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1 Curves

1.1 Affine space

Let E™ be an n-dimensional affine space and V" be its associated n-dimensional vector
space. Thus there is a mapping E™ x V" — E", which assigns to each pair (p; ¢), where
p € E™ is a point of affine space E™ and v € V" is a vector of associated vector space V",
the point of affine space E™, which will be denoted by p + ¢. This mapping satisfies the
conditions:

A) for each point p € E™ it holds p+ 0 = p,

Ay) for each pair of points (p;q) € E™ x E™ there exists a unique vector ¢ € V™ such that
p+v=gq,

Ag) for each point p € E™ and two vectors ¢, w € V™ it holds
(p+ ) + 0 =p+ (74 w),

where ¥ + @ at the right-hand side means the addition of vectors in a vector space

v

The vector ¥ determined by two points p, ¢ of affine space E™ according to the axiom As
will be denoted by pg.

Let ¥y, ¥, . .., Um, where 1 < m < n, be linearly independent vectors of associated vector
space V™ and p be a point of affine space E™. A point of E™ and m linearly independent
vectors of V™ determine the m-dimensional plane in E™. This plane passes through a point
p and is defined as follows

m
P = {p—i—z taUn :p € BE™; U1,Ua,...,0m € V", t1,t2,...,tm ER}. (1.1)

a=1

Particularly, any pair (p;¥), where p is a point and ¢ is a non-zero vector, determines the
straight line
L ={p+tv:peE", 1€ V" teR U#0}. (1.2)

The straight line .Z passes through a point p and ¢ is its directional vector.
Let {€1,€3,...,¢€,} be a basis for associated vector space V™. Any vector ¥ of V" can
be written in the form

n
T=) e, (1.3)

i=1
where the real numbers v!, v2, ..., v™ are called the coordinates of a vector @. The right-hand
side of can be written in a more concise form by means of the Einstein summation
convention over repeated subscript and superscript. Hence we can write in the
equivalent form @ = v* &; and in what follows we will regularly use this convention to write
formula more compactly. The formula allows us to identify a vector space V™ with



CHAPTER 1. CURVES

the n-dimensional vector space R™ by identifying a vector ¥ with its coordinate vector
(vt 02, ..., v™) € R™. Assuming this identification, we will write & = (v, v2 ... v™). Then
the addition of vectors and the multiplication by real numbers in V" can be expressed as

follows

g
|

U+

a

(! +whv? +w? . 0"+ wh),

(avt,av?, ... av™), a € R,

S

where 7 = (v, v?, ... "), @ = (wh,w?, ... w").

Let R = {O;¢é1,€és,...,€,} be an affine frame in the space E™, where O € E" is an
origin of an affine frame R and {€1,é>,...,¢é,} is a basis for the vector space V". Affine
frame R determines the system of coordinates in the space E”. Indeed given a point p € E™
we can assign to it the position vector 7 € V", where the initial point of 7 is at the origin
O and the end point is at the point p. Then we can expand the position vector 7 in terms

of a basis .
=Y r'é,
i=1
and the coordinates p', p?,...,p" of the position vector are the coordinates of a point p. It
is easy to see that if p!, p?,...,p" are the coordinates of a point p and ¢', ¢?, ..., ¢" are the

coordinates of a point ¢, then the vector pg, determined by points p, ¢, has the coordinates
ql_pqu2_p2’”"qn_pn.

Thus an affine frame fR defines a coordinate system in affine space E™ and the corre-
sponding coordinates will be denoted by !, 22
coordinates x', 22, ..., 2" from two different points of view. The first point of view on coor-
dinates z', 22, ..., 2" is traditional, i.e. we consider z',z2,..., 2" as an ordered sequence
of n real numbers which determines a single point in an affine space E™. The second point
of view will be used in the framework of an algebra of smooth functions on an affine space
E™ and according to this approach we will consider z* as a function whose domain is an
affine space E™ (or its open subset) and the value at a point p is the ith coordinate of a
point p, i.e. z'(p) = p'. In this case, we will call ' the ith coordinate function. Obviously
the coordinate system defined by an affine frame R allows us to identify an affine space E™
with the space R™.

If we choose a different frame R’ = {O'; €7, €5,...,€,} in an affine space E™ then we

get a different coordinate system whose affine coordinates will be denoted by &', %2, ..., &".

Let us find how the coordinates z', 22, ..., 2" determined by an affine frame SR can be
expressed in terms of coordinates &', #2,...,Z" determined by an affine frame SR’. Let

A= (A;) be a transition matrix from a basis {€1,€s,...,€,} to a basis {€],¢é5,...,¢€,},

,...,x". In what follows we will consider

Le. € = Al €;. The position vector 7 of a point z € E™ in a frame R can be written as
7 = z'€; and, analogously, the position vector 7 of the same point z in a new frame R’
can be written as 7 = &' €/. We have

. _—> _—> .
€ =A%, T=r"4+00", 00" =dé,
t'e =3¢ +a'€=A7 € +a' €= (AT +a')eé,

and A A

x' = A1) +a". (1.4)
Formula (1.4]) is called an affine transformation of coordinates. Note that an nth order
matrix A = (A;) in 1' is a regular matrix, that is, Det A # 0.
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So far, we have considered a space that has only an affine structure. If we want to use
the concepts of the length of a vector, a distance between two points, an angle between
two vectors, we must assume that an affine space E™ has a Euclidean structure. Let
V"™ be a Euclidean space. A Euclidean structure in V™ is given by a scalar (or inner)
product of vectors which we will denote by < ¥, >. This inner product is real-valued,
symmetric, bilinear and positive-definite. The length of a vector ¢ will be denoted by ||7]|,

i.e. ||#]|2 =< @,7 >. The angle a between two n-dimensional vectors ¥/, 1 is defined by
< U, W >
COSx = ——=+7 = -
2]} |||

In what follows an affine space E™ such that its associated vector space V" is endowed
with a scalar product will be called an affine Euclidean space. In affine Euclidean space
we can use orthonormal bases. In what follows we will usually assume that a coordinate
system in an affine Euclidean space is constructed by means of an orthonormal frame
R = {0;€1,éy,...,€,}, where < €;,€; >= 6;;. The coordinate system induced by an
orthonormal frame will be called a Cartesian coordinate system. An advantage of a
Cartesian coordinates is that formulae for a length of a vector, for a distance between two
points and for an angle have a simple form. For instance the scalar product of vectors ¥, w0,
the square of the length of a vector ¢ and the cosine of the angle between vectors ¢/, w can
be written in Cartesian coordinates as follows

<T@ >= Y v, (7= Y0 (0 coso = L .
n l n y
i=1 i=1 > i (V)2 Zj:l (w?)?

The distance between two points p, ¢ of an affine Euclidean space will be denoted by ||g — pl|
and ||¢g — p|| = ||pq||, and the distance between points p,q can be expressed in terms of
Cartesian coordinates as follows

g —pl =

The transformation law for Cartesian coordinates has the same form as the transfor-
mation law for affine coordinates, but in the case of Cartesian coordinates a matrix A in
this formula is orthogonal, i.e. A € O(n). It should be mentioned that if A € SO(n) then
an orientation of Cartesian coordinate system will remain the same.

