n =
ny + -+ + nyp trials and x = a1 4+ --- + x7; successes and the posterior
distribution is then Beta(a + z, 8 +n — x).

Another option is to consider all historical experiment being realizations
of independent binomial random variables with different parameters. The
parameters are iid from Beta(c, ) distribution:

0; “ Beta(or, 8) j=1,...,70.

ind
X105 ~ B(ny,0;).

Then the historical data are used to determine the hyperparameters «, (.
A way for estimating o and (8 is the method of moments — given a sample
61,...,0, from Beta(a, ) one calculates the sample mean § = %Z?Zl 0
and variance %Z?Zl(ﬂ — 0)? and treats them as they were Ef and Var(6).
For Beta distribution, the mean and variance uniquely determine the para-
meters (Exercise 4) and so «, 5 can be estimated. In our case, we do not have
a sample from prior, hence instead of 0;, we use x;/n;, j = 1,...,70 (ratio
xj/nj is MLE for 6;). As reported in [5], in rat tumor case, the sample mean
and variances (for 70 historical data) are 0.136 and 0.103%, resp. Using these
estimates instad of mean and variance, one gets the estimates for hyperpa-
rameters & = 1.383, B = 8.787. With these hyperparameters the posterior
distribution for the current estimate is 71 ~ Beta(d + z71, 8+ (n71 — 71)),
where x71 = 4 and ny; = 14, thus 077 ~ Beta(5.383,18.787). The posterior

mean, mode and variance are thus:

5.383 5.383 —1
——— x0.22 ~ 0.1
5.383 + 18.787 0-223, 5.383 + 18.787 — 2 0195,

5.383 8.787 1

2417 2417 2507 - 000
We see that the posterior mean 0.223 is lower than 4/14 = 0.2857--- — the
historical data suggest that in the current estimate of the rate us untypically
high. On the other hand the posterior mean is higher that 0.136 — the mean of
the historical data, which also the prior mean. This is because the posterior
mean averages the observed ratio 4/14 (high) and the prior mean 0.136 (low).

2.2 Dirichlet-categorical and Dirichlet-multinomial model

Dirichlet distribution. Dirichlet distribution is the generalization of Beta-
distribution. Aggregation: when (61,...,60) ~ Dir(aq,...,ax), then

(01 + 02,03, ...,0r) ~ Dir(a; + ag,as, ..., a).
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From aggregation, it follows that the marginals (components) have Beta-
distribution:

0; ~ Beta(ay, |a| — «;), |a]:=a1+ -+ ag.
Hence the moments (recall the moments of Beta distribution)

o
af’

When a; > 1 Vi, then the mode of Dirichlet distribution is

ilal—op 1
Var(f;) = Qi lol = ai

Eelz — )
ol lal ol +1

i=1,... k.

a7 ap
Gor = Tal %)

The moments (Exercise 5):

B(oe1+r1,...,ozk+rk)

Lo PTR) =
B0 B(oa, ..., ax)

From the formula above, it follows that (Exercise 5)

OéiOéj
Cov(0;,0;) = ——————.
000 = e (of 1 1)
Given a vector (p1,...,pr) € Sk—1 (a vector of probabilities), the categorical
distribution Cat(p1,...,pr) is the discrete distribution with atoms in set

{1,...,k} and density (probability mass function) f(i) = p;, i = 1,...,k.
(The enumeration of values is not important, to get a direct generalization
of Bernoulli distribution, the atoms should actually be {0,...,k — 1}, but
{1,...,k} is more conventual. Another option is to label the categories as
the vectors e1, ..., ex, where e; is a k-dimensional vector with i-th coordinate
being 1 and rest are zeros. Then then sum of n iid categorical random vectors
has multinomial distribution).

Dirichlet-categorical model. The Dirichlet-categorical model is now a
straightforward generalization of Beta-Bernoulli model:

0= (61,...,0;) ~Dir(aq,...,ax)
X1,..., X0 % Cat(6).
Thus = (z1,...,2,) € {1,...,k}", the hyperparameters are ai,..., Q.
Let (n1,...,ng) be the counts in z1,...,x,, i.e. n; is the number of i-s in

Z1y...,Tn. When Xy,..., X, are iid from Cat(f), then the random counts
N = (Nl, cory Ng) ~ Multin(n, 01,..., Hk) (N; = E?:l I{l}(X]))
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Hence with the counts N = (Ny,..., Ng) instead of X1,...,X,, we obtain
Dirichlet-multinomial model :

0 ~ Dir(ay,...,a)
N|6~Multin(n, ).
When X, ..., X, are obtained by Dirichlet-categorical model — we shall call

them Dirichlet-categorical random variables for short — then the counts N
follow Dirichlet-Multinomial model.

(Marginal) distribution. The joint distribution of Dirichlet-categorical
random variables X = (X1,...,X,,) (marginal distribution in Bayes jargon)
is now following. The sample space is X = {1,...,k}" and for any = € X,

k 9063'—1

P(X:a:):/ P(X = z|0)n de_/ H"J#de
Sk—1 Sk1HJBO‘1 , Q)

_ HHaJJranlde

al?"'a Sk — 1j=1

_ B(ay —|—n1,...,ak+nk)
B(OLl,...,O&k) .
We already know that Xi,..., X, are exchangeable, hence they are iden-

tically distributed (X; ~ Cat(aal|/|c],. .., ax|/|a]) but positively correlated
(see Exercise 6).

Since the number of vectors z € {1,..., k}" with counts ny, ..., ng is m,
we get the marginal distribution Dirichlet-multinomial model.
k
n! B(ag +nq, ..., o +nyg) \a\ L(n; + «;)
P(N = (n1,...,n)) = = .
( ( ! k)) ny!--nyg! B(al,...,ak) n—&—]a\ Z]-_[ll“ Oél nz—i—l)

This distribution is known as Dirichlet-multiomial distribution, denoted as
DirMult(n; a1, ..., ar). Observe that with a; = 1,4 =1,..., k, the distribu-
tion is uniform over its all possible values. When

(N1,...,Ni) ~ DirMult(n; o, . .., ag),
then N; ~ BetaBin(n, oy, |a| — «;) (Exercise 7) so that

nai(laf — i) (Jof +1)

o
EN; =n—, Var(N;) = :
el (lal+n)

o]’

The correlation (Exercise 7):

OéiOéj (|Oé‘ + n)

C )= a1y
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Just like in the case of Dirichlet distribution, Dirichlet-multinomial distribu-
tion has aggregation property (Exercise 8): when

(N1,...,Ng) ~ DirMult(n; o, . .., ag),

then
(Nl + Na, N3, ... ,Nk) ~ DirMult(n; a1+ ag,03,. .., Ozk).

Polya urn and posterior predicative distribution. In the beginning
there are || balls with k different colors enumerated as 1,...,k: «; balls of
color i (not necessarily integers), after a ball with color ¢ has been taken put
of the urn it will be returned to the urn together with another ball of the
same color. Let X; be the color of t-th ball taken out of the urn. Thus

o + Ny (t)

7'7 P(Xt+1:i‘Xlzﬂfl,...,Xt:IEt): \a|+t

(2.5)
where n;(t) := ZI{Z-}(JI]').
j=1

Just in the case of two colors, it is easy to see that the random variables are
infinitely exchangeable so that according to deFinetti-Hewitt-Savage theorem
there exists a prior measure 7 on Sk_1 so that so that the model (1.6) holds:

0=(01,...,0,) ~7
X1, .., Xnl0 % Cat(6)

Since for any n, the random vector (X7, ..., X,,) has the same distribution as
in Dirichlet-categorical model (Exercise 3), the measure 7 is Dir(aq, ..., ag),
so Polya urn corresponds to Dirichlet-categorical model. Hence, when N; is
the number of i-color balls taken out of the urn (during n draws), then
(N1,...,Ni) ~ DirMult(n; a1, ..., o). From deFinetti-Hewitt-Savage theo-
rem it also follows that

(Ni/n,...,Ni/n) — (01,...,0;), a.s. where (61,...,0;) ~ Dir(aq,...,ax).

The probabilities (2.5) (for i = 1,..., k) form the posterior predicative dist-
ribution. The generalization of Laplace rule of succession (the case a; = 1)
is thus

P(Xpi1 =i| X1 =21,..., Xp =ap) = ' i=1,... k.

Posterior density. Like for Beta-Bernoulli and Beta-binomial model, also
for Dirichlet-categorical and Dirichlet-multinomial case the posterior distri-
bution is Dirichlet distribution. Let @ = (z1,...,2,) € {1,...,k}" (and
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n; =30 Iy (x5) as usually):

k k k
1 1
(0lz) o< w(0 )= ———M 9‘?‘1*1 g — 9‘04i+m'*1’
(61) (6)/ (1) B(al,...,ak)il_[l’ Z,l_[l’ B(ozl,...,ak)il_llZ
hence the posterior distribution is Dir(ay +mn1, ..., ax +ng). The same hods

for Dirichlet-multinomial model, where observations are the counts: z =
(nl, e ,nk).

Posterior mean, mode and variance, interpretation. Letz = (n1,...,n).
The posteriror distribution is Dirichlet distribution, so it is easy to find po-
sertior mean, variances and covariances of components. Posterior mean is

the vector E[f|z] = (E[01|z], ..., E[fx|x]), where

Elf;|x] = a;+n;  ny n o ||

n+lal  n n+lal m'n—i-]a]'

Again, E[0;|z] is the weighted average of sample mean n;/n and prior mean

a; /||, when n increases, the prior has less influence. The posterior variance

of 6; is

E[0;|z](1 — E[fi|z])  ni+a; n—ni+laf—a; 1
n+|al+1 n+ |« n+ |« n+|al+1

Var[6;|z] =

The posterior covariance

E[0;]x] E105]x]

Cov[(6;,0;)|x] = — !
V[( 7 ])|‘T] |a|+n—|—1

We see that the covariance decreases as n grows.

Pre-election polling example. See [5], sec 3.4. A survey: 1447 adults
from U.S.A. were agking their preferences in upcoming presidental election
(1988). Out of 1447 person, n; = 727 supported G. Bush, ny = 583 sup-
ported M. Dukakis and n3 = 137 supported other candidates or expressed
no opinion. Assuming all responses are independent and every respondent is
a categorical random variable (three categories) with the same probabiliti-
es/distribution 8 = (61, 02, 03), we end up with (n1, na, n3) being a realization
of a multinomial random vector. Assuming that every possible vector of pro-
babilities is a priori alike, we end up with Dirichlet-multinomial model with
hyperparameters a; = as = ag = 1. Then the posterior distribution of 6 is
Dir (728,584, 138). The goal of the survey is to estimate the difference 01 — 6.
In [5], 1000 draws from Dir(728, 584, 138)-distribution (each draw is a 3-dim
vector) has been made, and for every draw 67 — 65 is computed. In this way,
the posterior distribution of 67 — 63 is estimated (since posterior distribu-
tion has analytic form, that distribution could ce calculated exactly as well).
In fact, far all 1000 draws it hold that 67 > 62 so the estimated posterior
probability that G. Bush has more support than M. Dukakis is practically 1.
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2.3 Gamma-Poisson model

When 6 ~ Gamma(a, ), then

(07

EO = ad Var(6) = @

/87

Mode of Gamma-distribution is 0 for o < 1 and (a‘%l) for a > 1.

Gamma-Poisson model:

§ ~ Gammal(a, f)

X1,..., X,|0 % Po(o)

Hence, for given 0

b 92?:1 Tq
n ‘|’
[T !

x=(x1,...,2,) € N

f(a]6) = e

Marginal distribution is negative multinomial. Marginal distribution
of Xi,...,X, — the joint density:

f2im1 T B
[T, =i T(a)

=S AT o exp|[—0(n + B)]gXi=1+o—14p
T(a) [T o / =6(n + )]

s 1 Lz +a)
F(a) H?:l x;! (ﬂ + n)z7 x;+a
= F(ZZ zi+a) p « 1 RS
~ t i Frm) ()

When n = 1, then with = 1, we get the density of NB(«, %)

f(@) = Flgfa—i)_xo!é) <5i1>a<ﬁil)x'

For that reason negative binomial distribution is sometimes referred to as

6%~ exp[—p6]do

f(z) = /0 " f(al)m(6)d0 = /0 " expl-nf)
B 1

Gamma-Poisson distribution.
When « is integer, then

P i zi+a) <Eixi+a— 1)7

Ty Ty o —1

T(a) [Ty @t

so that for n > 1 the marginal distribution of (Xi,...,X,) is a kind of
multinomial generalization of negative binomial, called negative multinomial
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distribution. So the (marginal) distribution (X7i,...,X,) is negative multi-

nomial distribution: the random variables X1, ..., X,, are identically distri-
buted, X; ~ NB(«, %), thus (exercise 10)
1
EX; = %, Var(X;) = o115) ;2— A) (2.6)

Qo

and they are positively correlated: Cov(X;, X;) = 5

Posterior and posterior predicative distribution. Posterior density:
x=(T1,...,%n),

f(|0)m(0) = I‘B(:é)nnllxl' exp[—0(n + 5)]92?:1 zita—1

x exp[—0(n + /8)]92?21 zita—1

Therefore m(0|z) is the density of Gamma(} ;- | x; + a,n + 3), so that

Olz ~ Gamma(Z:vi +a,n+ B). (2.7)
i=1
Posterior predicative distribution (exercise 10) is NB(}_, i + «, %)

) rG+>S" 2, +a +n \riTita 1 i
P(Xos1 = ilX1 = 21, Xy = ) = LU i1 i )< P ) <7)

S zi+a)! \B+n+1 B+n+1

The interpretation of hyperparameters: 5 is the size of "prior sampledind «
is the sum of observations in that sample.

Posterior mean, mode, variance. Posterior mean, variance and mode
— the mean and variance of Gamma(} ;" | x; + a, n + ) distribution — is

e o P m+
Blofe) = 2= T EO it n 0 By e Tt
n+ n n+pB pn+p (n+pB)
The posterior mode is
Yo ri+a—1
n+ '
We see that posterior mean is again the convex combination of sample mean
T = # and prior mean % The bigger is n, the smaller is the prior
influence.
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Kidney cancer example. The parameter of Poisson distribution is also
its mean. Therefore, in practice often the i-th observation is generated from
Po(m;0)-distribution, where m; is known ezposure and 6 is the parameter of
interest (sometimes called rate). The Gamma-Poisson model then

0 ~ Gammal(a, 3)
X1,..., Xn|0 " Po(mé).
It is easy to see that posterior distribution of § is again Gamma-distribution
(Exercise 10):

O|lx ~ Gamma(in+a,nm+ﬁ). (2.8)
i=1

In kidney cancer example ([5], sec. 2.7), the model is the following:

01,...,0, i Gamma(q, )
Xj|9j i&d PO(lOijj), ] = 1,...,n.

Here n is then umber of counties, m; is the population of the county, 6, is the
underlying rate in units of death per person per year in the j-th county and
X is the number of kidney cancer deaths in county j during 10 years. Given
the observation x;, the frequentist (MLE) estimate of 6; is just ;/10m;.
For determining the hyperparameters a and [, the empirical prior can be
used. In [5] it has been done as follows: first observe that (Exercise 10) that
for every j,

B
XWNB( 7) 9.
J “ 10m; + B (29)
Thus o o
EX]' = 10mjg, Var(Xj) = ?IOmJ(lOmJ + ﬁ),
so that X X .
1 (6% 1 «Q «
=5 ()= S
(10mj) 5 Y\ Tom;) T Tom, 8 T B2

The idea is to match the theoretical and observed moments (method of
moments). For means it is easy:

_ 1 — x; «
T:=— = —.
n; 10m; f

Variances of X; depend on mj, so after calculating sample variance

1 — €T 2
2 4 i -
S_nz<10mj x),

i=1
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it will be matched with average variance:

n

2_a  al 1
s _Bz—i_ﬂn;lOmj'

Now find a and 5. In [5], the values @ = 20 and 8 = 430000 are obtained.
The prior mean is o/ = 4.65 x 107°. For each j = 1,...,n, from (2.8),

6;lxz; ~ Gamma(20 + x;,430000 + 10m;),
20 + €5
430000 + 10m;’

20—|—1‘j

E[0;]z;] = .
ilei] (430000 + 10m;)?

Var[f;|z;] =

The posterior mean is the weighted average of the raw rate z;/10m; and
prior mean «/f3:

20 + 25 20 430000 Y 10m;
E0;|x;] = J . :

~ 130000 + 10m; _ 430000 430000 + 10m; * 10m; 430000 + 10m;"

The smaller is population m;, the closer is the posterior mean to prior mean
4.65 x 1075, this reduces the effect of the small population, see Sec 2.7 of [5]
for closer discussion.

Remark. Since mj; is typically rather big, it holds that 52 ~ % and so
the empirical prior method is actually almost the same as in previously
considered rat tumor example: since 6y,...,0, are iid from Gamma(c, (),
one would like to match the empirical mean and variance of parameters with
3 (mean of Gamma) and gz (variance of Gamma) respectively. However, the
parameters 6; are not directly observable, so we use x;/10m; instead. This

yields to the system of equations Z = a/f3, s? = o/ B2.

2.4 Gamma-Exponential model
The model:

0 ~ Gamma(a, f)

Xi,..., X0 " Exp(0)

Hence, for given 6

n

f(@]0) = 0" exp[-0> w], = (21,...,2,) €[0,00)".
=1
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Marginal distribution. The joint density

F(x,0) = 0" exp[—0 ) _ xi] Fﬁ(:) 09 exp|—0] = F/é(}:)enﬂ—l exp[—0() _ zi+)].
i=1 =1

The marginal density (x = (z1,...,2,)),

x) = b x :5«1 Oo"JFO‘_leX— nx-
o= [ oo = [0 eol-0(3 i+ oo

_ 7 L(n+ o) =(a+n—-1(a+n—-2) -« p*
(@) (Sl e @t DR e e S e

For n =1, thus

af®
(QZ + ﬁ)a+1’
hence X; ~ Lomax(c, ). Thus Xi, Xs,...,X,, are positively correlated
Lomax-distributed random variables with mean, variances and covariation
as follows (exercises 11):

fz) =

Bra :
EXZ _ B ’ VaI'X@' — { (a—1)2(a—2)’ a > 27 (210)
a—1 00, a<?2
62
Cov(X;, X;) = 2. 2.11
ov(X;, Xj) (@ 12a—2) a > (2.11)
Posterior distribution, mean, variance.
n
(0]z) oc 0" exp[—0(Y @i + B)],
i=1
so that the posterior distribution is Gamma:
n
Oz ~ Gamma(n—i—a,Zazi + B). (2.12)
i=1
The posterior mean is
no. - B
Bl = "0 __ " 2am® o B oo L
i tB iim Y+ B B Y+ A 5:?—1—5

where Z = n~1 3 | (sample average). When X ~ Exp(6), then EX = 1,
hence 71 is the sample based estimate of 6 (also MLE). We see that poste-
rior mean is again a convex combination of sample based estimate and prior
mean % The bigger n, the smaller the prior influence.
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Posterior variance:

n+a 147
iz +8)? n(@+2)2

n

Var[f|x] =

Interpretation of hyperparameters: « is now the size of "prior sample" and
0 is the sum of observation in that prior sample. Recall that in the Gamma-
Poisson model the meaning of hyperparameters was opposite (8 the sample
size and « the observations).

Posterior predicative distribution. Prior predicative distribution is Lo-
max:

n
Xpt1|x ~ Lomax(n + «, Z z;i + B), (2.13)
i=1

Thus the posterior predicative density is

(a+n) ( Yo i+ /B)aJrn
(Tl +8)"

f(xn+1|x) =

Remark. Observe that in the joint (hence marginal and posterior) distri-
bution, the data x = (z1,...,2,) enter to the formulas through the sum
>oiixi, only. In other words, when instead of z only the sum ) !, z;
were observed, nothing would change (the sum is sufficient statistic here).
It is also well known that when Xi,...,X,, are iid random variables with
Exp(0) distribution, then the sum follows Gamma distribution (Exercise
(11)) S = X1 + --- + X, ~ Gamma(n, 6). Hence the Gamma-exponential
model can be also represented as Gamma-Gamma model:

0 ~ Gamma(a, 3)
X0 ~ Gamma(n, ).
An example: earthquakes. Exponential distribution is a common mo-
del for waiting times. Assume that waiting times between earthquakes follow
exponential distribution with parameter 6. The parameter 6 is the average
rate an earthquakes occur per hour (because 1/6 is the average waiting time).
Assume Gamma(4, 3) prior. Hence according to our prior knowledge, the ave-
rage rate is £ = 4/3. Since § ~ Gamma(4, 3), 1/6 ~ InvGamma(4,3) and
E(1/60) =1 (because the mean of InvGamma(c, 8) distribution is 8/(a—1)).
Hence, based on our prior knowledge the expected waiting time between eart-
hquakes is 1. In fact, we know that the waiting time between any two eart-
hquakes has Lomax (4, 3)-distribution, implying that the mean is 1 (because
the mean of Lomax(a, §) is 8/(a — 1)).
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Suppose that two earthquakes were observed: the first has waiting time 3.2
hours, the second 1.6 hours. Thus z; = 3.2 and zo = 1.6. The sample
average T = 4.8/2 = 2.4. Hence, the empirical estimate of expected wai-
ting time is 2.4 with the corresponding rate estimate 1/2.4 = 0.4166. We
see that data based estimate differ from prior estimate. The Bayesian app-
roach combines prior knowledges with data. The posterior distribution is
now 0|z ~ Gamma(6,7.8) with mean FE[f|x] = 0.769. We know that the
posterior mean is a convex combination of prior mean Ff and 1/Z, hence it
must be between these numbers: 1/Z = 0.4166 < 0.769 < 4/3 = Ef. The
conditional distribution of the waiting time to the third earthquake given
the data is Lomax: X3|zr ~ Lomax(6,7.2) with mean 7.2/5 = 1.44. Again,
we see that Bayesian estimate is between prior and data based estimates:
z2=24>144>1=FX;s.