The Euclidean structure of an affine Euclidean space E™ can be used to equip this space
with a topology. We briefly recall how this topology in E™ is defined. An open ball B,(p)
of radius r and centered at a point p is the following set of points

B.(p)={q€ E":[p—q| <r}.

Now a subset U C E™ is said to be an open subset in E™ if for any point ¢ € U there exists
an open ball B,(q) such that B,(¢) C U. Hence we have the collection 7 of open subsets
in E™ and it can be proved that this family satisfies all axioms of a topological space. Thus
an affine Euclidean space E™ endowed with the collection of open subsets 7 is a topological
space. It is worth to mention that an affine Euclidean space E™ as topological space is a
Hausdorff space with a countable base.

Let & be an m-dimensional plane ([1.1)), passing through a point p and determined
by linear independent vectors @y, ¥a, . .., Um. If p',p%,...,p" are coordinates of a point p,



CHAPTER 1. CURVES

U%, v,%, ..., vy are coordinates of kth vector ¥, then &7 can be described by the parametric
equation
' =p' ] F vl 4. v, i=1,2,..0n,

where x!,2%,...,2" are coordinates of an arbitrary point of m-dimensional plane .

Particularly, the parametric equation of a straight line . (1.2)) has the form
?=p+tvt, i=1,2,...,n

For the purposes of differential geometry it is useful to introduce a notion of a vector
at a point of Euclidean space. A vector at a point p of Fuclidean space E™ is a pair (p; ¥),
where p € E™ and ¥ € V™. A vector at a point (p; ¥) will be denoted by vy, i.e. v, = (p; 7).
It should be emphasized here that we do not consider a vector at a point v, = (p; ¥) from
the point of view of the affine structure of space E™, that is, we do not identify a pair (p; ¥/)
with the point p + ¢. A vector at a point p will be also called a tangent vector to Fuclidean
space at a point p. The set of all tangent vectors to E™ at a point p will be denoted by
T,E". Hence T,E" = {p} x V". If U is a subset of Euclidean space E™ then all vectors at
points of U is the direct product U x V™, which will be denoted by T(U). It is obvious that
T(U) = UpeuT,E", where U stands for disjoint union of all T,E™,p € U. We can define a
projection 7 : T'(U) — U of this direct product onto subset U by the formula 7 (v,) = p,
where p € U.

The vector space structure of V" induces the vector space structure in the set of tangent
vectors T, E™ if for two tangent vectors v, = (p; ¥),w, = (p; W) we define

vp +w, = (p; 0+ W), avy,=(p;av), a€cR.

Similarly the Euclidean structure of V™ induces the Euclidean structure in the vector space
T,E™ if we define the inner product of two tangent vectors v, w, by the formula

< Vp, Wp >=< U, W > .

The Euclidean vector space T, E™ will be called a tangent space to affine Euclidean space
E™ at a point p. It is worth to mention that a tangent vector v, = (p; ¥) determines by
means of affine structure of E™ the straight line, which passes a point p in the direction of
a vector ¥ and p + t ¥ is the parametric equation of this straight line, which in Cartesian
coordinates takes the form

xi:pi—{—vit, 1=1,2...,n,

where p’ are the coordinates of a point p, v* are the coordinates of a vector ¥ and t is a
parameter that runs through the whole real line. The tangent space T, E™ at each point
p is n-dimensional vector space. We can construct the orthonormal basis for this vector

space by means of an orthonormal basis €7, €s, ..., €, of the Euclidean space V" if we define
epi = (p;€;),i=1,2,...,n. Then any tangent vector v, = (p; ) can be written
Vp = ’Ui €p,i

1.2 Curvilinear coordinate systems

In the previous section we showed that an affine frame R in an affine space E™ defines an
affine coordinate system in this space. However an affine coordinate system is a special
case of a coordinate system in affine space. Other well-known coordinate systems are polar
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coordinates in a plane, spherical and cylindrical coordinates in three-dimensional space.
Coordinate systems of this kind are called curvilinear coordinates in space. The aim of this
section is to give a general definition of a curvilinear coordinate system.

Let E™ be an affine space and R be an affine frame in this space. An affine frame
R induces the coordinate system in E™ whose affine coordinates will be denoted by
xz', 2%, ... 2" An affine coordinate system determines a mapping from affine space E™ to
an n-dimensional arithmetic space R™. This mapping assigns to each point of an affine space
an ordered set of n real numbers, which we call coordinates of a point p. Let us denote this
mapping by ¢ : E™ — R™. Then for a point z € E" we have ¢(z) = (z!,2%,...,2") € R",
where z!, 22, ..., 2™ are affine coordinates of a point € E™ with respect to an affine frame
R. Mapping ¢ has two very important properties which are actually the essence of the
concept of a coordinate system. First this mapping is a bijection, that is, a one-to-one
(injective) and onto (surjective) mapping. Hence ¢ has the inverse which will be denoted
by ¢~ : R* — E™. Second the mapping ¢ and its inverse are continuous mappings, i.e.
¢ is a homeomorphism between topological spaces E” and R". Evidently ¢ depends on
a choice of an affine frame R, but its property to be a homeomorphism is invariant with
respect to a choice of an affine frame.

By analogy with an affine coordinate system we can now give a general definition of a
coordinate system in an affine space E™. Let U be an open set in an affine space E™ and v be
a bijection from a set U to an open subset W of an n-dimensional arithmetic space R", that
is,: U C E" - W C R",¢(U) = W. Thus a mapping ¥ maps each point x of an open

subset U to an ordered set of n real numbers (x!, 22, ..., 2"). It is important that if z # y

and ¥(x) = (2, 22,...,2"),¢(y) = (y', %>, ..., y") then (', 22, ..., 2") # (y', 92, ..., y").
Hence a mapping v defines a one-to-one parametrization of points in an open subset U of
affine space E™ and therefore could be considered as a coordinate system in U. However
this is not enough for the purposes of differential geometry. Differential geometry uses
differential calculus to study curves and surfaces. A central concept here is the concept of
a smooth function, that is, a function that has partial derivatives of any order and they are
continuous functions. It is important for the purposes of differential geometry to have an
invariant concept of a smooth function which does not depend on a choice of coordinate
system. Thus we must impose additional conditions on a mapping v and for this we need a
notion of a diffeomorphism.

Let V, V' be two open subsets of an n-dimensional arithmetic space R™ and g : V — V'
be a mapping.

Definition 1.1. A mapping g : V — V' is called a diffeomorphism from V to V' if it
satisfies the following conditions

1. g is a smooth bijection,
2. ¢g7': V' = V is also a smooth mapping.

Let : U C E™" -V C R", ¢(U) =V is an affine coordinate system in an open subset U
defined with the help of an affine frame.

Definition 1.2. A bijection ¢ : U C E™ — W C R" is called a coordinate system in an
open subset U of an affine space C'°°-compatible with coordinate system ¢ if the mapping
x=¢oyp L : W CR" =V C R"” is a diffeomorphism from W to V.

Obviously  is a bijection because it is a composition of two bijections ¢ and 1»~!. Hence
Definition (1.2 requires a smoothness of f and x~!. In what follows we will tacitly assume
that the smoothness condition of a coordinate system is satisfied and usually omit the word
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"C*®-compatible". Let f : U — R be a real-valued function on an open subset U C E"
and ¢ : U — R",¢(U) = V be an affine system of coordinates. We will call a function
f a smooth function if the real-valued function of n-variables f = fo¢ ' :V - Ris a
smooth function. It is important here that a notion of smoothness does not depend on a
choice of coordinate system C'*°-compatible with ¢. Indeed if ¢ : U — W C R" is another
coordinate system (C°°-compatible with ¢) then a function f is a smooth function if and

only if it is a smooth function in a coordinate system 1, i.e. f=foypl:W->Risa

smooth function. This follows from the relations f = fox ™!, f = foy, where y = ¢op 1,
and the fact that a composition of smooth mappings is a smooth mapping.

Let us denote by z',22,...,2" the affine coordinates in U defined by ¢ and by
', %2%,...,@" the coordinates in U defined by a coordinate system ). Then it is easy
to see that a diffeomorphism x : W — V is uniquely determined by a set of n real-valued
smooth functions f!, f2,..., f™ whose domain is W C R"™. By other words we can write

X = (fl,fQ,...,f”), X (5;1@2,...,5:") eW = (xl,a:Q,...,x”) eV,
where
o= a2, ), o = A R En), . et = e ), (1L5)

The formulae (1.5)) will be referred to as a transition from an affine coordinate system ¢
to a coordinate system 1 and we will write them in a more compact and symbolic way
x = fi(&7). If the functions f!, f2,..., f"in are not linear then a coordinate system
1 will be called a curvilinear coordinate system.

In xl, 22, ..., 2" are affine coordinates on an open set U. However we can look
at this formula from a more general point of view, that is, assume that =, z2,...,2" is a
system of curvilinear coordinates. In this case formula describes the transition from
one coordinate system (not necessarily affine) to another. Therefore we will call a
transition from one coordinate system to another.

We can consider y : V C R" — W C R"™ as a transformation in an n-dimensional
arithmetic space R™. Let us consider the Jacobian J(x) of a transformation x
oz’
557 ). (1.6)
Proposition 1.1. The Jacobian of a transition from one coordinate system to another
x : W — V is nonzero at each point of W.

J(x) = Det (

Proof. Due to the fact that x : W — V is a diffeomorphism it is a bijection and hence it
is a reversible transformation, that is, we have an inverse transformation x ' : V — W.

This means that in formula ((1.5)) we can express coordinates #',%2,...,Z" in terms of
coordinates z', 22, ..., 2", ie.
~1 1.1 .2 n ~2 20,1 2 n ~n ni.1 .2 n
=g (x-, 2% ...,2"), 25 =g (z,2%,...,2"), ..., 2" =g"(x", 2%, ..., 2").
According to the definition of a diffeomorphism the functions ¢', g2, ..., ¢" are smooth
functions. These functions satisfy
of 1.1 2 n 20,1 2 n ne.1 .2 n — .0
I (g (zh 2, ..., 2™), g% (x 2%, o 2"), o, g (e, 2%, )) =z’

Differentiating the both sides of this formula with respect to 27 and taking into account

that a function f? at the left-hand side of this formula is a composite function of variables

zl, 2%, .. 2" we get

ox' ok

o oo 0
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Recall that we are using the Einstein summation convention and according to this convention
there is a summation over k at the left-hand side of the above formula. If we now look at the
above formula from the point of view of matrix calculus we see that on the left-hand side
of this formula there is a product of two matrices (gg; ), (%) and on the right-hand side
there is an identity matrix. This implies that matrix (5%

dz? )
i OxJ ozk />
ox

that is, the matrix (f,z) is invertible, which means it is regular, that is, the determinant of

0z -
this matrix is nonzero. But the determinant of matrix (g;;) is the Jacobian of a transition

from one coordinate system to another (|1.6]). O

) is the inverse of matrix (

Now we will give a few examples of curvilinear coordinates.

Example 1.1. The first example of a curvilinear coordinate system is a polar coordinate
system on a plane. Let E? be a two-dimensional affine Euclidean space which will be
referred to as a plane. We construct a coordinate system on a plane E? which is different
from an affine coordinate system constructed with the help of a frame. Fix a point O in a
plane E? and a directed straight line L which passes through a point O. A point O will be
referred to as a pole of a polar coordinate system and L as a polar axis of this system. Given
a point p of a plane E?, which is different from a pole O, we define its polar coordinates as
follows. The distance between the pole O and a point p be the first polar coordinate of
a point p and it will be denoted by r. Now we rotate the polar axis L counterclockwise

P

o \Y 1

Figure 1.1: Polar coordinates

until it passes through a point p. The angle obtained by this rotation is the second polar
coordinate of a point p, it is denoted by ¢ and is called a polar angle of a point p.
Obviously a polar angle in the case of a pole O is not defined. Thus a polar coordinate
system defines a mapping which assigns to each point of a plane (with the exception of the
pole O) the pair of real numbers (7, ). Let U = E?\ L, R? be a two-dimensional arithmetic
space, whose coordinates are denoted by r, ¢, W = {(r,¢) € R?: 7 > 0,0 < ¢ < 27} and
¢ : U — W be a mapping defined by polar coordinates. Then %) is a bijection from U C E?
onto open subset W C R?. If we endow a plane E? with the orthonormal frame {O, &}, €}
whose origin coincides with the pole and positive direction of z-axis coincides with the polar
axis L then the Cartesian coordinates x,y can be expressed in terms of polar coordinates
as follows
T =71 cosp, y=rsinge. (1.7)

Conversely the polar coordinates can be expressed in terms of Cartesian coordinates.
Let R? be a second copy of the 2-dimensional arithmetic space whose coordinates are
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Cartesian coordinates x,y and V' be an open subset of R? defined by V' = R?\ Oz, where
Ox = {(x,y) € R? : > 0, y = 0} is the x axis. Then the polar coordinates can be
expressed in terms of Cartesian coordinates as follows

arccos ——= y >0,

r=vaz24+y? p= iy
_ T
21 — arccos T

Thus we see that the functions in these formulae determine mutually inverse bijections of
two subsets V and W. We leave it as an exercise to a reader to show that these bijections
are smooth.