Now consider the case 100 earthquakes were observed with total waiting time
63.09 (3°; x; = 63.09). Hence the empirical estimates of expected waiting
time and rate are £ = 0.6309 and 1/ = 1.585. The posterior distribution
is now 0|z ~ Gamma(104,66.09) with mean F[f|x] = 104/66.09 = 1.5736.
Thus 1/z = 1.585 > 1.5736 > 1.333 = Ef. The conditional waiting time to
the 101-th earthquake has Lomax distribution: Xj9; ~ Lomax(104,66.09)
with mean E[Xjp1|z] = 66.09/103 = 0.641. Thus z = 0.6309 < 0.641 <
1 = EXj91. We see that Bayesian estimates are pretty close to the empirical
estimates. This is due to the fact that n = 100 is rather big in comparison
with g = 3.

2.5 Normal models

Recall: any density of 6 in the form f() = exp[—A46*+ B0+ C], A > 0is a
normal density with mean p = % and variance 02 = ﬁ, because

(02 — 210 + 1i2)
202

(6 —w)?

f(8) = exp[—AH*+BO+C] = exp[— 5
20

+ D] x exp[—

!

2.5.1 Known variance
A standard model (variance known, prior on mean)

0~ N(u, %)

Xi,..., Xal0 N8, 0?).
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Marginal distribution. The joint density of (Xi,...,X,,60) has form
(f(x|0) is normal density)

n

F@r,. .m0, 0) = [ f(2:l0)m(6)

i=1
Lo (@i —p)® s (@i — ) (0 — )
x e - = —— =2 0 — p)?
w[-5(EHFE X B -0
We see that f(x1,...,2zn,0) is jointly normal density with precision matrix
(inverse of covariance matrix):
L0 0 -
I 0o -5
B

Marginals of jointly normal random variables are jointly normal as well,

hence (X7i,...,X,) is multivariate normal random vector. The mean vector
and covariance matrix of (X1,...,X,) are
I o2 4712 72 e 72
§= " Coy= 72 o+ 72 . 72 (2.14)
v 72 T2 e o2 472
To see that the covariance matrix is just as above, recall that X,..., X, are

identically distributed random variables with
Cov(Xi, Xj) = Var(E[X1|0]) = Var() = 77,
Var(X1) = Var(E[X1]0]) + E[Var(X1|0)] = 72 + o2

Posterior distribution, mean and variance. From the joint density
f(z1,...,zn,0) we see that (z = (x1,...,2p))

w(0le) o exp [ — 5 (2 + ) (0 —w? - 2znj @m0 mn oy )
Denote -
Thus
n(0]z) o< exp | - : (0~ 200 - % i(xl —wor?)]
S



. . . . 2 = n
Therefore 7(0|x) is normal density with variance 7,; and mean (z = Y 1" ; ;/n)
72 po?+nr?z B+ 5T Lo nT, o
nr2+o02  nrl4o2 | n 4 L = (=5 )T
o2 T2

fin = p + (NT — np) 2t 3

Thus

We see that again posterior mean is the average of sample mean and prior
mean:

n 1

- g2 72
Hn =T 1+'U’n 10
2te etz

the bigger n, the smaller is prior influence. We also see that 72 — 0 when
n — co. When o2 = 1, then posterior mean is

_ /7% + D0
n+1/72

n

Thus 1/72 can be considered as the size of "prior sample "with prior sample
average [i.

Posterior predicative distribution. Recall the posterior predicative den-
sity

fonale) = [ F(onal6)n(ole)ds.

Hence the posteriror predicative distribution is the marginal distribution

with m(0|x) as prior density, so that we immediately get (exercise 12) that
2

f(zp1|z) is a normal density with mean p,, and variance 72 + o2 i.e.
Xuy1lz ~ N (pn, 750 + 07). (2.15)
2.5.2 Known mean
When
0 ~ ScaleInv—x?(v, 72),
then
vr? 20274 2(E0)?
E§ = 2, Varf = = 4
y_g VoH v (v—2)2v—-4) (v—4) v

and mode is

vr?
v+2
Recall the density
1 v\ % vr?
(0|, 77) F(V/2)< 5 ) exp| 20]
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A standard model (mean know, prior on variance)
6 ~ Scalelnv—yx?(v, 7°)

Xl?"'van %l'/\/’(/%e)

Marginal distribution. Joint density (x = (z1,...,zy))

" (i — )2 vrA\s vT
f(x79) _ (27r9)—n/2 exp[— Zi:l(Qe :u) ]F(Vl/Q) ( ) 0 (v/2+1) exp[——]

2 20
nooo N2 2
—coexp|— > i (i 20#) +uvT }97((n+u)/2+1)7
where , . .
—_n vT bl
¢= )7 7o) (7)
Since - -
| ot expl-p/6las - g(ff),
0

it follows that

[e) n L 2 2 et n o 9 ) e
/ exp [_Ei:1($z 20#) +vT ]9_(<2+>+1)d0:F(V—;n)(Zz1(sz 2#) +vT ) + .
0

Therefore, the joint density of Xy,...,X,, is

N -n i Ty — 2 _H—Tn
f(x) = r(('z))(mz) /Q(WH) : (2.16)

Hence, X; ~ Ist(u,72,v), i = 1,...,n. Observe that
Cov(Xj, X;) = Var(E[X|0]) = Var(u) = 0,

i.e. the random variables are uncorrelated but not independent.

Posterior distribution, mean and variance. From the joint density
f(z,0), it follows:

n L 2 2 2
7T(0|$) x 9*((n+y)/2+1) exp [ _ Zi:l(xz M) +vT ] _ ef(un/2+1) exp[— VnTn]7

20 20
where . ) )
Up =V +n, 7‘,% = Lz (@i = W) vT .
Un
Hence
0|z ~ Scalelnv—x?(vy, 72). (2.17)
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Posterior mean:

o] = 2T Y @it vt Y- o v=2 vr?
Vn =2 vtn-—2 n v+n—-2 n+v—-2v-—2
Since )
VT
IS
v—2’

we see again that posterior mean is the average of prior mean F6 and samp-

n Y
le variance (MLE estimate) Zl:l(# The bigger n, the smaller is prior
influence.

The meaning of hyperparameters v and 72: v is the size of "prior samp-
leind 72 is the "sample variance of prior sample". Thus v, = v + n is the
"total"sample size and 7, is the "total sample variance".

Posterior variance: o 9
2
Vanfpla] = 2E0)?
(Vn - 4)

Posterior predicative distribution. Posterior predicative distribution
is location scale t-distribution, with parameters i, 72, v, (Exercise 12) i.e.

Xpitlz ~Ist(p, 72, 0). (2.18)

2.5.3 Unknown mean and variance

Now 6 = (u,0?). A standard model:
02 ~ Scalelnv—x?(v, %)
2
—)

g
/’L|0-2 NN(MO)
iid
Xi,... ’Xn|(/‘70-2) ~ N(,LL, 02)'

Hence, i and ¢? are not independent random variables, their joint density is

2 2
2y _ 2 2y~ (v/2+1 VT k(1 — 11o)
m(p, 0%) = e(v, 7, 1) (0%) 70 expl— 51— expl— = 5]
_ 2 2
= (v, 7%, k) (0?) T Y exp[_"ﬂ(ﬂ /;2)2 +vr ]

1 VTQ 5 K

2 N . vil\E [k

(v, 7 k) == F(§)< 5 ) =

Sometimes called normal Inverse x? or NIX density with (hyper)parameters
2
V, lo, T7; K.
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The prior mean: E(u) = E(E[p|o?]) = po, E(0?) = l’/’—zz The parameter
K shows how strongly we believe in u,, parameter v shows how strongly we
believe that the variance is 72.

In this model (provided v > 2, exercise 12)

v(1+ k)T 1 vr?
EXZ = Uo, Va.r(Xz) = m, COV(XZ‘,X]) Var( ) e 2
(2.19)
Posterior distribution. Joint density (z = (z1,...,2y))

(e — u)? Vil el — 2,2
f(x,u,a) (2m)" 2 3 c(v, 72 k) (o )*”/Qexp[_w](UZ)f(TH)exp[_ (1 — po)® + ]

202 202
n . )2 _ 2 2
(27‘(‘) 5 (V 72 /ﬁ?)( 2)7(”*3*%1) exp[_Zizl(wl :u) _'2_’2(” Mo) +vT ]
o
n )2 =2 2 2
(27r) 5 (l/ 72 H)( 2)—(7y+§+1+1) eXp[_Zizl(xl $) "i_n('r 5 f;) +'L€(,u /"LO) +vT ]
o
Define
_ K L " 5
Hn K+ n'uo K+n
and observe that (exercise 12):
_ 2 KN _
(= ) s = 27 = () (i) (g~ ) (220)

It follows that the posterior density is also NIX-density with parameters:

Unp=V+n

K n n
= T
Hin /<;—|—nuo K+n
Kp =K+nN
- KN
UpT2 = vr? —i—zl(x, —z)% + R+n(§:—,uo)2
1=

so that

n

N (i~ 2)% + 0@ — ) + K — o) + v = b — )2 + 72 (221)
i=1

With g = py,, the equality (2.21) gives another formula for 1/,17',%:
n
VnT =VvT +Z +n T—[in) +H(Mn_M0)2 = Z(mi_ﬂn)Q“‘“(Mn_MO)Q‘i'VTQ-
i=1
(2.22)
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Therefore from (2.21),

_(vntl
(1, 0%[2) = (v, 7y i) (0%) "D

Ko (1 — ,un)2 + Vnﬂ%]

5.3 (2.23)

exp[—
Thus, given o2, the posterior distribution of x is normal with mean s, and
variance o2 /k, and the posterior distribution of o2 is scaled inverse x? with
parameters v, and 72:

0%z ~ ScaleInv—x?(vp, 72)

2 o?
plo®,x ~ N (pn, —).
Kn

It is easy to see that when X ~ ScaleInv—x2(v,7), then for any a > 0,
aX ~ Scalelnv—x?(v, at). Therefore,

2 2
7 |z ~ ScaleInv—x?(vy, T—")
Kn Rn

and from (2.18) it follows that when integrating o out, we obtain (Exercise

12)
2

plz ~ 1st(pn, T—",l/n). (2.24)
Kn
When X ~ Ist(u, 72, v), then
EX =p, Var(X) = 72%, provided v > 2. (2.25)
v —

Therefore the posterior means are (recall (2.22)):

E — — T

[ulx] = pa, ey L e 4

Elo®[a] = Tavn _ VT2 + 300 (@i — pin)” + K — 10)°
Vp — 2 v+n—2 ’

We can now interpret the parameters: there is a "prior sample (for expectation)"
with size k and all observations being equal to p,. Adding to that prior samp-
le our observations, we obtain "posterior sample (for expectation)" with size
K 4+ n = Ky. The sample mean of the "posterior sample" is u,. The bigger
is the size of prior sample, the more p, influences p,. The sum of squares of
"posterior sample" is Y i, (z; — pn)? + K(un — f1o)?. For variance, there is
another "prior sample (for variance)" with sample mean p,, size v and sum
of squares v72. So the sum of squares of both prior samples and the actual
observations is v7% + Y. (xi — pn)? + K(in — Ho)? = vn72. For posterior
mean and mode of o2, the sample size of the first "prior sample for expecta-
tion", namely &, has not been taking into account (sum of squares is divided
by v +n — 2). We see that the bigger v (the sample size for "prior sample

for variance" ), the closer E[o?|z] is to 72.
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Marginal and posteriror predicative distribution. Since f(f|z) =
f(z,0)/f(x), it holds

Hence the marginal density

“2c(v, 7%k o
2

c(Un, T2, Kn) I(

Since (take v = vy, flo = fin, K = Kn, 7> = 72 and n = 1)

Unt1 = Vn +1
Kn, n 1
x
Hn—i-l'un Fon + 1 n+1

R |

Hn41 =

2 2 2
Unt+1Tpy1 = UnTy + (x’fl-i-l - ,u,n) .

Rn
Kn+ 1
We see that

2
Vnt1Tho1 Kn

=14 " — 1,2
Un T2 + (Kn + 1)vp7? (i1 = pin)

2
Intling1 (14" _
( UnT? ) + (Kn + D12 (i1 = pin)

_vn+l
2

The posterior predicative density is thus

Yn

Vni1 (V ’7'2) :
F(T) nin Kn
1"(1/771) 1 ) Vn2+1
T2 (Vn+1Tn+1)

_ F(VnT—H) Kn ( Rn
(%) 7 (Kn + 1)vp?

f(wn—l—l ’.1‘) =

Kn+1

_vn+l
2

_ 2
+ (Kn + V)vp7? (Znt1 = in) )

We recognize the local scaled t-distribution density with parameters iy, 7.2 15fn

n Kn 7VTL7

i.e. 9
T2(1 +
n( ’{n)’ Vn)'

n

Xpt1|z ~ st (un,

Taking n = 0, i.e. replacing vp, 72, kn, fin by their prior values v, k, 72, g, we
see that the marginal distribution of X; is also location-scale t-distribution:

M,V%

X; ~ lst(po, i=1,2,....

The mean and variance of the location-scale t-distribution above are u, and
v(1+k)T2
Kk(r—2)

, as we already obtained by direct calculation in (2.19).
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2.6 Exercises

1. Let X4,...,X,, be Beta-Bernoulli random variables. Show that X; ~
B(1, 5%5) and Cov(X;, X;) = Var[E(X1]0)] = Var(f). Find the cor-
relation coefficient p(Xj, X;) for Beta-Bernoulli model. What is the
covariance and correlation for uniform prior?

2. Let X ~ BetaBin(n, a, ). Find EX and Var(X). Show that BetaBin(n, 1, 1)
is uniform over {0,...,n}

3. Polya urn.

e Let X1,..., X, be the outcomes of Polya urn with o and f initial
balls (not necessarily integers). Show that (Xi,..., X)) has the
same joint distribution as the Beta-Bernoulli random variables.
You might use the formula I'(z + 1) = 2T'(z), Vz > 0.

e Generalize the proof for k£ > 2: (Xi,...,X,) has the same joint
distribution as the Dirichlet-categorical random variables.

4. Let 6 ~ Beta(a, 3). Show that a and S can be found from E# and
Var(0) as follows:

_ E0(1 - E9)

a+p= Var(0) -1, a=(a+p)EL.

5. Let (Xi,...,X%) ~ Dir(aq,...,ax). Show that

B(al—l—Tl,...,Oék-l-Tk)

BN X =

B(Oq, cooy Oék)

Show s
COV(XZ‘,X‘) =——_*J
’ af*(laf + 1)

and find correlation p(X;, Xj).

6. Let Xi,...,X, be the Dirichlet-categorical random variables. Show
that

2521 Pai(la] —a;) =2 Zf:l E"c:iJrl ijoia
COV(Xl,XQ) == 2 J .
[o?|(Jaf +1)
7. Show that the marginal distribution of Dirichlet-multinomial distribu-
tion are Beta-binomial: when (Ny,..., Ni) ~ DirMult(n; a1, ..., ax),
then V; has Beta-binomial distribution. Show that

(67187

|l(laf +1)

a;aj (Jal +n)

s COV(NZ',N]') =
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10.

11.

12.

Prove the aggregation: when (Ny,..., Ng) ~ DirMult(n; a1, ..., o),
then

(N1 4+ Na, N3, ..., Ni) ~ DirMult(n; oy + ag, as, ..., o).

Find the posterior predicative density for Dirichlet-categorical model
without Polya urn, i.e. show that

P(Xpt1 =il X =2) = /f(’i|9)7r(9!w)d0 _ f;iyz

Gamma-Poisson model

Show (2.6) and Cov(X;, X;) = 2.
Show that the posterior predicative distribution is negative bino-
mial distribution.

Show (2.8).

Show (4.29).

Gamma-Exponential model

e Show (2.10) and (2.11).
e Show (2.13).

e Consider Gamma-exponential model with n = 1, i.e. X|0 ~ Exp(6)
and the prior distribution is Gamma(a, 8). Suppose we observe
that X > ¢, but we do not observe the exact value of X. Find the
posterior distribution 0|X > ¢ ( Gamma(a, 5 + ¢)).

e Let Xq,...,X,, be iid random variables, X; ~ Exp(f#). Let S =
> X;. Show that the moment generating function of S is that
of Gamma(n, ) and deduce that S ~ Gamma(n, @).

Normal models

Show (2.19).
Show (2.15).
Show (2.18).
(2.20)
(2.24).

Show (2.20) and deduce (2.23).

Show (2.24
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3 Conjugate prior

In all the examples the prior and posterior distribution belonged to the
same parametric model/class: in Beta-Bernoulli model prior and posterior
both have Beta-distribution, in Dirichlet-multinomial model both have Di-
richlet distribution, in gamma-Poisson and gamma-exponential model both
(prior and posterior) have gamma distribution, and also in normal models
the prior and posterior distribution belong to the same class. In fact, in all
these examples the prior distribution was deliberately chosen so that such a
property would hold.

Let {f(:|0)}, @ € © be a parametric model and let P be a class of dist-
ributions on ©. The class P is conjugate for {f(-|0)} if for any x € X and
for any prior m € P also the posterior belongs to P: P(6 € -|X =z) € P. In
terms of densities: when 7(-) € P, then n(-|x) € P, Vz € X.

Of course, when P consists of all probability distributions on ©, then it
is trivially conjugate for any model. Therefore the possibly small and para-
metric conjugate classes are of interest. We already know that the parameters
of priors are called hyperparameters and with conjugate prior switching from
prior to posterior distribution is reduced to an updating of the corresponding
hyperparameters. This property alone can explain why conjugate priors are
so popular, since the posterior distributions are always computable. Another
advantage of conjugate priors is being interpretable as additional data (prior
sample), as we have seen in all examples above.

Exponential family. The parametric model {f(:|0)} belongs to an
exponential family , when all its members have form

f(x|0) = h(x)g(0) explp(0) - u(x)], (3.1)
where ¢ : © = R¥ and v : X — R*. For a,b € R*, a - b stands for inner
product. The vector ¢(0) is called the natural parameter for the family.

When ¢(0) = 6, then the exponential family is said to be in canonical form .
By the change of parameters ¢ = ¢(0), it is always possible to convert
an exponential family to canonical form. Note that the canonical form is
non-unique. When ¢() = 6 and u(x) = = (hence ¢(0) - u(x) = 0 - ) the
family is called natural ezponential family . Defining A(f) = —Ing(f), and
B(xz) =Inh(x), we can rewrite (3.1) as

f(2|0) = h(z) exp[¢(0) - u(z) — A(0)] = exp[d(0) - u(z) — A(0) + B(x)]. (3.2)

Under the natural parametrization, it holds (Exercise 1) for every n such
that 0 +n € ©

M, () = / expli - u(@)] f (z]6)di = AT =A®) (3.3)
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The function M, is the moment generating function of u(X), where X has
density f(:|0), its logarithm A,(n) = ln M, (n) is the cumulant generating
function. In univariate case, i.e. when © C R, it follows that

A'(6) = A,(0) = Blu(X)|6],  A"(6) = Ay (0) = Var[u(X)|0].  (34)

When z1,...,z, is an iid sample from exponential family (3.1), then with
z = (z1,...,2,) and f(z|0) = [}, f(xi]0), we get that f(x]0) belongs to
an exponential family as well:

n

F@lo) = (] n(x:)g" () expl(0) - t(x)], tx) = ulx).  (3.5)

i=1 i=1

The statistic t(z) = >, u(x;) is called sufficient statistic .

Examples of exponential families.

1. Poisson distribution:
0" 1
f(z|0) =e —= —'exp[aclnﬂ —0], zeNlN.
! x!

Here A(0) = 0 (or g(0) = e, h(z) = &, u(z) =z, ¢(9) = In¥.

ok

2. Negative binomial distribution: r is fixed, # = p is the parameter

flalt) = £kl 0) = S - oy

Here u(z) =z, ¢(0) =In(1 —0), g(0) = 0" (A(0) = —rlnb).

3. Gamma(c, ). Here « is fixed, 6 is a parameter.

00(
f(z]0) = (o) gl

Here g(0) = 0%, (A(0) = —alnb), u(x) = —z, ¢(f) = 6 — canonical

form.
4. Gamma(a, 3). The parameters 0 = (o, ).

f(z]0) = Ifz)xa_le_ﬁx = Fﬁ(:;) % explalnz — px].

¢@:e:(g) mm:(%f)
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5.

10.