The above description of polar coordinates shows that a polar coordinate system can be
considered as a coordinate system in the sense of Definition ([1.2). However in practical
matters, for example, in the theory of plane curves it is convenient to use polar coordinates
in a broader sense. In this approach we will assume that in order to find a polar angle of
a point we can rotate a polar axis around the pole counterclockwise (positive angle) or
clockwise (negative angle) any number of times. In this case a polar angle ¢ can be any
real number and we will assume that polar coordinates (r, p & 27k), where k is any integer,
determine the same point of a plane.

y < 0.

Example 1.2. One of the most well-known coordinate systems in a 3-dimensional space is
a cylindrical coordinate system. We fix a plane 3 in three-dimensional affine Euclidean
space FE3, a point O on this plane and two directed straight lines L, L’ (i.e. endowed with
fixed positive direction) that pass through point O. Thus the point O divides the directed
straight lines L, L’ into positive and negative parts. Line L’ is perpendicular to the plane
B, and line L lies in the plane B. Considering point O as the pole of a polar coordinate
system, and line L as the polar axis we get the polar coordinate system on the plane 3
described in detail in the previous example. Let us denote the coordinates of this polar
coordinate system as r, . Consider some point p of an affine Euclidean space E? different
from the point O. Let r, ¢ be the polar coordinates of the orthogonal projection p’ of a
point p onto the plane 3, and z be the length of its orthogonal projection onto the directed
straight line L’ taken with plus if the projection of p lies on the positive part of L' and
with minus otherwise. The set of numbers (r, ¢, z) is called the cylindrical coordinates of a
point p and the straight line L’ is called a z-axis.

(]
L p

Z -

Figure 1.2: Cylindrical coordinates

If we now equip a 3-dimensional affine Euclidean space E? with a Cartesian coordinate
system such that an origin of this coordinate system will be the point O, a positive part of
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x-axis will be the polar axis L and a z-axis will be the line L’ (with a positive direction
defined on it) then the Cartesian coordinates x,y, z are expressed in terms of cylindrical
coordinates 7, ¢, z as follows

T =rcosy, y=rsing, z=z. (1.8)

This formula will be referred to as a transition from cylindrical coordinates to Cartesian
ones. If we choose the open subset U = E3\ L of an affine Euclidean space E3 as a domain
of a cylindrical coordinate system then a cylindrical coordinate system bijectively maps
this subset to the open subset W of a 3-dimensional arithmetic space R?, where

W ={(r,p,2) ER®: 7 >0,0 < p <21, —00< 2z < o0} (1.9)

Similar to the case of polar coordinates we can consider an open subset V' of 3-dimensional
arithmetic space R? (whose coordinates are denoted by x,v, 2) defined by V = R3\ Oz,
where

Oz ={(z,y,2) €ER?>:2 >0,y =0,z =0}

Then the formula (1.8) defines the smooth bijection from W to V and the following formula
(the transition from Cartesian coordinates to cylindrical ones)

arccos ———= y >0,
2 2 -
r=ya2+yt+22 o= Ve 2=z,
2m — arccos y <0,
/x2+y2

defines its inverse which is also smooth. Hence a cylindrical coordinate system can be
considered as a curvilinear coordinate system in a 3-dimensional affine Euclidean space E3.

Example 1.3. A spherical coordinate system in a 3-dimensional affine Euclidean space E?
is constructed similarly to a cylindrical coordinate system, that is, we fix a plane P, a point
O on this plane and two directed straight lines L, LPrime passing through a point O where
line L lies in a plane 9 and line L’ is perpendicular to B. Evidently the point O and the
directed straight line L defines the polar coordinate system in the plane 3. Let p be an
arbitrary point of affine Euclidean space E? different from O. The first spherical coordinate
of a point p is the distance between O and p. Let us denote this first spherical coordinate
by 7. Now let p’ be the orthogonal projection of a point p to the plane 8. Then the second
spherical coordinate of a point p is the polar angle of the orthogonal projection p’ in the
polar coordinate system in the plane B defined by O (pole) and directed line L (polar axis).
Let us denote this second spherical coordinate by . The third spherical coordinate of a
point A is the angle obtained by rotation of the positive part of line L’ the shortest way
around the point O until it passes through a point p. This third spherical coordinate will
be denoted by . The set of three real numbers (r, ¢, ) is called spherical coordinates of a
point p. A spherical coordinate system can be considered as a curvilinear coordinate system
in £ in the sense of Definition (1.2)) if its domain the open subset U = E3\ (LU L') of E3,
that is, we remove from 3-dimensional affine Euclidean space E2 the points of straight lines
L,L’. Then a spherical coordinate system induces the bijection p € U — (r,¢,9) € W of
U to the open subset W C R3, where

W ={(r,0,9) €R3:7>0,0<p<2r,0<9 <7}

If we endow a 3-dimensional space E® with a Cartesian coordinate system by placing its
origin to the point O, choosing directed straight line L as z-axis, directed straight line L’ as
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Figure 1.3: Spherical coordinates

z-axis and by constructing y-axis to be passing through O, perpendicular to z-axis, z-axis
(and directed so that Cartesian coordinate system will be right-handed) then we can pass
from spherical coordinates to the Cartesian coordinates by means of the formula

x =rcospsind, y=rsingsind, z=rcosd. (1.10)

The formula (1.10) defines the smooth bijection from the open set W to the open set
V C R3, where V =R3\ V/ and

V/:{(fﬁayaz)ERS1$20,y:z:0\/m:y:0,—oo<z<oo}.

Just as in the case of cylindrical coordinates one can find a formula for the transition from
Cartesian to spherical coordinates and show that it induces the inverse smooth bijection
from V to W. We leave all this as an exercise.

1.3 Algebra of smooth functions on Euclidean space

Let U be an open subset of Euclidean space E™, where we do not exclude the possibility that
this set may coincide with the whole space E™. Let f: U — R be a real-valued function,
where U is a domain of this function. In what follows we will assume (unless otherwise
stated) that the Euclidean space E" is equipped with a Euclidean frame {O; €1, éa, ..., €,},
which determines the Cartesian coordinates in E™. A function f depends on a point z of

an open set U, but we can identify a point = with its coordinates x!, 22, ..., 2", and then a
function f can be considered as a function of n real variables f(x!,22,... 2"). In order to
simplify notations we will often write f(x), implying that a point x is identified with its
coordinates zt, 22, ..., z".

Smooth functions play an important role in differential geometry of Euclidean space
E™. A function f : U — R is called a smooth function if it has continuous derivatives
of all orders. The set of all smooth functions over an open subset U will be denoted by
C*>(U). What operations can we perform with smooth functions? Adding the values of
two smooth functions f,g € C*®°(U) at every point x € U, we get the new function f + g,
which is called the sum of functions f,g. Thus the value of the function f + g at a point
z is f(z) + g(x) and this is called the pointwise addition of smooth functions. It is easy
to show that the sum f + g is also a smooth function, i.e. f+ g € C°°(U). Hence the set
of smooth functions is closed under the pointwise addition of smooth functions. Similarly,

10
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multiplying the value of a smooth function f at each point of U by a real number a, we
get the function af and this operation is called the multiplication of functions by real
numbers. Analogously, we can define the pointwise product fg of two smooth functions
by the formula (f g)(z) = f(x)g(x). It is also easy to show that af and fg are smooth
functions, i.e. the set of smooth functions is closed under the pointwise multiplication of
functions as well as the multiplication of smooth functions by real numbers.

What algebraic structure in the set of smooth functions is determined by the described
above operations? If we consider only pointwise addition of smooth functions, then the set
of all smooth functions is an additive Abelian group. It is easy to show that the pointwise
addition of functions together with the multiplication of functions by real numbers yield the
structure of vector space over the field of real numbers R. Hence C*°(U) is a vector space.
If we add the pointwise multiplication of functions to these two algebraic operations, then
the vector space C*°(U) of smooth functions becomes an associative unital commutative
algebra. An associative unital algebra is a vector space &/ (with an addition of elements
u, v denoted by u + v and a multiplication of elements by real numbers denoted by a u,
where a is a real number) equipped with a mapping (u,v) € & X &/ — u-v € &/, which is

1. bilinear, i.e. (au+bv) - w =au-w+bv-w, w- (au+ bv) = aw - u + bw - v, where
u, v, w are elements of a vector space .« and a, b are real numbers,

2. associative, i.e. u- (v-w) = (u-v) - w,
3. there exists in &7 the element e such that u-e =e-u = u for any element u € <.

A mapping (u,v) € & x &/ — u-v € & is called a multiplication of algebra 7 and element
e is called an identity element of o7. In what follows we will use the term algebra to mean
an associative unital algebra. If the product of any two elements of algebra does not depend
on the order in which we multiply these elements, i.e. u-v = v-wu, then the algebra is called
commutative.

It is easy to see that the pointwise multiplication of smooth functions is bilinear with
respect to the pointwise addition of smooth functions and the pointwise multiplication of
smooth functions by real numbers. It is also associative and commutative. The constant
function 1, whose value at any point « € U is 1, i.e. 1(x) = 1, is the identity element for
pointwise multiplication of smooth functions. Thus the set of all smooth functions C*°(U)
over an open subset U of Euclidean space E™ is a commutative algebra.

If we consider only two operations with functions, pointwise addition and multiplication,
then the set of all smooth functions C°°(U) becomes a commutative associative ring with
the unit element and this structure is often used in literature.

An orthonormal frame € = {O;é},és,...,€,} determines the Cartesian coordinate
system in the affine Euclidean space E™. This means that each point z has the coordinates
x', 22, ..., 2" These coordinates are real numbers and they are uniquely determined by a
point x and two different points have different coordinates. For the purposes of differential
geometry, it is useful to look at coordinates as functions. For these functions, we will use
the same notations, which we use for coordinates, i.e. these functions will be denoted by
xz', 2%, ... 2" This will not lead to confusion, because every time we specify, we consider
x' as a coordinate or as a function. If we consider 2’ as a function, then its value at a point
x is the ith coordinate of z, that is, 2'(z) = x%. Obviously, every function 2’ is a smooth
function, because we have

i
Oz _5i
OxJ >
The functions z!, 22, ..., 2" are called Cartesian coordinate functions.
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1.4 Parametrized curves in Euclidean space

In this section we assume that n-dimensional Euclidean space E" is equipped with an

orthonormal frame & = {O;é},és,...,€,}, which determines the Cartesian coordinates
zb 2%, .. 2" A parametrized curve in E™ is a mapping
E:1—E" €:telw (2'(t),2%(1),...,2"(t)) € E", (1.11)

where t is a parameter and I C R is an interval, which may be either finite or infinite. We
will denote a parametrized curve by (£ = £(¢), I) or simply by €. A parametrized curve can
also be written in the form

() = (2'(t),2°(1),..., 2"(t), (1.12)
which will be called a parametric equation of a parametrized curve £. A parametrized
curve ¢ is called smooth if all functions x'(t),2%(t),...,2"(t) in its parametric equation

are smooth. Recall that a function with domain D is called smooth if it has derivatives of
all orders and each of these derivatives is a continuous function on D. A smooth function
is also referred to as an infinitely differentiable function. From now on, we will primarily
consider smooth curves, so we will omit the word "smooth."

We can pass to radius vectors of the points of affine space E™. Then the mapping
will assign to each value of the parameter ¢ € I the radius vector of the point £(¢), which we

—

denote by £(t). The parametric equation of a curve (|1.12)) can now be written in the form

£t) = (2" (), 2%(t), ..., 2" (t)), (1.13)

—

where the right-hand side contains the coordinates of the vector £(t).

Equation defines a mapping from the interval I into an n-dimensional vector space
V™. Such mappings are called vector-valued functions. In this case, { (t) is a vector-valued
function of a single variable t.

It is worth noting that vector-valued functions can be differentiated and expanded
into a Taylor series, with formulas analogous to those for ordinary real-valued functions.
Operations from vector algebra, such as the dot product, cross product, and triple product,
can be extended to vector-valued functions. Moreover, these operations satisfy the Leibniz

rule for differentiation, for example, in the case of the dot product

d - d - - d

= <E0.7) >=< ZEW).TW) > + < &b, S 600) >

—

For example, the vector-valued function &(t) = p'+ ¢ ¢ defines a line with direction vector ¢/
passing through the point with radius vector p. The coordinate form of this vector equation
is

) = (pt + ot p? + 0%, pt + 0 t), (1.14)

where p!,p?, ..., p" are coordinates of a point p and @ = (v!,v?,...,v") are coordinates of

a vector v.

The image Im £ C E™ of a mapping £ : I — E™ will be called the image of a parametrized
curve. Thus, the image of a parametrized curve is the set of all points in the n-dimensional
Fuclidean space E™ as the parameter ¢t varies within the interval I. This is precisely the
image we visualize when referring to a curve. In what follows we will often refer to the
image Im £ of a parametrized curve (£, ) simply as a curve and a mapping £ : [ — E™ as
its parametrization.

12
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The basic notion of the differential geometry of curves is the notion of a tangent line to a
curve. Let p = &(to), ¢ = £(to + At), where tg,to + At € I, be two points of a parametrized
curve £. The straight line that passes through these two points p, g is called a secant of
a parametrized curve £. If At tends to zero, i.e. point ¢ approaches to a point ¢ along
a parametrized curve £, then limiting position of a secant is called the tangent line to a
parametrized curve at a point p. The tangent line at a point p is a linear approximation of
a parametrized curve £ at this point. In order to find this linear approximation, we can
expand a vector-valued function E = 5 (t) as power series in t at a point t5. We get

E(t) = E(to) + €1(10) At + O(A) (115)
where . . )
ey ) day o dat dz™
§(to) = dt )t:to - ( dt ‘t:to’ dt ‘t:to"”’ dt t:to)’

is the derivative of a vector-valued function and O(At) are the higher order terms. From
it follows that the parametric equation of a tangent line can be written 1n the form
13 (to) + 7&'(ty), where 7 is the parameter of a tangent line. Thus the vector £'(tg) is a
directional vector of the tangent line. We will call this vector the tangent vector to a curve
or the wvelocity vector of the parametrized curve £ at a point p. It is often convenient to
consider the velocity vector as a vector at a point p. In this case, we will write it in the
form ¢ (to) = (&(t0); ' (to)). Thus &(to) € V™ and &'(to) € T,E™.