Dirichlet distribution: 8 = (61, ..., 0k)

k
S S o gNE
f(xle) - B(017,0k> i[[lxz , T = (xh 7xk) c Sk
" B(01,....00) T il il
B(Hl,,ek)(};[l xz)exp[;(g nx]

Hence Dirichlet distribution constitute an exponential family canonical
form: ¢ : © — R¥ is identity function ¢(0) = 6,

u=(uy,...,up): X = R" wz)=Ing;.

Beta distribution: 6 = (61, 62)

1 (1 1
B(@l,ag) r 1—=x

Hence ¢(8) = 6 and
v =107 )

Binomial B(n,#), 6 € (0,1).

f(z]0) = )explfy In(z) + 62 In(1 — )], =z €(0,1).

F(z]6) = <”> 6T(1 — )" = (”) (1-6)" explein - f 2l

X x

Thus ¢(f) = In 1%09, u(z) = .

Multinom(n; 0y, ...,0;), x = (z1,...,Tk)
n b n -
z|01,...,0,) = 0 = ex x; In 6;].
Felor, . 00) (k)g () DR

Hence u(z) = z, ¢;(0) = Inb;.

Normal distribution N (p, 0%), 8 = (u, o?).

1
Flalh) = —— expl-

Hence

Normal distribution N(6, o%)

92

9(6) = exp[—5 5

J, ¢(0)=0, u(z)= % (3.6)
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11. Normal distribution N (p,6)

g(0) = \}aexp[—g;]a u(z) = < Qf > , 00) = ( _’9‘210 > '

If the support of the distribution depends on parameter, it cannot belong to
an exponential family. Hence uniform U(0,#) distribution does not belong
to an exponential family. Also Student t-distribution cannot be represented
as (3.1).

Conjugate prior for exponential families. Let us consider the model
(3.5) that obviously includes also (3.1) when n = 1. A conjugate family of
priors is given by

(0], A) o< g(0)* explo(0) - ], (3.7)

where A € R and p € RF are hyperparameters. Then the posterior dist-
ribution of the model (1.2) belongs to the same family, because with x =

(T1,...,2p)

m(0]z) oc ([ [ (i) g™ (6) exple(8) - t(2)]g(0)* exp[6(0) - ]

=1
o g(0)M ™ explp(0) - (1 + t(x))).

Thus 7(0|z) = 7(0|p + t(x), A+ n).

Examples of conjugate priors (3.7) for exponential families.

1. Bernoulli distribution B(1,6):

qb(@):ln%, gO0)=1-0, t@)=Y 2 o=(21,...,70)
=1

1

7(61, A) x g(6) explu(8)] = (1 — 9”(1%# _ (1— oy

We recognize the Beta(u + 1, A — p + 1) density (provided u+1 > 0
and A — + 1 > 0). Hence posterior
Olz ~ Beta(u + t(z) + 1, A — p—t(z) + n+1). (3.8)

Denoting pt+1 = a and A — p+ 1 = 3, we that (3.8) is the same as
(2.3).

2. Multinomial distribution Multinom(n; 61, ..., 0):
Since the sample size n is included to multinomial distribution, we take
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in (3.5) sample size equal to 1.

In (91
o) =| " | ww=reR go)=1, per’
In 6,
k k
(6], A) o exp[ug(6)] = exp[> _ pilnd;] = [ 62
=1 =1

We recognize Dirichlet distribution Dir(uy+1,. .., ur+1). Hence, with
a; = ;i + 1, we get the posterior

H‘xNDiI‘(Oél—l-l‘l,”' ,ak—i-a:k). (3.9)

. Poisson distribution Po(#):

G0) =0, gO) = ta)=Y w = (rr.....z)
i=1
(011, \) o< explug(0) — N0] = GHe= .

We recognize Gamma(p+ 1, \)-density. Denoting p+1 = awand A = 3,
we get the posterior

0|z ~ Gamma(a + t(x), 5+ n). (3.10)
we see that (3.10) is the same as (2.7).

. Gamma(v, 6):

¢(0) =0, g(0)=06", tx)==> =z,
i=1
(01, \) o< 0¥ exp|pb].

We recognize Gamma(vA + 1, —u) density (provided p < 0). Denoting
a=vA+1and § = —pu, we get the posterior

Olz ~ Gamma(a—kl/n,ﬁ—i—in). (3.11)
i=1

Since Gamma(1,60) = Exp(f), with v = 1, we see that (3.11) is the
same as (2.12).
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5. Normal N(6,0?)
92

9(6) = expl—

Loa0) =0, 1) = >
1=1

62
w(0la, \) x exp[—ﬁ + ab)].

We recognize the normal distribution with mean p, and variance 72,

where

ac® 72— a
Mo = N D)\
because
Ol _ O b N,
272 272 T2 272 202 272

The posterior density

(A +n)o?

m(x|a+ 0(x), A +n) o exp[— 557

+ (a+t(x))0].

The posterior mean and variance are thus

(a+25)0? o*lg+nz L+ 723
Mn: = 3 fry 1 n
g
A+n T—2+n ﬁ‘}‘ﬁ
9 o? 1 1 n

TS = s -— = — -
"o X+n 12 12 o
We get the same posterior distribution as in the subsection 2.5.1.

6. Normal N (u,0)

w(0|(ay,a2),\) x Q—Aexp[—
We recognize Scale — Invy?(v, 72)-distribution, with
v=2X v’ =’ +a; — a9

Posterior density is

1 M) +a; + 522 —2(ay+ 3 75
7T(9|(01+Z $%’a2+z "Ei)a )\+n) o Wexp[( n)H al 2210937, (a2 sz )H]
- - 2
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Since
A+ n)p? +ay + Zw? —2(ag + Zazz),u = Z(xl — )+ vr?
i i
we obtain the posterior distribution

n
|z ~ Scalelnvy?(vn, 72), vn=v+n, VT2 = Z(iﬁz —p)? +vr?
i=1

just like in (2.17).

Conjugate priors and sufficient statistics. TLet {f(-|) : 0 € ©} be a
parametric family, let x = (x1,...,z,) be observations. Recall that a statistic
t(z) is sufficient, if the density f(z|0) factorizes f(z|0) = h(z)g(0,t(z)). Then
the conditional density of data given the value of sufficient statistic ¢(x) is
independent of parameter, because for any x such that ¢(z) = ¢

— h($)g(9, t) _ h(ZL‘)
f{x’:t(z’):t} h($,)g(67 t)d.%', f{x’:t(a:’):t} h(x’)da;’

f(z|t(z) =t,0)
In Bayesian setting it means that the posterior distribution depends on =z
through ¢(z):

h(z)g(0, t(x))m(0) _  R(z)g(0,t(2))m(6) _ g(6,t(z))m(0)
f() [ h(@)g (6, t(x))m(0)do [ g(6,t(x))m(0)do

Thus, when t(x) is a sufficient statistic, then w(6|z) o< g(0,t(x))7(0) and

7 (0]z) =

w(0|z) = w(0|t(z)). (3.12)

On the other hand, when (3.12) holds, then f(0|x)f(z) = 7(0|t(x)) f(z) and
f(z|0) = f(z)m(0|t(x))/m(6). We see that with h(z) = f(x) and ¢(0,t(x)) =
w(0|t(z))/m(0) the factorization f(z|0) = h(z)g(0,t(z)) holds and by defini-
tion t(x) is a sufficient statistic.

Suppose that {7(f|a) : a € A}, where A C R? is a conjugate family for
{f(:|8) : 8 € ©}. Then for every x, n(8|z) = w(0|a(z)), where a(z) € A.
Hence (3.12) holds and a(x) must be a sufficient statistic. Hence a para-
metric conjugate priors exist if and only if there exists a sufficient statistic.
The following lemma states than when {f(-|#) : 6 € O} is such that the
support of f(-|0) does not depend on 6, then a sufficient statistic exists only
if {f(:|#) : 6 € O} is an exponential family. In the lemma by a sample the
iid sample is meant.
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Lemma 3.1 (Pitman-Koopman lemma) Let {f(:|0) : § € ©} be a fa-
mily with the property that the support of f(:|0) does not depend on 0. If the
following holds: for a sample size large enough, there exists a sufficient sta-
tistic of constant dimension, then {f(-|0) : 0 € ©} is an exponential family.

Thus, for the families where support does not depend on parameters, the exis-
tence of parametric (i.e. finite dimensional) conjugate priors is equivalent to
being exponential. When the support depends on parameter, then the family
cannot be exponential. However, the conjugate priors might still exist: the
class of Pareto distributions constitute conjugate priors for U(0, ) (Exercise
2); the class of Pareto distributions Pa(«, #) has conjugate priors (Exercise
4); shifted exponential distributions Exp(6, A\) have conjugate priors (Exe-
rcise 5).

Mixtures of conjugate priors are conjugate. Let P be a class of conju-
gate priors for a parametric family { f(-|0)}. Consider the class of K-mixtures
from P:

K K
PKZ{ZQN% >0, > qx=1, Wkep}- (3.13)
k=1

k=1

Here K is the number of mixture components. It is easy to see that Pk is
conjugate as well, because (Exercise 8), when 7(0) = Zle gk (0), then the
posterior belongs to Px as well:

Qi fr(x)

m(0|z) = Zka z)me(0l),  qe(x) = ma

ful) == / 7 (6)  (]6)d6

(3.14)
When {f(-|#)} is an exponential family (3.1) and P is the corresponding
class of conjugate priors as in (3.7), then (Exercise 8)

K(p, )
(p+u(x), A +1)

/ Fl0) (01, A = h(a) 1) = / 2(6) ¥ s,

(3.15)
Thus, when {f(:|#)} is an exponential family (3.1), P is the correspon-
ding class of conjugate priors (3.7) , () = Zszl qkm(0|pug, A\i) and © =
(z1,...,zy) are observations from (1.2), then the posterior density is (exe-
rcise 8):

m(0lz) = qu )k (0] e + £(2), Ak + 1), (3.16)

Qk:K(Mka M) /K (i +t(2), e +12)
S @K (g, X)) /K (g + 1), Aj + )

qr(z) =
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Observe that 0 ~ 25:1 ¢;Tk can be written in Bayesian language as follows:

k ~ Cat(q1,...,qK)
0| k~my,

Hence the model (1.2) with mixture prior is a simple example of hierarchial model

k ~ Cat(qi, ..., qK)
Ok ~ 7y,

Example of Beta-Binomial mixtures. As an example, consider the
mixture of Beta-binomial models, where 7, = Beta(ay, O;) and given pa-
rameter 0, the observation has B(n, 8) distribution:

k ~ Cat(qi, ..., qxK)
0|k ~ Beta(ay, Br)
X|0 ~ B(n,0).

We know that the posterior distribution is the mixture, and by (3.14) the
posterior density is

=

7(0]2) = 3 qul@)mi(0]2),

k=1
where
e 7;(0|z) is the posterior density corresponding to prior 7, = Beta(ag, fi),
i.e. (recall (2.4))

1
B(ap + z, Bk +n —x)

m(0)z) = gortT(1 — g)Petn=a)

e The weights gi(z) are

ar.fr (%)
S gt
where fi(z) is the density of Beta-binomial distribution (2.2), i.e.
n\ Blag +z,0,+n—x
fk(w)=< ) (o Br ).

qr(z) =

€T B(a/mﬁk)
Thus
B(ag+z,8k+n—z)
Q(a:)och(ak+$aBk+”_$) ie. qi(x) ™ Blans)
L k 1.6 dk — B(aj+z,Bj+n—=z) "
B(a, Br) 21 G B, )

More about this example (motivation, pictures), see 6], Example 3.4.1.
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3.1 Exercises

1. Let f(z]0) be an exponential family in canonical form, i.e. ¢(6) = 0.
Assume 6 € R and consider the model (1.2).

e Prove (3.3) and (3.4).
e 7(0|u, A) ba conjugate prior as in (3.7). Knowing that

/n’(aﬂ, \)do — (/Tr(em, Ndo)' = 0,
show that

Elu(X,)] = EA'(0) = / A (0)r(0)d0 = /2.

e Show that with = (x1,...,z,) being iid sample,

p+t(z)

Elu(Xp)la] =S558

2. Let {f(x]0) = 1/6, 6 > 6,} be a family of uniform distributions.
Prove that Pareto distributions constitute a conjugate family. Find the
posterior density 7(6|z), where z = (z1,...,x,) are iid observations.

3. Let
{f(z]6) = 0~V (2), 6> 0}

be a family of Pareto distributions. Find conjugate priors. Find the
posterior density 7(0|z), where z = (z1,...,x,) are iid observations.

4. Let
{f(2]0) = ax= DIy ) (z), 6> 0}

be a family of Pareto distributions. Prove that the following family of
priors constitute a conjugate family:

a

{m(0) = ba 0° Mo (0), a>0,b>0}.

Find the posterior density 7(0|z), where x = (x1,...,x,) are iid ob-
servations.

5. Prove that the following family of priors constitute a conjugate family
for the shifted exponential distributions Exp(6, \):

{m(0) = ae®" A1 5(0), a>0,8>0}.

Find the posterior density 7(0|z), where z = (x1,...,x,) are iid ob-
servations.
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6. Let m(0|\, u) be the prior density (3.7), thus

7 (011, N) = K (1, Ng(0) explo()p], K~ A) = / 9(6)” expl(6)-11]d.

Show that the posterior predicative density is

h(zni1) K (p + t(2), A + 1)
K(p+t(x) + w(@p1), A +n+1)

f(xn-I-l ’.’L‘) =

7. Find conjugate prior for negative binomial distribution, the parameter
is p. Find the posterior density 7(6|z), where z = (z1,...,2,) are iid
observations.

8. Prove (3.14), (3.15), (3.16).

4 Noninformative and unproper priors

4.1 Flat prior

When no prior information is available, and the parameter space © is boun-
ded, then it is tempting to use uniform distribution with constant density
m(0) = const. In this case all parameters are "equiprobable" and the rese-
archer has no preferences. That was the reasoning of P. Laplace for using
uniform distribution in his studies about birth rates. Observe that the uni-
form prior also matches with the maximum likelihood principle, because
MLE estimator is the posterior mode under uniform prior:

[ (z|0)m(0)
f()
The uniform (and uniform-like priors with possibly flat densities) are called

noninformative . Noninformative priors are often a popular choice in prac-
tice.

arg max w(0|x) = arg max = arg max f(z]0)m(0) = arg max f(x]0).

When © is not bounded, there is no uniform prior on ©. For example, there
is no uniform distribution on R or [0, 00). There is, however, Lebesgue me-
asure and although it is not a probability measure, it is tempting to use it
as it were. This means plugging m(6) = ¢ into Bayes formula and calculating

osterior
’ _ f(z|0)c _ f(z|0)
[ f(]0)cdd — [ f(x]6)d6

When 2z is such that [ f(z]0)df < oo, then m(6|x) is still a density of a
probability measure.

(0]x) (4.1)
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Improper prior. In general, a (prior) density function 7(-) (i.e. non-
negative and measurable function) on © is called a density of improper prior measure
when

/ m(0)df = oo.

Thus the corresponding prior measure is not a finite measure and certainly
not a probability measure. When the observations « satisfy:

/ F(@]0)7(6)d0 < oo, (4.2)
then the posterior density
_ f(=|0)w(9)
m(0le) = T f(2]0)m(6)do

is well defined probability density and, therefore, posterior probability me-
asure (for that particular x) exists. However, even the posterior exists for all
z, the Bayesian models with improper prior cannot be considered as standard
probability model, where (X, #) is a random vector and posterior probability
is the conditional probability of parameter 6 given X = z.

4.2 Example: normal models with flat unproper priors

Since normal models with flat unproper priors are very often used in practice,
we study them closer. We see that although the priors are not conjugate, the
posterior distributions can be analytically found. It is partially, because they
can be considers as a limits of conjugate priors.

4.2.1 One parameter normal models

Known variance. Consider the normal model with known variance (6, o2).
We know that conjugate prior is normal N'(u, 72). The smaller is 7, the flat-
ter is the prior but there will be always more prior mass around p. Let us
calculate 7(6|x) according to (4.1) (with z = (x1,...,2,)):

Y (2= 0= (2;—1)* +n(@—0)°

i=1 =1
so that

" (x; — 7 2 T — 6)2
@) = [ rlaloyas = e espl- === fexpl- G2 o
Therefore
_ 1 Sz — )% 210 1 S (@ — )2
J@) = (2mo2)n/2 exp[= 1202 ) no \/ﬁ(gmﬂ)%—l expl- 1202
(4.3)
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(G NS W )
[ F(@l0)dd ~ JaroZjn T' 20%/n

and we recognize the density of N'(Z, 02 /n) distribution. Hence the posterior
is normal:

m(0]z) =

] (4.4)

Olz ~ N (z,0°%/n). (4.5)
Observe that with (posterior variance and mean under A (u,72) prior)
2
_ 2 2\-1 _ KT Y
= (n/o"+1/7°)7", Mn—ma
it holds
T= lim p, o 2/n = lim 72,
T —00 T —00

Hence the flat prior can be considered as a limit of normal prior as 72 — oo
(in a sense), and so is the posterior as the limit 72 — oo.

Known mean. Another classical example of improper and non-informative
prior is the normal model with unknown variance N (p, 6). We know that the
conjugate prior is scaled-inverse x2-distribution with density

2

o= _ L (VTNE ey o YT
7T(0|I/,T)—F(l//2)< 5 ) 0 exp| 20].

The density is becomes flatter as v — 0, the limit:

l/’7'2

lim 6~ /24D exp[———] = 1.

V50 expl=5g]

Since [;° 07 'd = oo, we see that w(0) = 1/6 is a density of an improper
prior. It still puts more prior mass to smaller variance but in a sense it is
less informative than any m(6|v,72). Since

2 n N2
62exp Z (@i = ) 1d6?— 9 +1)exp Md9<oo,
20 26

we see that (4.2) holds for n > 1 (at least one observation) and so the
posterior distribution is well defined. Since

m(0]x) g—(5+1) exp [ — Z?:l(;;; — M)Q], (4.6)

we see that 7(0|z) is the density of Scalelnv — x?(vp, 7.2), where

o D (@i — N)z'

Vp=mn, T,= -

20



This justifies the interpretation of the improper prior % as ScaleInv—y2(0, 72),
because when v > 0, then ScaleInv — x?(v,72) prior gives the posterior
Scalelnv — x?%(vy, 72), where

2 2
Up=v+n, 72= Dy (@i —p)* T '
n+v

n
Observe that in this example [ f(x]0)df < oo, when n > 2, but for n < 2
[ f(x]0)dd = oo so the constant prior density (Lebesgue measure) would not
always give a well-defined posterior distribution for sample size n = 1, 2.

4.2.2 Unknown mean and variance

A popular flat choice for the prior for mean and variance is the product of
previously obtained priors, i.e. m(u,0?) = (¢2)~!. This prior measure cor-
responds to the product measure and is sometimes interpreted as the inde-
pendence of mean and variance. However, the concept of independence holds
for probability measures only, so for improper priors such an interpretation
is incorrect.

Since (x = (x1,...,Ty))

[ [ #al oyt oduao? =
/(271‘0‘2)_; /exp[ Zz(xl - SE)Q + n(j - M)2](O'2)_1d,u,d0'2 —

202
nt2 (z; — )2 T — p)?
(27‘(‘)7% /(0.2)( 2 )eXp[_Zz(QO_Q)]/eXP[_(%‘Q;g]deUQ _
n n+2 0‘2 1 . x’i _ j 2
e [(077 5 o D) el - 2T T g

-1 . - 7)?
(27‘(’)7”771 /(02)(< 74 exp[—izl(xz 2) Jdo? < oo,

because with

it holds

_((n=1) (x; — x 2 (v I/TZ
2) (F5—+D) Zz( ) ] (0_2) (v/2+1) exp[— ]

202 -

202

(o exp[—

and so the right hand side is proportional to ScaleInv — x?(v, 72) density.

Thus (4.2) holds and 7(u,0?|x) is a probability density. Let us find this
distribution.
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Posterior distribution. To find posterior, we factorize it:
7(1,0%2) = (o?@) 7 (o2, @).

Observe that B )

w(ulo?, ) ox expl—3 ot

so that given o2, the mean is normally distributed:
plo?,z ~ N (z,0°%/n).

Since

(ol [ ol o)t (o2) 7D xpl - 2l

202

I,

we see that .
(x;—x
02|z ~ Scalelnv — x> (n -1, M)
n—1
The obtained distributions are used in sampling: first generate o2 from
7(0?|z) and given o2, generate u from m(p|o?, x).

So the posterior is NIX with parameters

)2
AL; — X _
Vn:n—l, Tg_E’L(nZ_]_ ), Wn = T, Kp = N.

2

Sometimes it is of interest find the posterior of mean 7(u|z) (o is a kind of

nuisance parameter). To find that distribution, integrate

Z(fﬂi —2)* +n(z — p)°

/ f(lyn, 0%, 0%)do? = (2m)~ % / (02)~ 5+ exp| - Jdo?

L@ pp
(1+ n 1 )P ) (4.7)
n(n—1)
Here we used:
00 2 2. _v
N —(v/24+1 vT ) vT 2 14
/0 (o)~ exp[— TS5 ]do? = (7) L(). (4.8)

Hence



Posterior predicative distribution.
fansale) = [ [ ol o®)n(ulo®, o)dun(o? 2)do?.

Using (2.15), and the fact that m(u|o?,x) is Gaussian with mean Z and
variance o2 /n, we obtain

Xoiile,0® ~ N (&,02(1+ 1/n)),

(‘TTH-l — :E)Q ]

[ il ?)aulo® ) = (2% + 1) expl 20%(L/n+1)

Now integrate o2 out

1 Tn, -7 2

" :Ui*a_cQ"Tfl n—1 n l,isz
'I‘(nl_ 5 (Zi1(2 ) ) (02)~ (" +D) eXp[_Elg(ﬂ)]dC’Q-

Since (recall (4.8))

/(02)(;“) exp [_ﬂ ((:an —z)? N S (w —7)? ):|d02 —r(&y(E)E,

202 n+1 n 2 2
we see that
(Tpy1 — j)g Z?:l(xi - 55)2 —3 I (Tpg1 — f)Q n -t
@) o ( n+1 * n ) > <1+n -1 Z?:1($z‘1—9_0)2 (n+ 1))
po—
Hence

DOl TR S S P

X ~1t(— 1+ -)n—1
n+1|x St &, n—1 ( +n)an

See also [5], sec 3.2.

4.2.3 Application: ordinary least squared regression

The setting. Let z1,...,z, € R* be fixed covariates/explanatory variab-
les and consider the standard regression model:
(8,0%) ~ 7

5 ind. ) ) . (4.10)
Yi|B,0° ~ N(B'xi,o%), i=1,...,n

Here § is k-dim random vector. Observe that when k = 1 and x; = 1 for every
i, then we obtain the model considered on previous paragraph (iid Gaussian).
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Let X be n x k matrix (i-th row is z}) and let Y be n-dimensional random
vector of responses Y = (Y1,...,Y,). Then with I, being n x n identity
matrix, (4.10) is

(B,0%) ~

4.11
Y|3,0*°~N(XB,0°1,), i=1,...,n (4.11)

Hence, the density of Y given the parameters is

(y—XB)(y— Xﬁ)}

557 Y=L yn)

flyi, ..., ynlB,0%) = (27r02)_% exp [ -

Let 3 = (X'X)"1X'y be the OLS regression estimate. Then (Exercise 1)

(y—XB)(y—XB)=(y— XB)(y— XB)+ (B-BYX'X(B-P) (4.12)

and so

(y— XB)'(y— XB) + (B—B)X'X (8- B)

202

f(y75702) - (2770—2)_% eXp [ - ]7‘((ﬁ,o’2).

With the flat prior as in the previous example:
7['(,6,(72) = (0'2)71)

we obtain

(v~ XB)(y = XB) + (3= BYX'X(5 - §)y

f(y,8,0%) = (2102 G exp [ - -

Posterior. We now find the posterior distribution of parameters (the pos-
terior is proper as soon as n > k):

m(8,0%y) = w(Blo?, y)m(o”|y)

To find 7(B|o?,y), observe (Exercise 1)

w-BﬂWXw—BH

oo (4.13)

m(Bly, o?) oc exp[—

so that R
Bly, o ~ N (B, (X'X)o?).

In order to find 7(02|y), observe that (Exercise 1) with ¢ being independent
of o2,

MES

[ ol E=AXXB =D

= |dB = ¢ x (%) (4.14)
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and so (Exercise 1)

/f(y,ﬁ, o?)dB (02)*("%%1) exp [ (- XB2);(2y - XB)

2 _ AN/ (o A
— (0.2)7(§+1) exp[_%], v=n—k, 7_2 — (y Xfl)_(i: Xﬁ)

(4.15)

Therefore
02|y ~ ScaleInv — x?(v, 72).

Easy to sample: first o2 from Scalelnv—y?(v, 72) and then 3|o? from ./\/(3, (X'X)"1o?).

Observe that when k=1and z; =1,i=1,...,n, then 3 = ¢ and then the
obtained distribution is exactly the same as in the previous example.

To get m(By), integrate o2 out (Exercise 1):

LB XX,

. 02 0’20C n
A F 0.7 (L+W—k>w—XﬂWy—X®(

(4.16)
Hence S|y follows multivariate Ist distribution with parameters 3 (mean),

(y— XB)'(y — XB)

! -1
=B (X'X)

(scale matrix) and n — k (degrees of freedom). Observe that when k£ = 1
and z; = 1,7 = 1,...,n, then (4.16) reduces to (4.7). The marginal of
multivariate Ist-distribution is univariate lst-distribution:

(y— XB)'(y — XPB)
(n—k)

Bily ~ st (B, (X'X)Hn—k),

where (X’X)7;' is the first row and column element of (X’'X)~!.

Predicative distribution. Let x,1 be one more covariate and let us find
the predicative distribution of the response Y, 1.

Fns1,810%,y) = f(yns1l8, 0%, y)w(Blo>,y)
(ynJrl - B/$n+1)2

202 A A
(Yn+1 — Bzp1)? + (B — B) (X' X)(B— B)

202

(8- B)(X'X)(8 - B)

k 1
om) T2 |(X'X) o2 —
J(2m) 72 [(X'X) " 07| 2 exp| 952

= (27702)7% exp[—

]

X exp | —
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We recognize that (Y,4+1,3) must be jointly normally distributed, hence
Yypi1|lo?,y ~ N. To find expectation and variance, observe

E[Yn+l|a27y] = E[E[Yn+1|ﬁ70'2,y”0'2,y] = E[/B/{L‘n+1|0'2,y] = B/xn—i-l
Var[Yn+1|02,y] = E[Va'r[yn-f—l‘ﬂv 0'27:9”0'2; y] + Var[E[Yn-‘rl‘Ba 0'27y”0-27 y]
= o + Var[B'zn1]0?,y] = 02 (1 + 2 1 (X' X)L apt).

Yo |U27 Yy~ N(B/xn—i—l’ 02(1 + xéLJrl(X/X)ilxn—H)) .

So the expected value of the new response variable (given o) is anH, just
like in ordinary regression, but the due to the random g, the variance is
bigger than 2.

Denote pt = 3'#ni1, and a = (1 + )11 (X' X) '), ). To obtain the distri-
bution Y;,11|y, integrate o2 out:
o0 o _1 Yni1 — )
| o yim(eyio® = [ oty expl- Lt
0 0

202q

Since (recall (4.8))

/00(02)(”51“) exp[— s~ ) + VTQ]dUQ = (a_l(y"H QM)Q T

0

we obtain (Exercise 1), that

(y— XB)'(y — XB)
n—k

1+ (X'X) i), — k:)
(4.17)

Observe that when £ = 1 and ; = 1,4 = 1,...,n, then (4.17) reduces to
(4.9).

Yor1ly ~ Ist <3$n+17

The expected value of the new response variable is Bazn+1, the variance is
(when n >k +2) is
(y = XB)'(y — XB)

(1 + 2341 (X' X)),

As an application of such regression in political science, see [5], sec. 14.2.

4.3 Jeffrey’s prior
4.3.1 Change of variables

Univariate. Let ©,0, be open subsets of R and let g : © — ©, be a
one-to-one (monotone) function. When m(#) is a density of 6 with respect to
the Lebesgue measure, then the random variable n = g(6) has the density

7 (n) = w(h(m) W' ()], h(n):=g " (n).

26

(6%~ (5+1) exp|

)




Since (1) = 1/¢'(h(n)) (because g(h(n)) = 1 and g'(h(m)K'(n) = 1), the
formula above reads
) — A0

g (h(m)]

Since h(n) = 0, we obtain the change of variable formula also in other direc-
tion )
m(n) = |7T,( & 7w(0) =7"(g(0))lg' (0)I- (4.18)
g'(0)]
Example: Let © = (0,1) and 7(f) = 1 be the density of uniform distribution.
Let § ~ U(0,1) and define n = t%;. Thus O, = (0, 00). Now

The density of 7 is thus

") = o 1€ (0.00)

We see that the distribution of n is not uniform — more weights for small n
(corresponding to small 6).

Similarly taking

@)= = W=
77_9 _nl—e’ 77_1+6777 n_(1+€n)2
Thus n

* - (&

7"(77)—(1+e,7)2~

Again, the measure (although symmetric) is not uniform — more weights
around zero (corresponding 6 = 0.5).

Multivariate. Let ©,0, C R? (open subsets) and let g : © — ©,, be a
one-to-one differentiable mapping. Let m(#) be the density (w.r.t. Lebesgue
measure) of 6. Denote by h = g~! the inverse of g and let J(1) be Jacobian
matrix of h evaluated at 7, i.e. with h(n) = (hi(n),...,ha(n))" (transposed)

1) = T om) = (P2

Then with |J(n)| being absolute value of the the determinant of Jacobian,
the random vector n = g(f) has density

m(n) = m(h(n))|J(n)| = =(0)|J ()]

o7



In other direction:

m(0) = 7 (9(0))|J(0)] = 7 (n)|J(0)]
Hence [J(0)[].J (n)| =
For example, let 01,65 be iid standard normal variables. Let us find the dist-

ribution of the random vector (11,72), where n1 = 01 + 02 and 12 = 61 — 05.
The inverse mapping is

h(ﬁ):h(Z;):<Zéz>, J(n):<

Let ¢(0) theta be the density of standard normal. Thus 7w(0) = ¢(61)¢(02)
and

; ) (0)] = 1/2

NI

D=

1 — 1 1 -
_7(25(771-2#772)(1)(771 2772): Xp[_i(m+772)2+(771

1 21 3

7 (11,12) = —= exp[— "] —— exp[~ 2]
V22 4°\/2m2 4

and hence np,m2 are iid NV(0, \/52) distributed random variables.

Reparametrization (switching from 6 to 1) changes the prior distribution
and this is the main criticism against the flat (uninformative) prior — it is
flat under a certain parametrization, only. Having uniform prior in Beta-
Bernoulli model might be interpreted as having no prior information about
the success probability 6. In terms of odds ratio n = 1%09, the same prior has
density (14 1)~2 so that more weights are put on smaller odds. In terms of
log odds, however, more weights are put around zero.

4.3.2 Fisher information

Let © C R (open) and let us assume that 8 — f(z|f) are differentiable
functions for every z. The Fisher information is the following quantity:

0

1(6) ::E[( In £(X16))°|6].
Observe that 8f( P
a n X = W
59 0/ (10) = F(l0)
so that
0 R E !9
E[%lnf(XW)]G] = 39( 7 /69 z|0)dx
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Under so-called regularity conditions the order of taking derivatives and in-
tegral can be switched (i.e. on can move with derivation under the integral),

then
/80 lﬁda:—ae/fxlé?

Then I(0) is the conditional (on ) variance of a random variable % In f(X16),
because the expectation of this random variable is (. Usually Fisher infor-
mation is considered for regular families, otherwise it is meaningful to define
it using variance instead of second moments.

An alternative definition. If 6 — In f(x|6) (and hence 6 — In f(z|0))
are twice differentiable functions for every x then under regularity (that
allows to change the order of differentiation and integration)

82
= o [ i
implying that (Exercise 3)

I1(0) = In f(X16)]6]. (4.19)

0?
[892
Fisher information of independent observations. When Xi,..., X,
are independent random variables with density X; ~ fi(:|#) (the same pa-
rameter 6 for every i), then under regularity the Fisher information of the
random vector (Xi,...,X,) (i.e. the model f(z|0) = [[i-, fi(zi]f), z =
(x1,...,2y)) — let it be I,(0) — is the sum of components information (Exe-
rcise 3):

= 0
0)=> 1(0), L(6)= E[( In £:(X;16))%|6]. (4.20)

Hence, when Xi,..., X, are iid from f(:|0), then I,(0) = nI(6).
Change of variables and Fisher information. Let ©,0,, be open sub-
sets of R and let g : © — ©, be a differentiable one-to-one function.
Let us denote the density in n-parametrization as p(z|n). Thus p(z|n) =
f(z]g™(n)) or, equivalently, f(|0) = p(z[g(¢)). Then

0

o f(l6) =
so that with g(0) = n.

10) = [ (L1 f(2l0)*f (l0)dz = (¢ 6))* [ (2 1np(aln))’ f(x]6)dz
o0 n
~ o) [ <§nmp<x|n>>2p<xm>dx — (¢ (0)L,(n),

860 np(zlg(6)) = 3877 Inp(x[n)g' (), (4.21)
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where

Hence, we have
1(6) = (¢'(9)°I;(9(8)) = (¢'(6))* I (n). (4.22)

Multivariate case. Let © C R?, thus # = (A1,...,04)". Then % In f(x|0)
is the following vector:

0
ﬁlnf(xle) =

The Fisher information is matrix

0 0 /
16) = B| (55 In £(X]0)) (55 In £(X10)) 16
Thus 1(#) is d x d-dimensional matrix with 4, j-th element being

0 0

10); = E[ (55 7(X10) (55 1nf(Xye))H

The multivariate version of (4.19) is (holds under regularity):

82
I(‘g)ij = E[ag a

In f(X10))0] Vi, j. (4.23)
Multivariate version of change of variable: Let ©, 0, be open subsets of R?,
let g : © — ©,, be a differentiable one-to-one function. Thus 8 = (61,...,0q)
and g(6) = (g1(0),...,94(0)). By the chain rule, the multivariate version of
(5.9) is

Olnplaln) 991(0) | . OWnplaln) dgu(0)

1 001 ong 001
o o dnp(z|n) 991(0) bt d1np(z|n) 8g4(6)
S f(al6) = - plalg(6) = | om 0% oo

dnp(z|n) 8g1(0) R 9 np(z|n) 8ga(6)
on1 004 ong 004

In matrix notation

8%19(9) 3%110(9) alnéo( z|n)
1 1 1 1
o In f(z|0) = — J’(g)(M)’
9 991(0) . 0gu0) o1 plaln) on
004 004 Ona
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where J(6) is the Jacobian matrix, i.e. J(0);; = 8%%(]'9). Therefore

(21 p@l0)) (o (i) = 7'6) (““f;;x‘")) (“ng;m"”)’m

and so (expectation is linear) and with = g(0) we obtain:

1(9) = J(0)1,(n)J (6). (4.24)

4.3.3 Examples of Fisher information

Binomial distribution. Here z € {0,1,...,n} and
n _ 0 Dfx0) = n-—=x
_ T _ gyn—= iy | _ o0 - —_ - -
R W R
0 2 22 (n—ax)? r(n—2x) 22 —2znd + 6?n?
(551 s(10) =55 + 102 “8(1—0) 2(1—0)y
Since
E[X%0] = nf(1 — 0) + n?6*, E[X|0] =nb
we obtain
1(6) = E[X?0] — 2nE[X|0] + 6°n*  n
B 62(1 — 6)2 (1 —-0)
Since 52
x n—x
@lnf(mm T Tz m>
it holds
2 n n n
B2 1 - - S
gz M @IOe] = 3 = 7 91— 9) (6),

so that the formula (4.19) holds.

Negative binomial model. X ~ NB(r,0),

~ T(z+7) - B B
f(fl?|0) = T(’r‘)(l — 9) 9 s lnf($|0) = const +$1n(1 9) +T1n(9.
0 x r 0? x r
A A e A i A (e )

When X ~ NB(r,0), then

_ _ _ 2
r1=0) el 9”2(1020)’

EX =
6 62

61



so that according to definition the Fisher information is,

EX? 2rEX r2 r 2 22 T
1(0) = — = ==
(1-0)2 6(1—-6) 62 02(1-0) 02 02 6%2(1—0)

The formula (4.19) holds:

—E(aa;lnf(Xle)> =

EX r r

o epea-g

Poisson model. Xj,..., X, are iid with Po(\) distribution. Let us find
Fisher information 1(#) for single observation X ~ Po(\), since the informa-
tion for the sample is nI(6). When X ~ Po()), then EX = )\, EX? = A+ \2.
Fisher information is I(\) = A~!, since

In f(z|]A) = —A+2zln A —Ina!

94 T B 1)Y= _EX?Y-1=-
S =5 -1 B(3 -1)" = 55X A
0?2 x EX 1
g /N =% = =%

so the formula (4.19) holds.

Exponential family. Recall exponential family in canonical form

f(z|0) = exp[fu(z) — A(0) + B(x)], 6€R.

1

When regular, then according to (4.19) I(6) = A (6).

Normal with known variance: The density of N(#,c?) is in canonical form
with A(9) = % (recall (3.6)), so that A”(6) = (62)~! that is independent
of 6.

When the exponential family is not canonical form, i.e.

f(x]0) = explp(O)u(x) — A(0) + B(z)], ¢(0) €R,

then one can use canonical parametrization 7 = ¢(6) (here ¢ must be mo-
notone), so that

p(zln) = expliu(z) — A6~} (1)) + B(x)],

find the information matrix



and then use the change of variable formula for Fisher information (4.22):

1(0) = (¢'(0))* Ly (6(0)).

Binomial distribution belongs to exponential family

o n n o
= —_ = —_ 77 =
In f(z]0) = z1n - 0+n1n(1 0)+1In <x> xn—nln(14+€")+In (x)’ n=In T 0
Since ; ;
" " _ e B e 2
(n(+e) =40~ Gga)
we obtain

e’ e’

L) :n<1—|—e77 - (1+e77)2>'

To get 1(0) use the change of variable formula for information (4.22):

1 n
1(6) = (8/(0))°1 = ——sn(f — 6%) = :
Poisson distribution belongs to exponential family
f(z]0) = exp[zxIln® — 0 — In(z!)] = exp[zn + " —Inz!], n=1n6=: ¢(0).

Therefore I,(n) = (¢")” = e and by (4.22)

1
Nz
Exponential distribution belongs to exponential family. Information (Exerci-
se b)

1(6) = = 1I,(Inf) = %

(4.25)

Normal model with ¢ and ¢? unknown. Thus Xi,...,X, are iid
N (1, 0?)-distributed random variables, & = (u,c?). The model is regular,
so to find the information matrix, the formula (4.23) can be used. Since
(= (21,...,2p))-

2 2@ —3)?  n(@—p)?

In f(z|pu,0%) = const — glna

202 202
the derivatives are
2 ) n

S f (el 0%) = —

0 2 n(z — p)
Sz i) = =

0? n(T —p
O f(alp,0?) =

0? n D ic1 (T — )

1 2\ - =1\



Taking expectations (and multiplying with -1), we obtain the information
matrix:

1n(0) = ( 2 0 ) :n< % 22 ) — nI(6). (4.26)

4.3.4 Jeffreys prior

Univariate case. Given the model f(z|6), where § € © C R (open subset),
Jeffreys prior denoted by 77/(6) is proportional to square root of Fisher
information

77 (0) o \/I(6).
When [ /I(0)df < oo, then
7TJ(9) — 1(9)

[ioas =~

otherwise Jeffreys prior is improper.

Jeffreys prior is invariant with respect to reparametrization — when 6 ~
77 (0), then n := g(8) ~ 7/(n). Indeed, when 6 ~ 77/ (6), then g(8) ~ 7*(n),
where by the change of variable (4.18)

w0 IO
™= 1o > gty VI

where the last equality follows from (4.22).

Multivariate case. Given the model f(z|f), where § € © C R? (open
subset), Jeffreys prior denoted by 77 (6) is proportional to square root of
the determinant of Fisher information:

w7 (8) o /| 1(6)]-
When 6 ~ 77(6), then g() ~ 7*(n), where by (4.24)
() = 77 ()T ()| = 77 (O)|T ()] o< V/IT(O)]] (n)| = \/\J’(9)In(77)J(9)||J(77)!-
Since (recall |J(n)||J(0)] = 1)
| T(0) Ly (m) T ()] = | " O Ly ()17 (0)] = [T (O) Ly (m)] = [ ()|~ Ly ()],
we obtain /[J/(0)I,(n)J (0)[|J (n)| = /| I,(n)].

The invariance with respect to the one-to-one transformations holds also for
posterior: Let 7(0|z) oc 77 (0) f(x|) be posterior with respect to the Jeffreys
prior, and let g be one-to-one (univariate) transformation. Then after change
of variable, the posterior has density (recall (4.18))

0l) | SO _ o)1) — piapye’
v nle) = T < g = S @0 (0) = el ().

64



4.3.5 Examples of Jeffreys priors

Location parameter. Let f(z|6) = f(z — 0), where f(x) > 0 for every z
and f is differentiable probability density. The parameter 6 is called location
parameter, because when X ~ f then f(-|0) is the density of X +6. Therefore
a noninformative prior should be location invariant as well, i.e. for every
¢ € R the random variables ¢ + 6 and 6 should have the same distribution,
i.e. (6 — ¢) = w(f) implying that 7(0) = const. It turns out that this is also
Jeffreys prior, because I(6) = const. (Exercise 4). Thus 77/ o 1 (uniform).

For example, when 0 is the mean of Gaussian model, then Jeffreys prior is
improper. In other words, when X1, ..., X,, are iid A'(i, 0%) and o? is known
(fixed), then Jeffreys prior for p is constant (uniform). However, as showed
in Section 4.2, the posterior m(p|x) (here x = (x1,...,xy)) is (recall (4.5))

[\

g

Ol ~ N(z,—),

so posterior is proper and, as pointed out in Section 4.2, it is the limit of

posterior of conjugate prior (normal) when the variance tends to infinity:
2

TS — 00.

n

Scale parameter. Let f(z|0) = %f(%), where f is differentiable probabi-
lity density. The parameter 6 > 0 is called scale parameter. When X ~ f,
then f(-0) is the density of 6.X. Therefore a noninformative prior should be
invariant with respect to the multiplication with positive scalar, i.e. ¢f and
6 should have the same distribution for every ¢ > 0: w(0) = %77(%) This
holds only if 7(6) %. It turns out that this is also Jeffreys prior, because
I(0) = 5%, where a > 0 is a constant that is independent of 6 (Exercise 4).
Thus ﬂ“?(G) x 3.