Similarly the acceleration vector £”(to) of a parametrized curve £ at a point p = £(¢g) is
defined with the help of second order derivatives, that is,

d?zt d2 2 d2zm

" — R, _ ey T . 1.1
§lto) = (75 =g ’t:to’ dt? ‘t:to’ L dt? ) o

t=to

A point p = £(tp) of a parametrized curve (£ = £(t), 1) is called a regular point if the
velocity vector & (tp) at this point is a non-zero vector, that is, ||&'(¢9)|| # 0. A parametrized
curve (£ = £(t), 1) is called a regular parametrized curve if each point of this parametrized
curve is a regular point. Since we will study only regular parametrized curves the condition
of regularity will be tacitly assumed and the word "regular" will be usually omitted.

A point p = £(tg) of a parametrized curve £ is called a point of rectification if the
acceleration vector £”(tg) and the velocity vector &'(tg) at this point are collinear vectors,
Le. & (to)||€" (to). In what follows we will exclude from the consideration the points of
rectification of a parametrized curve, that is, we will assume that in addition to the condition
of regularity of a parametrized curve &'(t) # 0 we have also the condition of non-collinearity
of the velocity vector and the acceleration vector &'(to) If £”(to).

Naturally, if we consider the image of a parametrized curve (£ = £(t),I), then the set
of points Im £ can be parametrized in many different ways. By other words, we can have
two different parametrized curves (£ = £(t),I) and (g = n(7),J) with the same images, i.e.
Im & = Im 7. Indeed, consider a smooth function ¢ = ¢(7), whose domain is an interval
J = (¢,d) C R and a range is an interval I = (a,b). Assume that the derivative /(1) with
respect to 7 is non-zero at each point 7 € J. Clearly, ¢t = ¢(7) is either strictly increasing
(t'(1) > 0) or strictly decreasing function (¢'(7) < 0). The product ot : J — E", where t
is considered as the mapping ¢ : 7 € J — t(7) € I determined by a function ¢ = ¢(7), is the
parametrized curve (n =n(7),J), where n = £ ot. Then Im £ = Im 1. The parametrized
curve (n = n(7),J) is called a reparametrization of a parametrized curve (£ = £(t),I) by
means of a function t = t(7).

The coordinates of a velocity vector depend on a parametrization of a curve. Therefore
it is natural to raise a question of how the coordinates of a velocity vector transform under
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=\

Figure 1.4: Function t = t(7)

a reparametrization of a curve. Let (£, ) and (n, J) be two different parametrizations of a
curve, where n = £ ot and ¢t = ¢(7) is a function ¢ : J — I, whose derivative with respect 7
is non-zero at each point 7 € J. Let

where t € I, 7 € J, be the parametric equations of parametrized curves & and n. Then
y'(1) = 2*(t(7)). Making use of the rule of differentiation of a composite function we get

L) = L 10) L 0) o

Thus if we pass from one parametrization £ to another n with the help of a function ¢ = (1)
then a velocity vector will transform according to a formula

W) = VD] Ly, 1) =

T

(t(1)), (1.17)

which is called a chain rule for a parametrized curve. Differentiating both parts of the
formula (|1.17]) one more time we obtain the formula for a transformation of acceleration
vector when a curve £(t) is reparametrized n(7) = &(¢(7))

(1) = ()€ )] ,_yry + () €O Ly (1.18)

Hence we proved the following statement.

Proposition 1.2. Let (£ = £(¢),I) be a (regular) parametrized curve and n = (n(7), J) be
its reparametrization by means of a function ¢ = t(7),t: J — I. Then a velocity vector
and an acceleration vector transform as follows

n(r) = Y@y
(1) = (#(0) Oy + O EO]

From this proposition it follows that the condition of regularity of a parametrized curve
is invariant under a reparametrization. Indeed the first formula in Proposition (|1.2)) shows

14
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that the reparametrized curve 7 is regular because of &’(t) # 0 and /() # 0. It also follows
from Proposition that the condition & (tg) #f €”(to) (which excludes from consideration
the points of rectification) does not depend on a parametrization of a curve. It follows
from the first formula of Proposition that the vector 7/(7) is collinear with the vector

&'(t). Next it is easy to see that the vector (t’(7))2 ¢"(t) is a non-zero vector. Indeed we
have ¢'(7) # 0. The acceleration vector £”(t) can not be zero vector because this would
contradict with the assumption & (tg) }f £”(t9). Now the second formula of Proposition (1.2)
shows that acceleration vector 7'(7) is obtained by adding the non-zero vector (¢’ (7‘))2 &"(t)
to vector, which is collinear to n’(7). Thus the resulting vector n”(7) cannot be collinear
with vector /(7).

Let (€ =&(t),I) be a parametrized curve and to,¢; € I, where tg < t;. Then the length
of an arc of a parametrized curve £ between two points tg, t1 is given by the integral

5 = / L€ @) dt. (1.19)

0

The integrand is an infinitesimal element of an arc length and is often denoted by ds =
1€’ (t)]| dt. We will also use this notation and call ds the arc length differential. By virtue
of the fact, mentioned above, that the image of a parametrized curve does not change upon
reparametrization, it can be proved that the length of an arc of a parametrized curve is
invariant with respect to reparametrization (Exercise ?7).

A parametrized curve (§ = £(t), 1) is called a unit-speed parametrized curve if for any
point t € I we have ||€(t)|| = 1, i.e. the velocity vector at each point of a parametrized
curve is a unit vector.

Proposition 1.3. If ({ = £(s), ) is a unit-speed parametrized curve, then

< &"(5),€"(s) >=0.

Proof. We have ||€'(s)|| = 1 or < £/(s),£"(s) >= 1. Differentiating the left-hand side of
this relation with respect to s, we obtain

(1" ()7 =< €"(5),"(5) > + < €'(),€"(5) >=2 < "(5),£'(s) > .
The derivative of the right-hand side is equal to zero and we get
<£"(5),"(s) >=0.
O

Theorem 1.1. For any parametrized curve (§ = £(t), I) there exists a unit-speed parametriza-
tion.

Proof. Fix a point ty € I and define the function
t
s(t) = 1€ (w)]| du, t€ 1. (1.20)
to

The domain of this function is an interval I. Let us denote the range of the function s = s(t)
by J. Then s:t € I — s(t) € J. It follows from the theory of functions that s = s(t) is
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a smooth function. We can calculate the derivative of s = s(¢) by means of the general
formula

F'(t) Fi(u,t)du+ f'(t) F(f(t),t) — g'(t) F(g(t), 1), (1.21)

Il
tm\
= g
~ =

G

where
f(®)
F(t) = / F(u,t)du,
9(t)
and F(u,t), f(t),g(t) are smooth functions. In the case of the function s = s(t) the first
and last terms in ([1.21)) vanish because the integrand and the lower limit of integration in
(1.20) do not depend on the parameter t. Thus

ds dt
/ !/ !

)= — = — )| = . 1.22

$(0) =5 = 1D = 1€ ] (122

Since we consider only regular parametrized curves for any t € I it holds s'(t) # 0. Hence
there exists uniquely determined inverse function for s = s(t), which is also smooth. The
inverse function will be denoted by ¢ = ¢(s) and t : s € J — t(s) € I. The derivative of the
inverse function can be expressed in terms of the derivative of the function s(t) as follows

1

t'(s) = ——= : 1.23

() s'(t) le=t(s) (1.23)
Now we can construct a reparametrization of a parametrized curve (£ = £(t), I) with the
help of the inverse function ¢t = t(s). Define the parametrized curve (n = n(s),J), where
n(s) = &(t(s)). Making use of the chain rule for parametrized curves and the formula (1.22))

for the derivative of the function s = s(t), we find

1
s'(t) lt=t(s)

"(s) =t (t ‘ = "(t =1.
Il = ¢ (O], | (eenl,_,,
Thus we see that the parametrized curve (n = 7(s), J) has the unit-speed parametrization
and this ends the proof. O

From the proof of Theorem it is clear that in order to construct a unit-speed
parametrization of a parametrized curve one uses the length of arc as a parameter. This
parameter is called natural parameter and unit-speed parametrization is called natural
parametrization.

Example 1.4. Let us show, using a catenary as an example, how a unit-speed parametriza-
tion is constructed. We assume that a plane E? is equipped with an orthonormal frame
that defines a Cartesian coordinate system, whose coordinates we will denote by z,y. The
curve, that is called catenary, is a plane curve and usually given by the equation

y = a cosh (2), (1.24)
a

where a > 0 is a real number. This curve is of mechanical origin. If we have a sufficiently
heavy, flexible, inextensible cable that sags under the action of gravity, being fixed at the
ends at the same level, then the shape of this cable is the catenary. Equation is easy
to write in a parametric form. To do this, we can choose the variable x as a parameter t.
Then a catenary can be written in the form of a parametrized curve as follows

£(t) =(t,a cosh(g)), I=R.
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Figure 1.5: Catenary

Differentiating with respect to t, we find the velocity vector and its length

€(1) = (E(0); Lsinh (5)), [I€'()]] = /1 +sink? () = cosh (+)

From this we obtain the arc length function of the catenary

t

) t
=a smh(a).
0

s(t) = /0 cosh(g) du=a /0 cosh(g) d(g) =a sinh(g)

a a a a

Note that the lower limit of integration in this formula shows that we have chosen the
vertex of the catenary as the reference point for the arc length, that is, the point of its
intersection with axis y. Now we have to find the inverse function for s = a sinh (). We

T
a
have
| s+ Vs?2+a?
n—m—m— .
a

s
t=asinh ' (2) =
a sin (=)=a

Here sinh~! stands for the inverse function of sinh and we used the formula sinh™! z =
In(z + v2? 4+ 1). Thus, we obtain a natural parametrization of the catenary

B(s) = (a sinh™! (2),& cosh (sinh ™! (2))). (1.25)

The second function of this parametrization can be simplified by means of cosh(sinh ™! z) =
V1 + 22, the application of which gives the final result

B(s) = (a sinh™! (2)7 V's2 + a?).

Example 1.5. In this example, consider the natural parametrization of a helix. A helix is
a spatial curve that is defined by the parametric equation (§ = £(t), ), where

&(t) = (a cost,a sint,bt), [ =R

and a > 0,b > 0 are constant real numbers. First of all, let us calculate the arc length
function of a helix. We have

&) = (&(t);—asint,a cost,b),
€Dl = Va*+0?
t
s(t) = / Va2 +b2du=+a?+b%t.
0
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In this case, the inverse function is very easy to find, in the last formula we should simply

express t through s. We have
S

VaZ+ 2

Hence the unit-speed parametrization of a helix is

s bs

S .
n(s) = (a cos ﬁ,a sin NN

). (1.26)

1.5 Vector fields along a parametrized curve

A concept of a vector field plays an important role in modern differential geometry. Vector
fields play an important role in applications of differential geometry in various fields of
physics and mechanics. For example, the distribution of velocities of flow of a fluid at some
fixed moment of time can be described by means of a geometric notion of a vector field.

Let U be an open subset of n-dimensional Euclidean space E™. Then a vector field X in
U is a mapping X : U — T'(U) such that 7 o X = idy, where 7 : T(U) — U is the projection
and idy is the identity mapping of U. Thus a vector field is a mapping which assigns to each
point p of U a vector at a point p. This vector at a point p will be denoted by X,,. A subset
U will be called a domain of a vector field X. It is evident that a vector field X is uniquely
determined by n real-valued functions X', X2,..., X" defined on U, that is, X* : U — R,
where X, = (p; X'(p), X2(p), ..., X"(p)), and X(p) is a value of an ith function at a point
p. A function X will be referred to as an ith component of a vector field X. If there is a
coordinate system in an open subset U with coordinates x!',z2, ..., 2" the the components
of a vector field X are functions of coordinates X*(x!, 22 ... a™), that is, functions of n
real variables. In what follows we will assume that all components X', X2 ... X" are
smooth functions, that is, X!, X2 ..., X™ € C*°(U). By other words, we will consider only
smooth vector fields omitting the word “smooth”. Obviously a vector field X is completely
determined by the following vector-valued function

X = (XL, X2%,...,X"):U—>R", X,=(X'p),X2®),...,X"(p)).
Example 1.6. Let f € C*®(U) be a smooth function. Define a vector field grad f by the

following formula
_ (. 91 9F of
(gra'd f)P - <p7 8331 p7 81)2 pv R ax” p)a

where p € U. The vector field V f is called the gradient of a function f. Obviously the
gradient of a smooth function is a smooth vector field. The corresponding vector-valued

function of the gradient of a function will be denoted ? f,ie.

kg = (0000

oxl’ 0z2’ 7 9z

We can perform the following operations with vectors: addition, multiplication by real
numbers, inner product and in three-dimensional space also a cross product. We can extend
in obvious way (pointwise) all these operations to vector fields, i.e. for example we can
define the sum of two vector fields X + Y as the vector field, whose value at a point p € U is
the vector X, + Y,. Analogously we can define a vector field X multiplied by a real number
a and the inner product of two vector fields < X, Y >, where < X, Y > is the function. It is
easy to show that if X,Y are smooth vector fields, then X 4+ Y, a X are also smooth vector
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fields and < X,Y > is the smooth function. Let us denote the set of all smooth vector fields
on an open set U C E™ by D(U). It is clear that the operation of addition of two vector
fields determines the structure of additive Abelian group on D(U). The addition of vector
fields and their multiplication by real numbers turn the set D(U) into the vector space over
R and it should be mentioned that this vector space is infinite dimensional.