For example, when 6 = o is the standard deviation of Gaussian model, then
Jeffreys prior is proportional to 1/0 and this is again improper. In other
words, when X7,..., X, are iid N (u,0?), the Jeffreys prior for o is pro-
portional to % (improper). After change of variable, we see that Jeffreys
prior for n = o, k = 2,3,... must be proportional % (Exercise 4). Thus
Jeffreys prior for variance 6 = o2 is proportional to %. In Section 4.2, it was
shown that this improper prior can be interpreted as Scalelnv—x?2(0, 72) si-
nce leads to the proper posterior Scalelnv—x?(vp,72), where v, = n and

TT2L = % 2?21(%‘ - M)2~

Normal model with p and ¢?> unknown. Thus Xi,..., X, are iid
N (i, 0?)-distributed random variables, § = (u, 0?). We already have found
the information matrix (4.26), so the determinant and Jeffreys prior are as
follows:

1
10 =5 3 ) MOI= 5 POx =

204




This is improper prior with proper posterior, because

n Y
7(0)(a18) o (0)~ 3 expl— =Ll 1)
o
— 2 —
_ o2y (1) i@ —3) 4+ n(@ - p)
(+%) exp| o |
so that posterior distribution is NIX distribution with parameters

n

1
= 2 § =\2
]jn:n’ Iu,n::,U’ Tnzﬁ (l‘l—x)’ K/TL:TI’
=1

Thus the posterior:

02‘33 ~ ScaleInv—X2(Vm 7'13)
2
o
o2 ~ N, ).

n

Recall the posterior updating formulas for NIX prior:

Up=V+n

K n

anﬁ_{_nﬂo‘i‘ﬁ_’_n

Kn=K-+n

RN
('7_; - Mo)2'

n
VanL =vr? 4 Z(ﬂfz — 1‘:)2 +
=1

This justifies calling Jefferys prior as NIX prior with v =k = 0.
Recall that with 7(6) o< (62)~! (Section 4.2), the posterior os NIX with
2 _ i@~ z)?

Vn:n—l, Tn:?, Mn:f, Rp = N.

Poisson model. Xi,...,X,, are iid with Po()\) distribution. We alrea-

dy know that the Fisher information is I(0) = %, so that Jeffreys prior

7/ (\) o \%\ (improper).

We also know already that under the parametrization n = g(A) = In(\)
(natural parametrization for exponential model) I,,(n) = €. Therefore cor-
*J(

responding Jeffreys prior is 7"/ (n) e? and after the change of variable

formula (4.18)

7/ (In
2 (3) = w (gl ()] = TN o VA =

Sometimes Jeffreys prior for Poisson model is interpreted as Gamma(1/2,0),
because §1/271e=0% = §=1/2_ Posterior is proper (Exercise 5)):

Olz1,...,zn ~ Gamma(Zwi +1/2,n) (4.27)

i=1
an analogue with (2.7) that justifies Gamma(1/2, 0)-notation.

66



Binomial model. X ~ B(n,#). We already know that

n

1(9) = m,

so that

m\»a

() x 072 (1 — 6)~
implying that Jeffreys prior is Beta(3, 3) distribution.

Exponential model. Xj,..., X, are iid with Exp(é) distribution.

and so Jeffreys prior 77/ (6) o % (improper), sometimes denoted as Gamma(0, 0).
Posterior (Exercise 5):

O|z1,...,x, ~ Gamma(n, Z x;). (4.28)

Again analogue with (2.12) justifying the Gamma(0, 0)-notation.

Negative binomial model. X ~ NB(r,60), We already know that

”
I10) = ———
(6) 6%2(1 —0)
and so the Jeffreys prior 77/ (6) oc p (1179) (improper).
Posterior (Exercise 5)
g 1
0|z1,...,x, ~ Beta(nr, ZIZ + 5) (4.29)
1=

Multinomial model. X ~ Multinom(n,61,...,60). Jeffreys prior is Dir(1/2,...,1/2)
(Exercise 6).
4.4 Exercises

1. Work out the formulas in subsection 4.2.3: prove (4.12), (4.13), (4.14),
(4.15), (4.16), (4.17).

2. Let 6 ~ 7(0), where 7 is univariate density with respect to the Lebesgue
maesure. Find the density of linear combination 1 = af + b.

3. Prove (4.19), (4.20).
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4. e Let f(z|f) = f(x — 0), where f(z) is a differentiable probability
density. Prove that I(6) =const.

e Let f(z|0) = 5f(%), where f(z) is a differentiable probability
density. Prove that I(0) oc 62
e Let 7/(0) o< 1/6. Show that for any k = 2,3,... 7/ (n) o< 1/n,
where n = 9.
5. Prove (4.25), (4.27), (4.28), (4.29).

6. Jeffreys prior for multinomial. Take n = 1 and find

0 ) 1 1
COV<%lnf(:L‘\9)) = dlag(g—l, cee %) — 1 = J,

where 1 is a matrix where every entry is 1. Then show that for n > 1,

nony L

I,(0) = nJd +n*1, = diag(e ,...,9—) + (n° —n)ly.
1 k

Then use matrix determinant lemma to show that

5 Testing hypotheses

5.1 Bayes factor

Suppose we have two alternative Bayesian models to explain observations
x: the 0-model {fo(-|#)} with prior mp and 1-model {fi(:|6)} with prior 7.
These priors might have densities with respect to the different reference
measures, so the integration with respect to m; will be denoted by m;(df).
The Bayes factor is ratio of marginal densities (marginal likelihoods):

)= i

Hence Bayes factor measures how much the 0-model describes the obser-
vations better (or worse) than the alternative 1-model. Observe that when
fo(-16) = f1(-10) = f(:|), but mp = dg, and m = dp, then Bayes factor is
just the likelihood ratio:

f([6o)

f(x]61)

fi(x) ::/fi(xw)m(dﬁ), i=0.1.  (5.1)

B01 (x) =
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Example (binomial): Suppose that x is the number of successes out of
n trials. Assume that under 0-model, the observation come from binomial
distribution with parameter 0.5, under 1-model the parameter has uniform
distribution: 71(0) = 1. In this example, fo(x|0) = fi(x|0) (both are bino-
mial), but m9p = do.5 and 71 is uniform. Hence fy is the density (probability)
of binomial B(n,0.5) distribution and f; is the density of Beta-binomial
distribution BetaBin(n,1,1) and we know that this distribution is uniform.

Hence
_fole) _ ()OS Y sy
B(n(x) = fl(x) = (n+ 1)71 —( + 1) (x> (05) .

Some numerical examples:

1. When n = 200 and =z = 115, (x/n = 0.575) then fo(115) ~ 0.006
and fi(x) = 1/201 ~ 0.005, so that By ~ 1.2 - slightly supporting
0-model.

2. When n = 98451 and = = 49581, (x/n ~ 0.5036),

1.95 x 1074

Bo ()~ 1555 1075

~ 19.
Thus there are very strong evidences favoring 0-model.

5.2 Hypotheses in Bayesian setting

Assume © = ©¢ U 01, where ©g N ©1 = (). Suppose we have model {f(-]0)}
with prior density m(#). We would like to test hypotheses

Ho : 0¢ @0

Hi: 06,

In Bayesian approach it is natural to calculate the posterior probability
0)m(0)do
P(©ilx) = / (0)2)df = / f@lO)m®)ds

and compare these probabilities. The following decision theoretic argument
justifies that comparison.

Loss and risk. Let ¢(x) € {0,1} be a test so that when ¢(x) = 0, then
Hj is accepted and when ¢(z) = 1, Hy is accepted. It means the existence
of set A such that ¢ = I4, meaning that Hy is rejected whenever x € A. Let
L be the following loss function (here ¢ € {0,1})

0, if¢=1Ie,(0);

L(0,¢) = ag, if 0 € O, ¢ =1; (52)
a1, if 6 € O, ¢ =0.
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Hence the loss is ag, when 6 € ©g, but ¢(x) = 1 (first type error); the loss
is a1, when 6 € ©1, but ¢(x) = 0 (second type error); otherwise the loss
is zero. Given z, the test ¢(z) is fixed (either 0 or 1), let us find the test
that minimizes the expected loss when expectation is taken with respect to
posterior measure m(-|x):

R(¢|z) == /L(0,¢)W(9|1:)d9.

It is easy to see that the optimal (best) test that minimizes R(¢|z) over 0,1
is the following (Exercise 1):

o) = arggin Reghe) = { 1 LV @G sy

1, else.

The ratio ;2% is sometimes known as acceptance level. How ¢(z) is defined

when P(Og|z) = —%— does not matter, because the risk is the same, but
a1+ag ’ ’

as it is common in statistics, the ties are broken in favor of Hy. Also observe
that only the ratio al‘jrlao, not the constants a;, matter. Hence for symmetric
loss ag = a1, w.lo.g. we take ap = a; = 1. Observe that the rule (5.3) is

equivalent to (Exercise 1)

o) =0 <  agP(Op|z) > a1 P(O1|z) (5.4)

Hence for symmetric loss (a1 = ag) the acceptance level is 0.5 and the
decision is Hy, i.e. ¢(x) = 0, when

P(Q|z) > 05 & P(Oplz)> P(6]z).

It is easy to see that for symmetric loss ag = a1 = 1, the loss function (5.2)
can be written as Li-loss

L(0, ) = e, (0) — ¢| (5.5)

and the solution is the same if ¢ is minimized over the interval [0, 1] instead
of {0,1} (Exercise 2):

in R = in R .
arg min (¢|x) arg min (¢]z) (5.6)

Hypotheses testing as the comparison of the models. The hypot-
heses testing can be considered as the comparison of two models: fy(:|0) =
f1(:18) = f(:]0), V6, but the prior measures m; have densities proportional to
Io,(0)(6), i.e.

7:(6) = Io, (0)



Thus the prior is mixture of two (model) priors and ¢; are prior model pro-
babilities:
m(0) = qomo(6) + q1m1(0). (5.7)

Hence

z|0)mw(df T
:/f(xye)m(de): Jo, f(alf)( ):P(@i]x)f( ), i=0,1.

qi qi
Therefore the Bayes factor is
fo(z) _ P(Oolz) 1 _ P(Oo|z) 7(O1)

B (z) = = —=_—_——" . 5.8
@)= F @) = PO a ~ P(Oyfx) 7(O0) 5:8)
We now see that in terms of Bayes factor (5.4) is
a
$(r) =0 & By(z)> 24 (5.9)
apqo

Hence the prior probabilities and losses give a meaningful threshold.

Example (normal mean, one sided). Consider the normal model with
known variance and conjugate prior:

0~ N(p,7%)

X1,..., X0 " N8, 0?).

We know the posterior is normal (subsection 2.5.1):
Olz ~ N(F“ﬁﬂ%)?

with

9 n 1 o272

—1

_ ;wQ—l—nTzi _ %-f—
72 4 02 %Jr

N\s
M\H

Observe that 72 is independent of observations x, but ju, depends on z
through the sample mean, hence we can write i, (Z).
We aim to test

Hy: <0
H1: 920

Thus Op = (—00,0) and ©1 = [0, 00). Calculate (x = (x1,...,2y))

PO <0x)= PP < iy Z pz < Emy 7 N(0,1).

Tn Tn Tn
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With ® being the distribution function of standard normal, thus
P(0 < 0x) = (- £, (5.11)

Tn

Therefore, by (5.3), Hp is accepted when

@(—@)> “
™~ ~— a1+ ag

With ke, being ai/(a1 + ap)-quantile, i.e. ®(zqy.4,) = a1/(a1 + ao), the
rule (5.3) is: Hyp is accepted when

—1in(Z) > kagay Tn-

More general setting. We generalize the argument above allowing the
conditional densities f;(:|0) being different and also m; can be different pro-
bability measures (prior distributions) on ©;, respectively ¢ = 0,1. With ¢;
being prior model probabilities, the overall prior measure on ©g U O is now
mixture ™ = gomo + q171. Thus we have the following hierarchial model

Z ~B(1,q1) (5.12)
0|Z ~ 7y
X0, Z ~ fz(:0)
When both priors m have a density with respect to same measure, denoted
as m;(0), then 7 has also density that is a mixture of model densities as in
(5.7). However, it might be that the two priors have densities with respect to
different measures. Typically it is the case when testing point-null hypotheses
Hy:0= 90, l.e. ©g = {00} and ©1 = O \ {90}, where © C R. Then mg = (590
has density with respect to counting measure and m; might have density

with respect to Lebesgue measure. This was exactly the case in the binomial
example above. Observe that the posterior is still well defined:

P(Alz) = Po(ANOglz)qo(z) + PL(ANO1|z)q1 (), (5.13)

where P;(-|x) is posterior under the model i, i.e. P;(-|z) has density (on ©;)
proportional to m;(0) fi(x|6) and

() qi fi(x)
al(®) = qofo(z) + @1 fi(z)’

Taking A = ©; in (5.13), we see that
gi(z) = P(©;|z), i=0,1

fz(x) = /@fz(x\G)m(Q)dG, 1=0,1.

and in terms of (5.12), we see that ¢;(z) = P(Z = i|X = z) (Exercise 3).
With loss L(6, ¢) the risk function is

R(6Jz) = ao(x) /

L(6,¢)Py(df|x) +q1(a:)/ L(6,¢)P1(df|x)
O9

O

72



and when L(0, ¢) as in (5.2), it is easy to see that (5.4) and (5.3) still holds

(Exercise 3), i.e.
ai

ap +agp

¢z) =0 < qofz) > (5.14)

Hence the optimal decision is the model 0 when the posterior probability of
0-model is sufficiently high (determined by losses). In terms of Bayes factor
Byi(z), the posterior probability go(x) is (Exercise 3)

go(z) = (1 + %éf)ll(m))_l. (5.15)

In terms of Bayes factor, the rule (5.14) is (5.9) (Exercise 3).

Observe that with ©g = {6p} and ©; = {01}, m = dp,, we have fi(z) =
fi(x]6;) (feature densities) and so

0s(z) = qifi(x|6:)
' qofo(x|600) + q1 f1(x|01)

Then (5.14) is known as Bayes rule in classification.

Example (binomial). Let us continue the binomial example above.

Ho: 0=0.5
Hy: 0405

The posterior probability of 0-model is

e D/o(2) IR P UL O

T wh@ Fah@ )05 +qant 1) o (n+l)

1. When n = 200, z = 115, g9 = 0.5, from (5.15) we obtain (recall
Boi(115) = 1.2)

q(115) = (14 5)  ~054

With a; = ag, by the rule (5.14) we decide for Hy : 6 = 0.5.

The probability that B(200, 0.5)-distributed random variable X takes
values at least 115 is 0.02002, hence P(X > 115) + P(X < 85) = 0.04
so that frequentist test would reject the hypotheses Hy : 6 = 0.5 at
level 0.05.

2. When n = 98451, = = 49581, qo = 0.5, with By1(49581) = 19, we
obtain

1,
a0(49581) = (14 15) " =0.95
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So the posterior probability for Hy is (approximatively) 0.95.

The probability that B(98451,0.5)-distributed random variable takes
values at least 49851 is approximatively 0.01183, hence the frequen-
tist test would reject the hypotheses Hy : 6 = 0.5 at level 0.05
(2 x 0.01183 < 0.05).

We see that Bayesian and frequentist approach give different solutions and
as it is evident from the last example, the difference can be remarkable big.

Example (normal mean, two-sided). Let f(:|f) be the normal den-
sity with known variance 2. The parameter 6 is the mean and we test the
hypotheses:
HO :0=0
H1 . 9 7é 0
We take m1 as A'(0,72) (conjugate) and 7o = do. Hence the model is
Z~ B(L QI)
0|Z=0~6 (0=0)
01Z =1~ N(0,7%)

X1,..., X0, Z “ N (9, 02)

We know that fi(z1,...,2zy) is the density of jointly normally distributed
random variables with mean vector zero and covariance matrix as in (2.14):

%+ 12 72 e 72
72 o+ ... 72
Z = ... )
7_2 7_2 0.2 4 7.2
1 1 1 _
o2/12+n o2/12+n o2/12+n
1 1
- 1 - n
-1 o2 /7124n o2/t24+n o2/124+n _ 2\n
si= L T 7 / = ()
O— .. .. 0— /7—
! 1 1 1
o?/T%+n o2/m2+n o?/T%+n
Thus
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Hence with z = (x1,...,2,)

x n 1 1
Boi(w) = ;?Ex; - (1 + 02/7'2>2 xp {_ 202(02 /72 —|—n)(z xz)ﬂ

- \/ nj;(;j-/;z xp [ B ;(02/73 +n) (U/T/H)Q}
=\ Tzna—; ~ exp {_ ;(027_-?71-271) (J/gi/ﬁ)z] (5.16)

Plugging By1(z) into (5.15), we obtain go(x). Observe that By (z) is a func-

tion of z-score z := —“= that in frequentist statistics is used in calculating
a/\/mn

p-value for testing the hypotheses Hq : 6 = 0.

Also observe:

e When n increases and z remains constant, then Byi(x) — oo, hence
qo(x) — 1 whatever the z-score is. Bayesian choice would be Hy (for
very big n).

e When 72 increases (everything else is remains constant), then B (x) —
00, hence go(z) — 1 whatever the z-score is. Bayesian choice would be
Hy — flat prior do not work!

e When 72 — 0 (everything else is remains constant), then B (z) — 1
and go(z) — qo (prior probability).

In Table 5.2.2 in [6], the values for go(x) for different z-scores are found
n=1,0% =12 g = 0.5. For z = 1.96 (p-value 0.05) go(z) = 0.351, for
z = 1.28 (p-value 0.2), go(x) = 0.484. In Table 5.2.3 the same is done for
72 = 1002. The probabilities are now bigger: for z = 1.96 (p-value 0.05)
qo(z) = 0.366, for z = 1.28 (p-value 0.2), go(x) = 0.612.

Improper priors. Consider the case of testing point-null hypotheses Hy :
0 = 0o with mo = dg,, but m1 is improper with fi(z) = [g, fi(2|0)m1(d0) <
oo. Then ¢;(z) can be calculated for ¢ = 0,1, but, unfortunately, it is not
invariant with respect to scaling and might be biased. Indeed, multiplying
an improper prior m by a constant ¢ > 0 would not normally change the
posterior, because

) — SO cfalp)r(ds) _ falpen()
J f(@|0)dn(0) [ f(x|0)mw(dd) [ f(x]0)cm(d6)’
but it might change g;(z) in hypotheses testing, because with fo(z) = fo(x|6p),
_ q0.fo(z) _ q0.fo(z) q0.fo(z)
wfo(z) +afi(x)  qofo(z) +a [ fi(z]0)mi(d0) = qofo(z) + cqr [ fi(x]0)m(dO)

When ¢ increases, then go(z) tends to 0.

q0()
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Example (normal mean, two-sided). Let us modify the previous examp-
le by taking 71 Lebesgue measure (Jeffrey’s prior) and o2 = 1. Thus 6y = 0,
fo(x) is standard normal density, fi(z|#) is normal density with mean 6 and
unit variance. Let 71(0) = 1. Then with n =1 and z; =«

1 1
_ /fl(xlé?)dé? - = /exp[—2(x —0)2)d6 = 1. (5.17)

Therefore (the generalization is Exercise 6)

2

] 9
exp|= m2] +q1 qo + q1V27 exp[%]

(5.18)

1
qo(2m) ™2 exp[—5—
qo(z) = I -
2

qo(2m)~

Hence the maximal value of go(z) is go(0) = (1 + (¢1/90)V 277)_1, which for
qo = 0.5 is 0.285.

In Tables 5.2.5 and 5.2.6 in [6], the probabilities go(z) are calculated for
m1(0) = 1 and 71(0) = 10, resp (qo = 0.5). For m1(6) = 1, go(0) = 0.28 and
q0(1.96) = 0.055; for 71(0) = 10, go(0) = 0.0384 (upper bound for go(x))
and ¢o(1.96) = 0.00581.

So far we have observed that improper prior can be considered as limit of
proper priors and the posterior behaves accordingly. Recall, for example, the
normal model with known variance:

9NN(M7T2)
Xi,..., Xal0 N8, 0?).

The posterior 0|z ~ N (pin, 72) and when 72 — oo, then the posterior con-
verges to N(Z, %2) that is the posterior under improper (Lebesgue) prior
m(0) = c. Since Lebesgue measure can (in a sense) be considered as a li-
mit of normals as 72 — oo, we obtain a certain continuity. There are many
examples like that where improper prior can be considered (in a sense) as
a continuation of proper prior and the posterior of improper prior is a limit
of corresponding posteriors. In hypotheses testing the situation is different.
Recall the normal example — with 71 being N(u,7?), for any =, it holds
go(xz) — 1. Hence in the limit the posterior probability of 0-model is 1. By
the continuity argument, one could expect the same for improper Lebesgue
prior m(6) = c. However, we saw totally different phenomenon: go(z) is upper
bounded by as small constant, and the bound decreases with c. This is so-
metimes known as Jeffreys-Lindley paradox. It typically holds for two-sided
tests, because then only one of the model priors, typically 71, is improper.
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Example (normal mean, one-sided). Consider normal model N (6, 02).
Hypotheses

Hy: 6<0

Hy:60>0.

Let 7(0) = 1, = (x1,...,2y,). Since (recall (4.5)) O|lx ~ N (Z, %2), it holds
T
a/\/n’

where @ is the distribution function of N'(0,1). Therefore, qo(z) is the p-
value of frequentist test. Recall from (5.11) than for conjugate normal prior

™ =N(u,1?),

qo(z) = P(6 < 0|z) = ®(—2), z=

P(0<0\$):<I><—@), lim 72 = o?/n, lim p, =z,

7-7’L T—00 T—00

so that when 7 — oo, then the posterior probability P(6 < 0|x) converges
to that of flat prior.

Pseudo-Bayes factors. Let m be a improper prior. Following [6], we
say that (z1,...,2zy) is a a training sample, if the corresponding posterior
w(-|x1,...,2,) is proper and is a minimal training sample if no subsample
is a training sample.

Example. Normal model N (u,0?). The parameters = (i, 02).

1. With Jeffreys prior 7(8) = (02)~3/2, the posterior is NIX with para-
meters (Subsection 4.3.5)

The minimal training sample size is 1.

2. With prior m(0) = (02)~L, the posterior is NIX with parameters (Sub-
section 4.2.2)

—\2
(r; — T
Up =n—1, ngzz(nl_l), n =T, Knp=n.

Hence the the size of minimal training sample is 2.

3. With prior 7(0) = (0)~' = (¢2)~/2, the minimal training sample size
is 3 (Exercise 4).
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Consider the general setting (5.12), where 7 is a proper prior on Oy and
71 improper prior on ©1. Given a sample z = (z1,...,2y,), let z(g) be the
minimal training sample for 71; let x(_p be the rest of the sample. Hence
both posteriors m;(:|z(s)) (i = 0,1) are proper and independent of norma-
lizing constants.

The pseudo-Bayes factor is

0 Jo, Jolzo|0)mo(dbla )

BY .= . (5.19)
O o, filw—pl0)mi(do]z )
It depends on the choice of z ).
The following holds (x = (z1,...,x,), Exercise 5):
Bé? = BOl (.1') . Blo(m(l)) where (520)

_ Jo, folx|0)mo(dh) o, filz|0)mi(d6)
Boe) = s Clymany P00 = R Bymotds)

Example (normal mean, two-sided). The model N(6,1): Hypotheses

H()ZH:O, 7T0:(50
Hy:0+#0, m(0)=1.

The minimal sample size is 1. Hence (recall (5.17))

2
T
Bio(z1)) = ver exp[?l]

Since 0 o
D i T

fo(z, ... x,) = (271)*% exp|— 5 ]

and (by (4.3))

i (i — § d-m) _1 " l‘i—{Z‘Q
filey, . wn) = /(277)_3 eXp[—Mﬁw = (27T)< 03 exp[—M]

2 2
so that ) .
Bn(o) = (3F) P el §). (5.21)
By Formula (5.20), thus
T -1 x 22 — n(z)?
BYY = Bor(e) Buolay) = (30) Fespl- ) 1Vamexpl ] = viaexp T
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Let us also calculate By (z) directly, i.e. without formula (5.20). Recall (4.4):

T — 2
m(f]x1) = \/12? exp[—(126)].
Then (recall (4.3))
n—1 n T — 2
fi(ze, .. an) = (27T)_( - /eXP[—;Z(%’ - 9)2]\/12? exp[—(120)]d9

Since
( )
folxa,...,zy) = (27m)” 2 exp[—==1L

we get the same result

@ _ folwa,...,zn) z? —n(z)?
BOI N fl(CCQ,...,wn) N \/EGXP[ ]

We see that B((ﬁ) depend on x7 — the choice of training sample.

Example (normal mean, unknown variance, two-sided). Hypothe-
ses

Hy:p=0 7r0(a2)o<i

: , 3

1

Hy:p#0, m(p,0?) o o

The minimal sample size under H; is n = 2 and then the posterior is NIX
with parameters (section 4.2.2)

2

2
v=1, TZZZ(%—fl)Q:M, Mo:@i:xl;@, k=2
i=1

Applying formula (2.26) (marginal density under NIX prior):
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with (sample size is n — 2)

Vp=n—24+v=n—-1kKy,=n—24+K=n,

R o 2n—2), 5 1 &
UnT, =T + Z(m, — 1'3) + 7% (x3 — xl) N T3 = 9 in,
=3 =3

the marginal density is

[o.¢]
fl(x37 ey xn) - / f(.%'3, .. 7xn|‘727M)WI(M702‘$1,$2)dﬂd02 =
—00

Under Hy the posterior is (recall (4.6)) Scalelnv-x?(v, 72) where

In particular,

x% + :c%
202

770(02|x1,m2) x (02)_(1+1) exp[—

!

Applying formula (2.16) (the marginal density under scaled inverse x? with
sample size n — 2, we obtain :

=1

oy Do) D) )T (2t )
)= gz~ Ty o B o=l

which depends on x; and zs.
A way to remove this dependence is to average all possible pseudo-Bayes

factors over all possible training samples. One option is so called arithmetic
intrinsic-Bayes factor
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Example (normal). For the normal unknown mean example we obtain

n an n
By = Bm(:v)\/ﬂ(% Zexp[x%/Q]) = exp[f7] <\/15 Zexp[xlz/ﬂ).
=1 I=1

When 7 is N(0,2), then the regular Bayes factor is (recall (5.16), 72 = 2,
o2 =1)

T2n + o2 1 72n T\ nz? on
I exp 2 —V2n 11 f—;—f-gg————f.
o2 eXp[ 2(024—72n)(0/yﬁ5) ] E e T

5.3 Credible intervals

Credible sets are Bayesian analogue of confidence sets. Definition (from [6]):
For a prior 7, a set C; is said to be an «-credible region if

PO eChlz)=1—a.

This region is called an HPD a-credible region (for highest posterior den-
sity), denoted by C% if it can be written under the form

{0 :7(0]x) > kot C CF C {0 :7(0|x) > ko,
where kq is the largest bound such that
PO eCllxr)=1—a.

To consider only HPD regions is motivated by the fact that they minimize
the volume (when density is with respect to Lebesgue measure) among a-
credible regions and, therefore, it is in a sense an optimal solutions. Credible
intervals can be used with improper priors (as long as posterior is proper), as
the following examples show, they might coincide with frequentist confidence
intervals.

Example (normal mean). Consider the normal model with known va-
riance and conjugate prior

0 ~N(p,7%)

Xi,..., Xal0 N0, 0?).

The posterior is normal with mean /1, (%) and variance 72 as in (5.10)

2 2 2= 2 n
~ - T po< +nter Lz + 3T
e —nNn == ==
pn(Z) = po+ (na M)n72—|—02 nr? + o2 %—&-T%
1 o272
2 _ (N AN o7
Tn_(0'2+7'2) n72+02'
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Then, with e k, being «/2 quantile of standard normal distribution, the
HPD region is

C7 = [n(2) = kaTn, pn (@) + KaTn].
With improper flat (Jefferys) prior 7(6) = 1, the posterior (recall (4.5)) is
normal with mean # and variance o2 /n (the limits of y, and 72 as 72 — 00)
so that HPD region is the same as the frequentist confidence interval

C = [T — koo /\/n, T + koo / /).

Example (normal, unknown mean and variance). Consider the nor-
mal model with unknown variance and flat improper prior 7(u, 0?) o (02)7L.
We are interested in HDP region for p. The posterior (subsection 4.2.2)

Sin=a? )

plx ~ lst (w, Y p—

Therefore ~ ~
Vn(p — ) -

\/Zicﬁfﬂ B \/%E{S)? ~

so that with k, being a/2 quantile of student ¢,_; distribution, the HDP
region is the same as the standard confidence interval in frequentist statistics:

To find the HDP-region for conjugate NIX prior is Exercise 7.

tn—lv

Exercises:
1. Prove (5.3), (5.4).
2. Prove that for ag = a; = 1 the equations (5.5) and (5.6) hold.

3. Let Og and © form a partition of O; let m; be a prior density on ©; and
let fi(-|#) be conditional densities for observation. With model (5.12)
show that ¢;(x) = P(Z = i|X = x) and prove that (5.4), (5.15) and
(5.9) hold.

4. Prove that for normal model with 7(#) = (¢)~!, the minimal training
sample size is 3.

5. Prove (5.20).
6. Generalize (5.18) for n > 1 and 02 # 1.
7. Consider the normal model with unknown g and o2. Find the HDP

region for mean g under NIX-prior with hyperparameters v, pto, 72, K.
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6 Posterior consistency

Let {f(:|0);0 € ©} be a parametric model, and let X7, Xs, ... be iid random
variables with density f(:|fg), where 6y € © is so called true parameter.
Since the true data generating parameter 6y is unknown, a prior probability
measure 7 is assumed and so one ends up with our standard model (1.4):

0~
X1, X, 10 "% F(10).
The existence of true parameter 6y is called frequentist setting. Then, for-
mally, 0 is not a random variable any more. However, the posterior measure

_ A Il f(Xi]0)w(0)do
ST f(Xil0)m(0)do

still exists and we ask: how does the posterior distribution behave when the
sample size n grows? It is natural to expect that when the prior is not very
badly chosen, then the true parameter 8y should be recovered as n grows. In
classical frequentist statistics, the property of recovering the true parameter
as sample size increases is called consistency: an estimator 0, (that is a
function of Xji,..., X, hence random variable) is consistent if it converges
to the true parameter fy in some sense (as n grows). When 6, — 6 in
probability, then 6, is called consistent, and when 0, — 0o, a.s., then 0,
is called strongly comsistent. In Bayesian case, the main idea behind the
consistency is the same but since instead of random variables (estimators)
there are random measures P(:|X1,...,X,,), the definitions are should be
slightly modified. There are (slightly) different versions of consistency in the
literature, in parametric case the most common version is as follows: The
posterior distribution P(:|X1,...,X,) is called strongly consistent at 6y if
for every € > 0,

P(A|X,. .., X,) ::/w(GIXl,...,Xn)dQ
A

P(|l6 — 60|l > €| X1,...,Xn) =0, f(|60) —as.. (6.1)
When the convergence in (6.1) holds in probability, then the posterior dist-
ribution P(-|X1,...,X,) is called consistent (majus) .
Remarks:

1. In the frequentist setting @ is not a random variable, so the conditional
probability in (6.1) is defined as follows

P([|60 = 6ol > €| X1,...,Xn) = P(B(b0,€)| X1,...,Xn),

where B(fp, €) C O is the closed ball centered at 6y and having radius
€ > 0. The convergence (6.1) means that the posterior mass outside e-
neighborhood tends to 0 and it holds for any neighborhood. However, to
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facilitate the reading, in what follows, we use the full Bayesian notation
as in (6.1), i.e P(# € | X1,...,X,) := P(:|X1,...,X,). So we use
this notation even when the prior is improper (so that the conditional
distribution P(6 € -| X1, ..., X,,) does not exist), but posterior measure
in proper probability measure and P(:|X1,..., X)) exists.

2. f(-|80) — a.s. means that X;, Xo,... are iid with density f(:|0p). It
does not necessarily presuppose the frequentist setting (true parameter
exists). When 6 is random variable (as in fully Bayesian model (1.4)),
then fg is just a realization of 6.

3. By definition of a.s. convergence, for any € > 0 there exists the exceptio-
nal null set where the convergence fails. However, since we can restrict
ourselves with rational e-s, a single null set always works.

4. When Py, P,, ... is a sequence of probability measures on © such that
for every € > 0, P,(B%(6o,€)) — 0, then (see e.g. Prop 6.2 in [2])
P, = dg,, where = stands for the weak convergence of probability
measures and dg, is Dirac measure at 6. Thus (6.1) can be equivalently
stated as follows:

PO € |X1,...,X0) = 60, F(-|00) — as.. (6.2)

Moreover, with d being a metric in © that metrizes the weak conver-
gence (e.g. Prokhorov metric), then (6.2) is

d(P(0 €| X1,...,Xn),00,) =0, f(:|60) — aus.. (6.3)

6.1 A simple criterion for consistency

In the following proposition, we assume X1, Xo, ... to be iid random variables
with density f(+]0pg) and the a.s. convergence will be with respect to 6y (i.e.
f(:|6o)-a.s. will be dropped). We shall assume © C R! and we denote denote
posterior mean and variance by p, and o2, resp. Thus

tn = B[O X1, ... X,] = /ew(eyxl, LX),
02 = Varl[f|X1,...,X,] = /(9 — )7 (0|1 X1, ..., X,)db.

Proposition 6.1 Let 02 — 0 and 1, — 0o, a.s.. Then the posterior distri-
bution is strongly consistent.

Proof. By triangular inequality

P06 — 00| > €| X1, ..., Xn) <P(0 — ptn| > €/2|X1, ..., Xn)+
+P(|ttn — o] > €/2|X1,. ., Xu).
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Since p, — 0o, a.s., P(|jun — 60| > €/2|X1,...,X,) = 0 eventually, a.s.
(meaning that for almost every w, P(|un — o] > €/2|X1,..., X5) =0, even-
tually). By Chebyshev inequality

P60 — pn| >€/2|X1,...,X,) <

Hence (6.1) holds. m

The proof relies on the posterior measure only (Chebyshev inequality does
not require the random variables), hence Proposition 6.1 also holds when the
prior is improper but posterior is proper.

In multivariate case, i.e. 8 = (01,...604) the consistency holds, when the
assumptions of Proposition 6.1 holds for every component (Exercise 1): for
everyt=1,...,d:

E[91|X1,,Xn] — 9071‘, Var[@i\Xl,...,Xn} — O, a.s.. (64)

Examples.

1. Beta-Bernoulli model: X7, Xo, ... iid X; ~ B(1,6p). Prior: Beta(a, 3).
Posterior is

n n
Beta(ZXi —|—oz,n—ZX¢+[3)
i=1 i=1
with mean
Yo X n oY
n a+B8+n a+pB+n

Hn =

By SLLN, # — by, a.s, and so p, — 6o, a.s.
Posterior variance

1—
o2 = M — 0, a.s..

" at+f4n+tl

2. Gamma-Poisson model: X7, Xo, ...1id X; ~ Po(fy). Prior: Gamma(a, ().
Posterior is

Gamma(ZXi +a,n+ 5),
i=1

with mean

:Z?lei_ n o, ¢

Hin n B+n B+n
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n X,
By SLLN, ZZ:Tl — 6o, a.s., 80 pun — Op, a.s..
Posterior variance:

s Y Xita YR X n N
T (n+B)? n (”+5)2+(n+ﬁ)2_>0’ a.s..

With Jeffreys prior: Gamma(1/2,0) (improper) posterior is

g

Gamma,( Z Xi+1/2,n)
i=1

with mean and variance
_ i Xi+1/2 N - i Xi+1/2 0

a.s..
n n2 ’

Hn,

. Gamma-Exponential model: X1, Xo,...iid X; ~ Exp(6p). Prior: Gamma(a, 3).
Posterior is

Gamma(n + a, Z X; + ﬁ),

i=1
with mean:
_nta — 0 a.s
M = O, NN
" 2?21 Xz + B ’
since "oy .
722:1 L —  as.
n 0

Posterior variance:
9 n+ao n—+ao N
o. = =
L X+ B8 (L Xi/n+ B/n)?
With Jeffreys prior: Gamma(0,0) (improper).
Posterior is Gamma(n, Sor 1 Xi), with mean and variance

0, a.s..

n
—0), 0)=-——"=—0 as.

(T Xi)?

. Normal model, unknown mean: Xi, Xo,... iid X; ~ /\/(90,02). Prior:
normal N (i1, 72). Posterior is normal with mean:

n
Un = S~
Z?:1 X

n n 1
YLK &
i=1 ) 2 2 .
Pn = =70 1:_L+MQ:_L_H90’ a-8.
o2 T 72 P R )
and variance 5 o
o°T
L | |

o
" nr2 402

With Jeffreys prior (constant) posterior is normal with mean and va-

riance . )
" X o

Mn:@%%’ 0721:7%0_
n n
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5. Normal model, unknown variance: X1, Xs, ... iid X; ~ N (u, 6p). Prior:

scale-inversed x?(v,72). Posterior is ScaleInv—x? (v, 72

), where

n
Upi=v4n, v,T:= Z(XZ —u)? 4+ vt
i=1

Posterior mean:

1y = 2= (K pPavr? Vi Xi-p)?®  n vr?
o = =

— 6
v+n—2 n V—l—n—2+n+u—2 0

because
n

1
— Z(Xl — ,u)2 — 0y, a.s..
n-
=1

Posterior variance
2 207 0

= —" = a.s..
Tn vy, —4 ’
With Jeffreys prior (proportional to 1/6) Scalelnv—x?(0,72) the pos-
terior is Scalelnv—x?(vy, 72), where

n

Upi=mn, nTi= Z(XZ — )2
i=1

Posterior mean and variance

> i (X — p)?
n—2

22
— b, 0’2:A—>O, a.s..

:U’n: n n_4

. Normal model, unknown mean and variance: X1, Xo, ... iid X; ~ N (o, 0(2)).

Prior: NIX with v, m, 72, k, for Jeffreys prior v = k = 0.
Posterior: NIX with

Up=V+n

n

¢

P ) v P
K+n K+n n

Kn=K-+n

n n n
L X\ 2 v X 2
Vn73=V7'2+Z<Xi— 2im1 z) 4k <Zz:1 i _m) .
i=1 "

K+n n

Posterior means (subsection 2.5.3)

K . ¢
ElulX1,...,X0] = pin, = =17 .
[M| 1, ) n] Mn /ﬁ]+nm+ %+ n n Ho, a.s.,
2 nox. 2 N2
Elo?|X1,...,Xa] = v 4 Y (Ko = )" + Klpn = m) — 0, as.
v+n—2 0
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Posterior variances: Since 02| X7, ..., X, ~ Scalelnv—x?(v,, 72)

2 2#%
Var[o*|X1,...,Xp] = —— — 0, as.
v, —4

Since

/’L|X17"’7XnNISt(Mn777Vn)

n
we have
Var[u| X X]—Vniﬂ%—ﬂ) a.s
HIAL -y n_/fn(yn_2) )

6.2 Doob’s consistency theorem

The celebrated Doob’s consistency theorem assumes (only) that our mo-
del {f(:|0)} is identifiable meaning that to different parameters corresponds
different probability distributions: when 6 # ', then there exists A € B(X)
such that

Py(A) = /A f(2]0)dz # /A F(2]0')di = Py (A).

Recall that g € Li(7) means that g : © — R is a measurable function such
that [ [g(0)|m(df) < .

Theorem 6.1 (Doob’s consistency theorem) Let m be an arbitrary pro-
per prior on © and let g € Li(mw). Then there exists a set Oy C © with
m(O0) = 1 such that the posterior is strongly consistent at every 6y € Oy.
Moreover,

Elg(0) X1, X.] = g(6o),  F(16) — as..

In full Bayesian setting (1.4), 6 is a random variable with distribution =
and Doob’s theorem simply states that for almost every realization of 6, the
consistency as well as the convergence of conditional expectation of g holds
without further assumptions. In frequentist setting, there is an unknown true
parameter 6y. Doob’s theorem then states that whatever prior one chooses,
there is a set ©¢ with prior probability one so that strong consistency holds
provided 0y € Og. Unfortunately in practice one does not know in advance
whether the unknown g belongs to Og or not, and that constitutes the main
criticism of Doob’s theorem. An exception is countable ©. Then any prior
assigning positive mass to all parameters on © guarantees the posterior con-
sistency, because for any such prior, ©g = ©.

Formally, Doob’s theorem assumes proper prior. With improper prior, m
one can use (minimal) training sample z(;), define a proper posterior

7o) () = P(-|zp) (6.5)
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and use this as the prior for the rest of the observations to get posterior
Py (-| Xeq1, - -+, Xn). Since (Exercise 2) Py (| Xey1, -+, Xn) = P(|X1,. .., Xp),
the consistency prevails. The set ©g, however, might depend on X ;). When

7 has an atom 6, and f(X(4)[0p) > 0, then Oy is an atom of 7, as well
(Exercise 2). Then 6y € Oy.

For the proof of Doob’s theorem as well as a nice discussion with further
references, see [1].

6.3 Schwartz’s theorem

Kullbak-Leibler support. The Kullback Leibler (KL )divergence between
two densities f(x) := f(z|6) and fo(z) := f(x|0p) is defined as follows:

D(follf) = /ln (J})g)))fo(x)dx.

KL-divergence is always nonnegative, D(fp||f) = 0 if and only if f = fo,
a.s.. KL divergence measures the difference between f and fp, but it is not
symmetric and transitive, hence not a metric. Since we only consider den-
sities from our parametric model {f(-|0)}, we define D(6p]|0) := D(follf),
where f(z) = f(z]0) and fo(z) = f(x|6p). Since we assume identifiability,
D(60y]|6) = 0 iff = 0y otherwise D(6p]|0) > 0.

When our model {f(:|8)}, © C R? is such that for a.e. z € X, 0 > f(z]0) is
continuous at 6y and Je > 0 such that

/ sup
963(90 ,6)

then by dominated convergence 6 — D(6y]|6) is continuous at 6. To see that
let 8,, — 6y and observe that for almost any =z,

f (x|0n))
n ( — 0.
[ ((6o)
Condition (6.6) allows to go with limit under the integral (this is what do-
minated convergence is) and so

ln( Z‘G;)‘f (z]60)dz < oo (6.6)

hm D(6y|60) = hm / x‘%}))>f(x90)dx

:/9131910111(f(g?)))f(xeo)dxz

The continuity of D(fy||-), identifiability (i.e. D(6p]|¢) = 0 only if 8 = 6)
and relative compactness (boundedness) of © implies

D(0)|6r) — 0 = 6,, — 6p. (6.7)
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The support (kandja) of a probability distribution 7 on © is the minimal
closed set supp(m) C © having probability one. Equivalently the support is
the set of such elements whose every neighborhood has positive probability:

0 € supp(m) < Ve>0, n(B(f,¢€)) > 0. (6.8)
Let for every € > 0
Bk (0o, €) := {0 : D(6y||0) < €}

be the Kullback-Leibler ball. We say that a parameter 6 belongs to Kullback-
Leibler support of w , denoted by 6 € suppyy (7), if Ve > 0, m(Bkr(6,¢€)) >
0.

Proposition 6.2 If 6 — D(0|0) is continuous at 0y and (6.7) holds, then
0o € suppgr,(7) if and only if 6y € supp(n).

Proof. If 6 — D(6y||#) is continuous at 6y, then by definition of continuity
for every € > 0 there exists § > 0 such that B(y,d) C Bgr(6p,€). This
means:

0y € supp(m) = 6y € suppg (7). (6.9)

On the other hand, (6.7) implies that for every € > 0, there exists § > 0 so
that Bir,(00,9) C B(0o,€). Indeed, if not, there would exists a € > 0 so that
for every ¢ there exists a 65 such that D(6p||fs) < d, but ||@s — 6|| > €. This
contradicts (6.7). Consequently:

0y € suppyr(m) = 6y € supp(n). (6.10)

Examples of Kullback-Leibler support.

e (Beta-)Bernoulli model. For Bernoulli densities with parameters 6, ¢’
KL-divergence is (Exercise 3)

D(0|¢) = f1n (g) +(1—9)1n(11__g,). (6.11)

Here 000 = 00-0 = 0. Thus D(#]|-) is a continuous function and (6.7)
holds. For any 6 and therefore for any prior suppy (m) = supp(n).
The support of Beta-distribution is [0, 1] = ©.

e (Gamma-)Poisson model. For Poisson densities with parameters 6,6,
KL-divergence is (Exercise 3)

D)0 = 9’—9+1n(g)0. (6.12)
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Formally ©® = (0,00) (for # = 0, there is no Poisson distribution).
Thus D(6||-) is a continuous function for any 6 and clearly (6.7) holds.
Therefore for any prior supp g, (m) = supp(w). The support of Gamma-
distribution is then © = (0,00) (even when the support of Gamma
distribution on R is [0,00)). One can define P,(0) = d¢ (has density
with respect to the counting measure), then © = [0,00), continuity
and (6.7) holds (because D(0, ||0") = ') and suppg (7) = supp(r). In
this case, for Gamma distribution supp(m) = [0, c0).

e (Gamma-)Exponential model. Here © = (0, 00). For exponential den-
sities with parameters 0, 6', KL-divergence is (Exercise 3)
A 0
D(0)0") = 5—14—111 (@) (6.13)
Thus D(0||-) is a continuous function for any # > 0 and (6.7) holds.
Therefore for any prior, suppg(7) = supp(n).

e Normal model. For normal densities with parameters (u, 02) and (¢/, o' 2),
KL-divergence is (Exercise 3)

2 2 2

9y 1 4 (n—p)? o
2 2\ _
D(/L,o‘ ”:LL/?O- ) = i(ln (ﬁ) + T + 0_,2 - 1) (614)

Here © = R x (0,00), D((11,0?)]+) is continuous for any (i, o), (6.7)
holds and so suppg(7) = supp(m).

Tests. Let Xi,...,X, beiid sample from f(-|#) with unknown parameter
0. For testing the hypotheses Hy : 8 = 6y against the alternative H; : 8 # 6,
one typically determines a set A, C X"™ so that Hy is rejected whenever
the sample (z1,...,x,) € A,,. Hence 14, (x1,...,2,) = 1 iff Hy is rejected,
otherwise I4, (21,...,2,) = 0. Let X = (X1,...,X,,) . Thus the probability

/A 1 f@ilbo)dw: - dz = P(X € Ay|0 = 65) = E[I4,(X)|0 = 6]

ng=1

=: Ep, (IAn (X))

is the probability of the error of the first type. The test is good when that
probability is small. The function 6 — Ey(I4, (X)) is called the power func-
tion of the test and it is desirable when that function is big when 6 # 6.

In the theory of statistics, test is any measurable function ¢, : X™ — [0, 1].

The fact that ¢n(x1,...,2,) can take any values in [0, 1], not just O or
1 indicates the fact that a statistical test can be randomized and then
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On(T1,...,2y) is just the probability (over the extra randomness) that 0-
hypothesis will be rejected when the sample is z1,...,z,. Now

Ey(¢n(X)) = Ep(on(X1,..., Xn))

is again the probability of rejecting Hp under 6 (i.e. X1, ..., X, beiid sample
from f(:|6)). A test ¢p is good if Eg,(¢n(X)) is small (close to 0) and for
any 0 # 6y, Fy ((bn(X)) is close to one or, equivalently, E@(l — qﬁn(X)) is
close to 0.

Theorem 6.2 (Schwartz) Let 6y € suppg(m). Suppose that for every
€ > 0 and n, there exists tests ¢n such that as n — oo,

Eg, (¢n(X1,...,Xn)) =0, ” supH Eo(1— ¢n(X1,...,X,)) = 0. (6.15)
0:|0—00||>€

Then the posterior is strongly consistent at 6g.

For the proof see |2], sec 6.

The existence of test required in Schwartz theorem is nor very restricti-
ve. It holds true, when there exist estimators T,, = T'(X1,...,X,,) that are
uniformly consistent: Ve > 0

sup Py(||T, — 0| >¢€) =0 (6.16)
0

(Exercise 4). Here, obviously, Py(||T5, — 8| > €) = P(||T5, — 0| > €|6).
Consistent tests typically exist, to prove the uniform consistency might be a
challenge and the proof might depend on the concrete family. For example,
when 6 € R is mean and variance of f(:|¢) is bounded by M for every 6
(like for Bernoulli model), then by Chebyshev inequality, the sample mean
T, = %(Xl + -+ 4 X,,) is universally consistent:

M
Py(|T — 6] > €) < —5 — 0.
ne
Another example is Lemma 10.4 in [3] states that when the distribution
functions of f(-|0), let them be Fy satisfy the following condition

inf  sup |Fyp(t) — Fpr(t)] > 0, (6.17)
6-0"1>€ ¢

then universally consistent test exists. The condition (6.17) is often met in
practice. Finally observe that the existence of the tests depends on the model
{f(:]9)}, only (not on the prior). Hence, even when the Schwartz theorem
assumes proper proof, for improper 7, one can replace 7 by () (recall (6.5)),
just as in the case of Doob’s theorem, provided 0y € supp (7))
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6.4 Point-null hypotheses and consistency

Recall the point-null hypotheses:

H0:0:90
Hlie#eo.

Let m be a (possible improper) prior on 01 = 0\ {#y}. We take my = g,
and fix the model priors qo, g1 (both positive). The overall prior on © is thus
mixture ™ = godg, + 171 that has an atom at 6. The posterior (recall 5.13)
is also a mixture, since ©¢g = {6y}, the posterior is now (z is replaced now
by Xl,...,Xn)

P(A‘Xl, e ,Xn) = IA(GO)(]O(X]_, N ,Xn)JrPl(A\{QQHXl, e ,Xn)ql(Xl, .

Thus (take A = {6p}), P({00}|X1,..., Xn) = @(X1,...,X,), and we show
that under Hy (i.e. when X3, Xo,... are iid from f(-|6p))

qO(Xla‘--7Xn) — 1, a.s..

Assuming, for a moment, that m; is proper, hence 7 is proper as well, we
apply Doob’s consistency theorem with g(6) = Ipo(0) to obtain

PUHOY|X1,. ... X)) = E(g(0)| X1, ..., Xn) = g(0) =1, as. (6.18)

Doob’s theorem applies, since 6y is an atom. When 71 is improper, we addi-
tionally assume that all densities in the model { f(:|)} have the same support
and posterior under 7 is finite. The additional assumption that all densities
{f(-:]0)} have the same support ensures that for almost every training samp-
le Xy, the posterior m(y) (recall (6.5)) has the atom at p as well and then
(6.18) holds.

Suppose now that Hj holds, i.e. X1, Xo,... are iid random variables from
f(-161), with 61 # 0y. Assume that 71 is proper and 6 € suppg (71). Thus
Ve > 0, m1(Bxkr(01,€)) > 0 and since 7 is mixture, clearly m(Bkr(01,¢€)) >0
as well. Hence 61 € suppg (7). It can be shown (see [2], Thm 10.24) that

the tests exists and so by Schwartz’s theorem posterior consistency holds.
Hence, for any ball B := B(0;,¢) C O; (thus 6y & B(01,¢)),

P(B‘Xl, A ,Xn) = Pl(B|X1, Ce ,Xn)ql(Xl, ce ,Xn) — 1, a.s..

Hence P (B|X1,...,X,) — 1, a.s. — it follows from Schwartz’s theorem when
applied to 71 — but also (and most importantly)

a(Xi,...,Xp) =1, as.
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When m; is improper, one can replace 7 by 7).

Now recall the Bayes factor and formula (5.15):

q )—1
qoBo1(X1,...,Xy)

q(X1,...,Xn) = (1 +

Since qo(X1,...,X,) tends to 1 (to 0) if and only if By (Xy,...,X,) —
oo (to 0), we have shown that under Hy, Boi(X1,...,X,) — oo, a.s. and
(provided m is not too wrongly chosen) under Hy, Boi(X1,...,X,) — 0,
a.s.. These convergences are sometimes known as Bayes factor consistency .

Example (normal mean, known variance). Let f(:|¢) be normal den-
sity with known variance 02 = 1 and unknown mean 6. Hypotheses:

Hy:0=0
H197é0

With 71(0) = 1 it holds (recall (5.21)):

v\ 2
Bot(X1,..., X)) = \/gexp[—n(;() . (6.19)

When X, Xo,... are iid with 8 = 0 (i.e. Hp holds), then by LIL, for every
€ >0,

n
_ > X
\/ﬁxz%g(l—i—e) 2Inlnn, ev, a.s.
n

a5 = exp [3(ZEY ] < )04 ex,as.

Therefore, under Hy, Boi(X1,...,X,) — o0, a.s. and qo(X1,...,X,) — 1,
a.s. (recall (5.18) gives upper bound to go(X1), only).

When X1, Xo,... are iid with 6; # 0 (i.e. H; holds), then by LIL, for every
€>0,

Zi:l(\)ﬁ_el) <(1+€e)V2hnlnn, ev, as.
n

T(X;—0
Zzl(xfl)z_(1+e)\/m, ev, a.s.
n

This means

> i (X = 01) |01]
= L < —_— .S..
‘ NG +vnb| </n 5 OV, as

‘Z?:l X
\/ﬁ
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Therefore

\/177 exp E (Zl\zflnXl)z} — 00, a.s.

implying that under Hy, Bo1(X1,...,X,) — 0, a.s. Hence Bayes factor con-
sistency holds.

When 71 = N(0,72), then by (5.16),
2

B (X1,...,Xpn) =V (m?n+1)exp [— ;Tn) -n(X)ﬂ.

(1+72n

We see again that Bayes factor consistency holds.

6.5 Bernstein-von Mieses theorem

Total variation distance. Recall the total variation distance between two
probability measures P and @ on B:

[P —Q|lrv = sup [P(A) — Q(A)].
AeB
When @ and P have densities p and ¢ w.r.t. some reference measure p, then
1
1P~ Qlrv = 5 [ ta) = a(@)ln(da).

Sometimes the total variation distance is defined as [ |p(z) — q(z)|u(dz).
When measuring the difference between distributions of random variables
X, Y observe that the total variation distance is invariant under linear trans-
formation (location and scale changes):
|IP(X e )=—PY €)|rv=||P(aX+be-)—PaY +be)|rv, a#0.
(6.20)
The total variation distance is strong: the convergence in total variation
implies the convergence in distribution (weak convergence):

||Pn*PHTV4)0:>Pn:>P-

When the model {f(-|0)} is such that § — f(x|6) is continuous at (almost)
every x, then from Sheffe’s theorem it follows that the model is continuous
n total variation, i.e.

by =0 = / F(]0n) — F(2]0)|dz — 0. (6.21)

Most of the models considered above satisfy (6.21). In particular, it means
that for every € > 0 there exists § > 0 such that

sup |Po(4) — Pr(4)] = 3 / (@0 — F(l6)]de < c,

whenever [|0 — 0’| < 0.
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Asymptotic normality of MLE. Consider the frequentist setting: X1, ...
is iid sample from f(-|0y). Let #,, be maximum likelihood estimate (MLE),
i.e.

A~

0, = argmguxf(Xl, o X50).

As it is well known, under fairly general conditions, 0, — 0o, a.s., (consis-
tency) and it is asymptotically normal:

V0, — 00) = N(0,171(6p)), (6.22)

where I(6p) is Fisher information matrix. Hence, for large n, 6,, has approxi-

» Xn

matively N (6, n~ 171 (6p))-distribution. Observe that n=11=1(0y) = I, (o).

For a rigorous statement and proof of (6.22), see e.g. [3], Thm 5.39.

Bernstein-von Mieses theorem. Let Xq, Xo,... beiid random variables
from f(-|0p) and let 6,, be MLE. The Bernstein-von Mieses theorem states
that under some general assumptions and under the existence of tests sa-
tisfying (6.15) for any prior distribution that is absolutely continuous (with
respect to Lebesgue’i measure) and bounded away from zero in a neighbor-
hood of 8y, the following holds:

Eg, | P(v/n(0 = 60) € | X1,..., Xn) = N(v/n(0n — 00), I (00))| 1, = 0.
(6.23)
Remarks:

1. Since we are in frequentist setting, the probability
P(vn(0 —6y) € | X1,...,X,)

should be interpreted as P(6 : /n(6 — 6y) € | X1,...,X,), where
P(:|Xy,...,X,) is posterior (just like in the consistency results).

2. Since 6, is a function of X1, ..., X,, so both measures in (6.23) depend
on Xi,...,X,. Hence the total variation distance, let us denote it by
Y,, ie.

Y, = ||P(vn(0 — 6o) € | X1,..., Xn) = N(V(0n — 00), 17 (00))]| 1,

is a function of X1,...,X,, — a random variable. The theorem claims
that when Xi, Xo,... are iid random variables from f(-|6), then the
expectation of these random variable converges to 0: FEp,Y,, — 0.
Recall that Fp, indicates that X1, Xo, ... are iid random variables from
f(:|6p), i.e. the true parameter is 6y.

3. "Bounded away from 0 in a neighborhood of 6p" means that there
exists a neighborhood of 6y, say U, (i.e U is open and 6y € U) and an
€ > 0 such that 7(0) > ¢, V0 € U. It holds when 7 is continuous at 6y
and m(6p) > 0.
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4. The total variation distance is bounded by 1 and so Y,, < 1. For boun-
ded random variables the convergence in probability is equivalent to
the convergence to in expectation, i.e.

EgYn =0 &  Pyp(Yy,>e)—0, Ve>0. (6.24)

This means that (6.23) is equivalent to the convergence to 0 in proba-
bility, and sometimes in the literature it is so stated.

5. Let Z ~ N(0,17(6y)). Then

Yo = [[P(/1(8 = 60) € | X1, ..., Xn) = P(Z + /(0 = 00) € )| 1y,

From (6.20), (take a = 1 and b = —/n(6,, — 6y)), it follows

Y, = ||P(v/n(0 - 6,) € | X1,...,X,) — P(Z € ) (6.25)

' HTV'

Applying (6.20) again (now take a = 1/y/n and b = 6,,), (6.25) can be
restated:

Yo, = HP(9 S '|X1> o ,Xn) _N(éa Igl(eo))"TV

Bernstein-von Mieses theorem provides Bayesian counterpart of asymp-
totic normality of MLE. Indeed, (6.22) states:

V(b — 0)|60 = N (0,17 (6o))
and (6.25) states (with some reservation)

V(0 —60,)|X1,. .., X, = N(0,171(6p)).

6. In [2, 3], the Y}, in the statement of Bernstein-von Mieses is defined
differently:

Y, = |[P(vn(0 —60) € | X1,..., Xn) — N(Qnay, I 1(00))], (6.26)

where
8lnf (Xil00)
Ap g, \f Z I~ T
Observe that (under regularity)
o1 £(Xi(60) O £(Xi[6y)
Egy [=——75—1 =0, Varg [————] = 1(60).
Hence

1 Z - alﬂfgf%) 50, Ang, = N(O0,I7Y(8)  (6.27)
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It can be shown that under 6y

A P
|An,90 - \/E(Qn - 90)|_>07
and from this, it follows that under 6
_ A _ P
IN (A g5, I (80)) = N (V(0r — 00), I~ (o)) |70

Now, it is clear that v/n(6, — ) in (6.23) can be replaced by AV
For detailed assumptions, theorems and proof, see [2], Ch 12, [3], Ch 10, [4],
7.4.2.

6.6 Exercises

1. Show that when (6.4) holds for every component, then the posterior is
strongly consistent i.e. (6.1) holds.

2. Prove that for any training sample Z(p)
Py (lzerr, - mn) = P(|z1,. .0 20).

Show that when 7 has an atom 6o, and f(X(|00) > 0, then 6y is an
atom of ().

3. KL divergence. Prove (6.11),(6.12),(6.13), (6.14).

4. Prove that when (6.16) holds, there for every € > 0 and n there exists
¢n, such that (6.15) holds.

7 Dirichlet process model

7.1 Non-parametric setting: preliminaries

The space (P, B(P),n). Let X = R% let P be the set of all probability me-
asures on X. In this section, we denote the elements of P as p. Recall the weak
convergence of probability measures p, = p if and only if [ fdp, — [ fdp for
any f € Cy(X) (set of bounded continuous functions). By portmanteu theo-
rem, this is one of the many equivalent definitions. The weak convergence is
metrizable by many metrics, one of them is Prokhorov distance:

d(p,q) = inf{e > 0: p(A) < q(A°) +¢,q(A) < p(A°) + ¢},

where A€ := {z: ||z —y|| <€, y € A}. It can be shown that (P, d) is comp-
lete and separable (hence Polish) metric space (2], Thm A3 or [7], Thms
1.9, 1.15). The distance d generates open sets and, hence, also the Borel o-

algebra B(P) on P.
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For every A € B(X) and for every f € Cy(X), we define
Ty : P — [0, 1], TA A)
Tf PR, Tf /fdp

It can be shown that B(P) is the smallest o-algebra on P making all maps
T4 measurable (for every measurable A). Also B(P) is the smallest o-algebra
on P making all maps T measurable (for every bounded continuous f). ([2],
Prop. A5 or [7], Prop 1.16, 1.18). From that the following proposition can
be deduced ([2], Prop. A5 or [7], Thm. 1.19 and 1.21):

Proposition 7.1

1. When 7 and 7' are two different probability measures on (P,B(P)),
then there exists a finite measurable partition A1,..., A of X and a
k-dimensional Borel set B € B(RF) such that

m{p: (Ta,(p); - Ta,(p)) € B} #'{p: (Ta,(p),...,Ta,(p) € B}.

2. When 7 and 7' are two different probability measures on (P,B(P)),
then there exists a function f € Cy(X) and a Borel set B € B(R) such

that
ﬂ{p:/fdpGB}#ﬂ’{p:/fdpeB}.

In other words, 1. states that any probability measure m on B(P) is comple-
tely determined by the set of distributions p — (p(Al), e ,p(Ak)) for every
measurable partition Ay, ..., A; of X (given 7, every partition generates a k-
dimensional random vector and the distributions of all these vectors uniquely
determine 7).

In other words, 2. states that any probability measure = on B(P) is comp-
letely determined by the set of distributions p — [ fdp for every bounded
and continuous f (given 7, every function generates a random variable and
the distributions of all these random variables uniquely determine 7).

Random measure and its law as the prior. Let (2, F,P) be a pro-
bability space. Recall P is the set of all probability measures on (X, B(X))
and also recall that (P,B(P)) is a measurable space (set of all probabi-
lity measures equipped with Borel o-algebra induced by Prokhorov metric).
A random measure P on X is a measurable mapping P : £ — P. The me-
asurability here means that for every E € B(P), P~}(E) € F. Since for
every A € B(X), T4 is B(P) measurable, we get that the composition

TyoP: Q—10,1], TqoP(w)=Pw)(A)
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is F-measurable, hence a random variable. On the other hand, since B(P) is
the smallest o-algebra on P making all maps 74 measurable, it follows that
a mapping P : Q — P is F-measurable (hence random measure) in and only
if the composition above is a random variable for every A € B(X) (Exercise
1.) Hence the mapping P(w, A) := P(w)(A) is a Markov kernel:

P(-, A) is F-measurable for every A € B(X)

P(w, ) is a measure on B(X) for every w.

Every random measure P induces a pushforward measure on (P, B(P))- the
law (distribution) of P. Let that be 7:

n(E) :=P(P~YE)), VEeB(P).

We shall write P ~ 7. In non-parametric Bayesian setting, the measure 7
is the prior measure on the set of all probability measures P. On the other
hand, given a probability measure m on (P, B(P)), one can take the under-
lying probability space (2, F,P) as (P, B(P),n) and define P(p) = p. Then
the law of P is . So any prior measure m can be considered as a law of (at
least one) random measure. In Bayesian setting, the distribution of a ran-
dom measure matters, and so the setting above, i.e. (Q, F,P) = (P, B(P),r)
(hence w = p) is typically used.

By proposition 7.1, any probability measure m on (P, B(P)) is determined
by the distributions of all vectors (Ta,, ..., T4,) corresponding to all measu-
rable partitions (41,..., Ax) of X. Equivalently, the the distribution of any
random measure P is determined by the laws of (P(A1),..., P(4x)).

For any random measure P ~ m, let

H(4) i= BIP()] = [ p(A)n(dp).
Clearly (Exercise 2) that p is a measure on (X, B(X)) — mean measure.

7.2 Diriclet process

Definition. Let a be a finite measure on (X, B(X)). A random measure P
on X is a Dirichlet process with base measure a if for any finite measurable
partition Aq,..., Ag of X,

(P(Ay),..., P(Ay)) ~ Dir(a(A1), ..., a(Ap). (7.1)

We know that (7.1) uniquely defines the distribution of Dirichlet process: if
P ~ 7 and P’ ~ 7’ are two different Dirichlet distributions with the same
base measure (both satisfying (7.1) for all finite measurable partitions), then
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7 = 7. In what follows, the distribution of a Dirichlet process with base
measure « will be denoted by DP(«). Hence, if P is a Dirichlet process with
base measure «, we shall write P ~ DP(«).

We write |a| := a(X') < oo for the total mass of a and we define a := o/|q|.
The measure & — often refereed to as center measure — is a probability me-
asure.

For the proof of the existence of Dirichlet process see ([2], Sec 4.2).

Moment properties of Dirichlet process. Let P ~ DP(«a). Then for
any two measurable sets A, B € B(X) and for any two measurable functions
f,9: & = R having the needed integrals,

1. P(A) ~ Beta(a(A), a(A%));
2. u(A) = EP(A) = a(A);

3. Var(P(4)) = S56;

4. Cov(P(A), P(B)) = 2ANE-alalis),
5. BE[f fdP] = [ fda;

6. Varl[ fdp] = [U=[1dm’az,

7. Cov|[ fdP, [ fdP] = ffgdaI{ﬁ&fgd&-

Assertions 1-3 are immediate from the definition and the properties of Di-
richlet distribution (Exercise 4). The proof of 4 can be found in ([2], Prop.
4.2). The proofs of 5,6,7 follow from the standard machinery argument when
noticing that with f = I4 and g = Ip, the properties 5,6,4 are the same as
the properties 2,3,4, (resp.) (see [2], Prop 4.3).

Properties 2 and 3 show that the bigger is |a|, the smaller the variance
and the more the Dirichlet process is concentrated around its mean &. This
justifies calling M := |« as the precision parameter and rewriting « = Ma.
Thus when specifying the prior, one can start with center measure & and
then choosing the precision parameter M reflecting the degree of confidence.
The properties 2 and 3 also show that when « # o/, then DP(«a) # DP(d/):
either means or variances differ.

Stick-breaking representation. Stick-breaking is a technique to const-
ruct a random probability measure on countable set i.e. a random sequence
(W7, Wa,...) of non-negative random variables summing a.s. up to 1. Let
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Vi, Va, ... be a sequence of random variables V; € [0,1] for every i. Define

new random variables Wy, Ws, ... as follows
k—1
W=V, Wo=(1-V)Va, Ws=(1-W)A-Va)V3,--- W, = [[(1-Vi)Wk.
i=1

(7.2)
The interpretation: a stick with length 1 is broken at a point given by V.
The first weight is W7 = V;. The length of remaining stick is 1 — V} and it is
broken into two pieces of relative lengths Vo and 1 — V5. The second weight
is the first part of it, thus Wy = (1 — V})Va. The length of the remaining
stick (after two breakings) is (1 — V1)(1 — V2) that is broken into two pieces
of relative lengths V3 and 1 — V3, so that W3 = (1 — V1)(1 — V2)V3 and so
on. It can be shown that when V7, V5, ... are iid random variables such that
P(Vi >0) >0, then > 72, W; =1 as. ([2], Lemma 3.4).

It turns out that the stick-breaking construction can be used to construct a
Dirichlet process. Let &« = M & be a base measure.

Theorem 7.1 (Sethuraman) Let 61,02, ... be iid random variables, 0; ~ &
and V1, Va, ... are iid random variables, V; ~ Beta(1, M), then

S " W;ds, ~ DP(a),
j=1

where Wy, Wa, ... are as in (7.2).
For the proof see (|2], Thm 4.12). Since

Mkfl
EWy = ——+
we see that the bigger M the more uniform (and smaller) are the masses
W1, Wha,...; recall also that the variance of W; decreases when M increases.

The stick-breaking construction gives an easy method to simulate a Dirichlet
process, at least approximatively. It also shows that almost every realization
of DP(«) is a discrete measure:

DP(a){p € P : p is discrete} = 1.

So the set of all discrete measures is a subset of P having DP(«) measure 1.
Recall the support of any probability measure 7 on P is the smallest closed
set (in Prokhorov metric) having m-measure 1. It turns out that the support
of DP(«) is much larger set than just discrete measures — it can be shown
(2], Thm 4.15) that the support of DP(«) is the set

{p € P : supp(p) C supp(a)}.

Hence if & or equivalently « is fully supported on X (supp(a) = X), then
the support of DP(«) is P.
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7.3 Dirichlet process model

With DP(«) as the prior measure, we get the non-parametric version of our
basic model (1.2):

Pla ~ DP(«)
(7.3
Xla"'an|P:p Np
With some abuse of terminology, the random variables Xy, ..., X, is called

a sample from Dirichlet process.

Conjugacy. We now argue that DP is conjugate prior, i.e. the poste-
rior distribution is DP as well. Let * = (x1,...,2,) be a realization of
(X1,...,X,) defined as in (7.3). Let Ay,..., Ax be a partition of X and let
(N1, ..., Ng) be the cell-counts, i.e. N; = 371" | 14.(X;),j =1,..., k. Hence,
given Aj,..., Ak, we end up with Dirichlet-multinomial model:
(P(A1),...,P(Ag))|a ~ Dir(a(4y),. .., a(Ay))
(Niy. o, NOIP(AL, .. P(A4)) = p(A1), .., p(AR)) ~ Multin(n, (p(A1), ., p(AR)).
We know that Dirichlet distribution is conjugate prior for multinomial dist-
ribution, hence given a realization (ni,...,nx) of (Ny,...,Ny), (i.e. nj =
iy Ia,(2i), 5 = 1,..., k), the posterior distribution of (P(A1), ..., P(Ax))
is Dirchlet distribution as well:

(P(Al), .. ,P(Ak))]nl, e, N Dir(a(Al) +nq,... ,(X(Ak) —|—7”Lk)

It can be shown ([2], Thm 4.6) that the distribution (P(41),..., P(Ak))|n1, ..., nk
is the same as the distribution of (P(A1),..., P(A))|z1, ...,z Thus for
every partition Ay, ..., Ag,

(P(A1), ..., P(Ap)) |z ~ Dir(a(Ar) + Y Ia, (23), ... o Ag) + Y Ia, (24)).

1=1 1=1

Since for any A € B(X)
a(A) + ) La(wi) = a(A) + ) 6z, (A),
i=1 i=1

we conclude that

Plz ~ DP(a) (a + zn:am).
i=1

With (M, &)-parametrization, the posterior updating o — a + Y ;" | 0y, is
the following
M n

M— M 0 — Y P,
T« M+na+n+M "
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where
1 n
e

is the empirical measure. Hence the center measure of posterior distribution
is the convex combination of prior center measure and empirical measure,
empirical measure becomes more relevant as n grows. We see that M can
be interpreted as "prior sample size". For any (Borel) A, we get thus from
moment-properties of DP (here X = (X1,...,X},))

n

B(P(A)|X =) = 37— a(A) + — 5 Pul(A);
E(P(A)|X = 2)E(P(A%)|X = z) 1
Var(P(AIX =) = 1+M+n SI0 M in)

Marginal and predicative distributions. The marginal distribution of
X is &, because (moment property 2 of DP) with Px denoting the marginal
distribution of X

Px(4) = [ pA)IDP(@) () = EP(4) = a(4),

Hence X ~ a. Let us now find the distribution of X2|X; = z1,denoted by
Px,|z,- Clearly,
XQ‘P :p,Xl =1 ~pP.

Since P|X; = x1 ~ DP(a + d5,), we get

Px,le (A) = /p(A)dDP(Oé + 62,)(p) = E(P(A)| X1 = 21)
M 1
= a1t T
Thus u )
X2|X1 =1~ M+1a—|— M—}-léml‘

Repeating this argument, we obtain

PXn+1|X1:x1,...,Xn:xn (A) =EP(A) X1 =21,..., Xy = 2p)
M n

= n(A)+ ——P,(A
M—l—na( )+n+M n(4)
or, equivalently,
a+ >0 0 M n
Xpt1|Xi =21, ., Xy =20 ~ =1 = P,.
n+1‘ 1 x1, y An In n+ M M+na+n+M n

(7.4)

Hence, the predicative distribution is the center (or mean) measure of pos-
terior.
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Generalized Polya urn scheme. The formula (7.4) gives an easy algo-
rithm to generate a sample from Dirichlet process:

e generate X; from &, i.e. X1 ~ &;
e given X; = 7 generate Xy as follows:

1
M++1
M
M+1

with probability generate take X9 = z1,

with probability generate Xo from &;

e given X; = z1, Xo = x2 generate X3 as follows:

with probability ﬁ take X3 = 1,
with probability 17 take X3 = z»
with probability MLH generate X3 from &;

e given xi,...,%, generate X, is as follows:

with probability ﬁ take X1 =a; (i=1,...,n)
with probability ML% generate X, from a.

Let z7,..., 2} be distinct values in x1,...,z, with n1,...,n; being the re-
petitions. Then the same rule for generating X,,4+; is the following:

with probability 174 take X1 =25 (j =1,...,k)
with probability ML-"[-’IL generate X,y from a.

Hence there is a clear analogue with Polya urn scheme: initially, in the
urn there are M balls with "colors"distributed as @. After the first choice

there are M + 1 balls in urn and the colors are distributed accordingly

MLH&(A) + ﬁéwl. Proceeding like that, after n-th choice there are n ad-

ditional balls in the urn (so M + n balls in total) and the additional balls

are of k different colors: n; balls are of color 3 (j = 1,...,k). Thus the
distribution of colors after n-th draw is

k
M &+ Z?:l Oz, _ M- Z nj

= O .
M+n n+ M M—l—na+j:1n+fo

The described algorithm is known as generalized Polya urn scheme . When
@ is non-atomic, then every draw from & gives a new distinct value (new
color) to the sample.
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Number of distinct values. Let Xi,...,X,, be a sample from Dirichlet
process (or from generalized Polya urn scheme) with atomless base measure
a. There are clearly ties in the sample, let K, be the number of distinct values
among Xi,...,X,. Following (|2], Prop 4.8) we define D; as a Bernoulli
random variable, with D; = 1if X is the new value,i.e. X; € {X1,..., X;-1}.
Thus D; = 1 and from Polya urn scheme, it follows (recall « is atomless, i.e.
every value generated from & is new) P(D; =1) = M/(M +i—1) = E(D;).
Clearly the random variables D; are independent and clearly K,, = Y1 | D;.
Thus the expected number of distinct values and the variance of that number

are:
n

B(K,) = Z ]\44{”@—1 Var(K,) = Z m (7.5)

i=1 i=
Since Y1 1 + ~Inn (a, ~ b, means a, /b, — 1), it follows that

E(K,)~ MInn, Var(K,)~ Ilnn.

Since ), T lm —— < 00, we get that

n

Var(D M(@i—1)
; lnz ZZ; M+i—1) (lni)2<oo’

by SLLN (Kolmogorov IT thm)

* (D; — ED;
2i=1(Di i) —0, as. = 1£ — M, as.
nn

Inn
(the implication above follows from E(K,) ~ M Inn).

The random variables D; are bounded (Bernoulli) with > "2, Var(D;) = cc.
Then CLT holds, i.e.

Kn - E(Kn) — Z:LZI(Dl B EDZ) :>N(0 1)
Var(K,) Yoy Var(D;)

Hence, asymptotically K,, behaves like M Inn, for the exact distribution of
K, see (|2], prop. 4.9).

Chinese restaurant process. A random sample Xi,...,X, from Di-
richlet process induces a random partition of {1,...,n} — equivalence classes
i ~ j if and only if X; = X;. Hence K, is the number sets (equivalence
classes) in the partition. Let (Si,...,Sk) be a partition of {1,...,n} with
(n1,...,ng) being the sizes of the sets (i.e. |.S;| = n;). Suppose, for a moment,
that the partition is the following:

S = {1, ... ,77,1},52 = {Tll—i-l, .. ,n1+n2}, ey Sk = {n1+- et ng_1+1,. ..,

106



From Polya urn scheme, it is evident that the probability of that partition
is (« is atomless)

M 1 ny—1 M 1 ng — 1
MM+1...M+TL1—1.M+H1M+H1+1“.M—i-n1+n2—1.”
S1 S2
M M+1 ng — 1 .
'”M+n1+---+nk_1M+n1+---+nk_1+1 U M+n-1
Sk
MFE(ny = 1)l(ng = 1)!--- (g — 1)1 _ M* 15, D(n)T(M) 76)
M(M+1)---(M+n-1) I'(n+ M) '
Form Polya urn scheme, it also follows that for any other partition with the
same set sizes (ni,...,nk), the probability is the same (see also 2], Prop
4.11).

The sequence of random partitions corresponding to the random samples
X1, X5 ... from Dirichlet process with atomless « is called the Chinese res-
taurant process. To explain the name, we quote ([2], sec 14.11): "The name
derives from the following metaphor. Suppose that customers arrive sequen-
tially in a Chinese restaurant with an infinite number of tables, each with
infinite seating capacity. The first customer chooses an arbitrary table. The
second customer has two options, sit at the table opened by customer 1 or
open a new table, between which he decides with probabilities 1/(M + 1)
and M /(M + 1). More generally, the (n + 1)st customer finds n customers
seated at k tables in groups of ny,...,ng, where Z?Zl n; = n, and chooses
to sit at the jth open table with probability n;/(M +n), or open a new table
with probability M /(M + n). The gravitational effect of this scheme — more
massive tables, apparently with more known faces, attract a newcomer with
a higher probability — is valuable for clustering variables together in groups."

With Chinese restaurant process model, a sample X1, ..., X, from Dirichlet
process with atomless o can be constructed via random partition as follows:
Generate a random partition from distribution (7.6). Every set in this parti-
tion shares a common X; distributed as @ independently of other common
values. Then take X; = X;‘ where 7 € S;.

7.4 Dirichlet process mixtures

Recall our parametric model {f(-|0)}, where ©® C R?. For any probability
measure (prior) p € P, we defined the marginal density

fol) = / £(2]0)p(d6). (7.7)
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In statistics, densities like that are called mizture densities (segujaotused) .
The measure p is called the mizing measure, when it is discrete with finite
number of atoms, i.e. p = Zf pidp, then the corresponding mixture — called
as the finite mizture — is

k

Folw) =) f(]6i)ps.

i=1

Clearly, an i.i.d sample X1,..., X, form the mixture density fy(-) as in (7.7)
can be obtained as follows:

i.1.d.
01,...,0n\pl}v P

ind

Here the use of latent variables 01, ..., 0, often simplifies the analysis. Mix-
tures form a flexible and large class of densities and in Bayesian setting, the
mixing measures are considered random, i.e. the prior 7 is on P. Hence P is
a random probability measure and then

fola) = [ 1(al6)P(a0)
is a random density. Hence we have the following Bayesian model:

P~

i.1.d.
X1, Xn|P=p "~ £,()

With the latent variables, the same model can be represented as the following
hierarchical model:

P~r
01,....0,P=p %" p (7.8)
Xil0: ® F(16:), i=1,...,n.
When m = DP(«), the model above is known as Dirichlet process mizture

model. From Sethuraman representation, it follows that the random mixture
fp is then a.s. discrete with infinitely many atoms:

fp(x) = f(«l8)W;,
j=1

where 01,0, ... are iid random variables from 6; ~ a; Wi, W,, ... are the
stick-breaking weights as in (7.2).
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Dirichlet process mixtures in density estimation. Dirichlet process
mixtures have may applications, one of them is density estimation. With Di-
richlet process P, one defines random density fp(-) and given the observation
x = (x1,...,xy,), a meaningful point-estimate of unknown density would be
(here X = (X1,...,Xy))

f(t) = E[fp(t)| X = ].
Observe that

E[fp(t)|X = z] = E[E[fp(t)[61,...,0n, X = 2]|X = ]
= E[E[fp(t)|01, ..., 00]|X = ],

because given the latent variables, the posterior distribution of P is inde-
pendent of . Now, since 61, ..., 0, are the observations of Dirichlet process,
we know that

P|01,...,0n~DP(a+§n:63i>.

Then (the 5.-th moment property of DP), -
Elfp(t)|6r, ... 00 /ftye COI -
/f (1) (22100 ) )

_ M+n</f(t|0)a(d9) +Zf<t|0i))

Hence the estimate is

F(t16:)]X = 2.

The integral [ f(t|0)a(d) = fa(t) = E[fp(t)] is the prior expectation and
M shows how much we believe that the unknown density is (close to) fa-
The analytic form of f(t) is known ([2], prop. 5.2), but it is not very practical.

Due to the Polya urn scheme, it is rather easy to apply Gibbs samplers
to generate a sample 61,...,6, from the model (7.8) given X = x. There
are many algorithms in literature, see ([2], thm. 5.3, [5], sec 23.3; [8], sec 3).
Given m samples (951), . ,97(1)), Il = 1,...,m, the conditional expectation
E[f(t]0;)]X = x| can be estimated by

BLF(£0)|X = 2] = ;i (1o,
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In other words, after sampling we have mn densities f (-|0§l)) (they are not
all different, because every sample has many repeating elements), after ave-
raging them, we get purely empirical estimate

fn(+) = — Z Z FC16;7),
i=1 [=1
the final estimate is the convex combination of prior mean fs and empirical

estimate frn:
n

f: M+nfmn-

M nf a+
Dirichlet process mixtures in clustering. Dirichlet process mixtures
have may applications, one of them is modeling clusters. Consider (7.8). Since
the latent variables 61,605, ... can be considered as the observations from

Dirichlet process, they form (random) partitions — clustering — a clustering
S ={51,...,Sk} occurs with probability (7.6):

k
L'(M)
= MF =1 . :
Q(S) jHl(lsjr " ar T (7.9)
Every cluster shares a common latent variable 6;, 7 = 1,...,k and the va-

riables are iid from atomless ((7.9) assumes atomless base-measure) @. Given
the clustering S = {S1,...,S;} and 64,..., 60k, the observations Xy,..., X,
are independent, X; ~ f(:|;) when i € S;. Hence, inside a cluster Sj, the
random variables {X; : i € S;} are iid, the variables belonging to different
clusters are independent. Formally, (7.8) can equivalently stated as follows:

S=(S1,...,8K,) ~

Or,..., 00K, = k"~ a

. (7.10)
ind ‘ .
Xilb1, ... 0k, 8 = {S1,..., Sk} XY f(10)Is, (1), i=1,...,n.
j=1
Given x = (x1,...,2,), the main interest now is the posterior distribution

of clusters P(S|X = xz) (here X = (Xi,...,X,)) or some other clustering
related questions like P(K,|X = x) (posterior distribution of the number
of clusters) or finding the posterior probability that the observations ;, , ;,
are from the same cluster. i.e. i1,42 belong to the same cluster etc. Like in
the density estimation, these posterior distributions are estimated via Gibbs
sampling. One can generate the samples ( gl),...,H,(f)), I =1,...,m, and
read the clusters from the samples: there are typically & < n distinct values

in (9&1), . ,0,(5)) and 1,42 belong to the same cluster whenever they share

the common value: Hﬁ) = 92(?. However, there also algorithms that generate
only the distinct values in a sample and corresponding clusters (|2], sec 5.2,

[5], sec. 23.3, [8], sec. 3).
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Exercises.

1. Let (2, F) be a measurable space. Show that a mapping P : Q — P is
F-measurable if and only if w — P(w)(A) is F-measurable for every

AeB(X).
2. Prove that p is a measure on (X, B(X)).

3. Let g : X — R be a Borel-measurable mapping. Let P ~ DP(«) be
a Dirichlet process on X. Define a random measure @@ on R by @Q =

Pog ! ie Q(B)=P(g~YB)), B € B(R). Prove: Q ~ DP(aog™1).

4. Prove the properties 1-3.
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