The operation of multiplying vector fields by real numbers can be slightly changed,
assuming that a number depends on a point of open set U, i.e. it is a function defined on
U. In this case we get a new operation of multiplying vector fields by smooth functions.
Given a smooth function f € C°°(U) and a vector field X, we define the vector field fX,
whose value at a point p is the vector f(p)X,. It is easy to show that this operation has
the following algebraic properties:

L f(X+X)=fX+fY,
2. (f+9)X=fX+ygX,
- (f9)Xx=[(9%),
41X =X

w

These properties show that multiplication of vector fields by smooth functions determines
on the Abelian group of vector fields D(U) the structure of module over the ring of smooth
functions C(U) .

The concept of a vector field is very useful in the theory of curves. A vector field along
a curve is a very natural concept and is analogous to a vector field in Euclidean space. A
vector field along a parametrized curve (§ = £(t),I) is a mapping, which assigns to each
point of a parametrized curve a vector at this point. A vector field along a parametrized
curve (£ = &(t),I) will be denoted by X(t). Hence,

X(t) = (€(1); X1 (1), X*(1), ..., X" (1)),

where X*(t) is a real-valued function of one variable ¢, whose domain is I C R. In what
follows we will assume that for any i = 1,2,...,n a function X*(t) is smooth.. The set of

X(t)

&)

Figure 1.6: Vector field along a curve
all smooth vector fields along a parametrized curve (§ = £(t), 1) will be denoted by De.

Thus, if at each point of a parametrized curve we have a vector that smoothly depends
on a point of parametrized curve, then the set of all these vectors is the vector field along a
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parametrized curve. For example, at each point of a parametrized curve, we defined the
velocity vector and the set of all velocity vectors determines the vector field, which will
be called a tangent vector field or vector field of velocity of a parametrized curve. The
velocity vector field will be denoted by £(t). Analogously, we can define an acceleration
vector field of a parametrized curve with the help of acceleration vector. The acceleration
vector field of a parametrized curve will be denoted by £”(¢).

One more important operation with functions, which can be extended to vector fields, is
a differentiation. This operation is very important and will lead us to a concept of covariant
differentiation of a vector field. We extend differentiation from functions to vector fields
as follows: If X(¢) is a vector field along a parametrized curve & = £(t), then its derivative
with respect to ¢ is a new vector field X’(¢), whose component functions are the derivatives
of component functions of X(¢) with respect to ¢t. Thus,

X'(t) = (€(); (X1(1)), (X2(@)..., (X"(1))),

where X(t) = (£(t); X1(t), X%(t),..., X"™(t)). From this definition it can be seen that
differentiation of a vector field X(¢) essentially reduces to differentiation of its vector-valued
function X(t), i.e. X'(t) = (£(t);X'(t)). It follows from this definition that differentiation is a
linear operation on vector fields, i.e. (aX+Y) = aX'(t) + Y (t), where a is a real number.
It is a simple exercise to prove the following properties of differentiation of vector fields

(FOX() = f(O)X(@E) + fO) X (1), (<X(),Y(t) >) =< X(),Y(t) > + <X(t),Y'(t) >

Proposition 1.4. Let X(¢) be a vector field along a parametrized curve (£ = &(t),I) of
constant length, i.e. for any ¢ € I it holds ||X(¢)|| = ¢, where ¢ > 0 is a real number. Then

< X(t),X(t) >=0,
i.e. the derivative of a constant length vector field X(¢) is orthogonal to X(t).

Proof. For any t € I we have < X(t),X(t) >= 2. Differentiating the both sides of this
relation and making use of the property of differentiation of inner product of two vector
fields, we obtain

(< X(),X(t) >) =< X (t),X(t) > + < X(t),X(t) >=2 < X(¢),X(t) >=0,

and it follows immediately from this that the inner product of X(¢) and X'(¢) is zero. We
note that this proposition is a generalization of Proposition O

1.6 Curvature of a parametrized curve

A curvature of a parametrized curve at some point of this curve can be measured by means
of its deviation from a tangent line at this point. Let us consider a unit-speed parametrized
curve (n = n(s),I). Assuming that 7 is parametrized by a natural parameter s we do
not lose a generality of a structure considered below since in Section (1.4)) it is proved
that any (regular) parametrized curve can be parametrized with the help of a natural
parameter (Theorem [1.1)). Hence a velocity vector n/(s) is a unit vector at any point of 7,
i.e. |n'(s)|| = 1. Let p be some point of a parametrized curve 7 corresponding to a value
so € I of natural parameter s, i.e. p=n(sp). Let us give the value sy of natural parameter
s some increment of As so that sg,sg + As € I and denote the point of a parametrized
curve 7 corresponding to sp+ As by ¢, i.e. ¢ = n(sp+ As). Then point ¢ can be considered
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as the displacement of the point p along a parametrized curve . The velocity vectors are
vectors at a point and in order to have their vector part we can represent them as follows

n'(s0) = (p;77(s0)),n"(s0 + As) = (¢;77"(s0 + As)).

Let us denote the angle between vectors 77’(sg) and 77/ (sg + As) by A¢. Note that velocity
vector 77’ changes when the point p moves along the curve 1 to the point ¢ and it happens
because 7 is curved. However, due to the fact that we use the natural parametrization, the
velocity vector remains unit vector, that is, there is no change in its length. This means
that all the change in the velocity vector 1’ occurs due to the change in its direction. The
figure (1.7)) clearly shows that the direction of a velocity vector changes the faster, the more
curved a line. Thus, we can measure how curved a line n is using the rate of change of the
angle A¢ when the point moves along a line.

Definition 1.3. The curvature k(s) of a parametrized curve n = n(s) at a point sg € I is

the limit
(s0) = Ii A¢
0= 50 As

If vectors 777 (s0), 7" (so + As) are applied from a point p, then the end points of these
vectors lie on the unit circle with the center at a point p. Let us denote An'(sg) =
(p; 77" (so + As) — 177'(s0)). Then it holds

li A9 1
1Im —————~ =
ax0 A (so) |

Indeed, we have || A7/(so)|| = 2 sin 52. Thus

L A Ap . A2

As—0 ||[A7 (s0)|| Ago0 2 sin % Apo0 sin(Aqﬁ/Q)

Now, we can express curvature as follows

o) — im0 A0 [Ar()|
0 As—0 As  As—0 |An(so)|  As
o A¢ A o)l . AR (so)ll
= A Gl A T Ay AT Ay IO

Thus we proved that the curvature k(s) of a unit-speed parametrized curve n = n(s) at a
point s is equal to the length of acceleration vector at this point.

1.7 Plane curves and their curvatures

In this section we consider the curvature of a parametrized curve in the case of an affine
Euclidean plane E?. Throughout this section we assume that the Euclidean plane E? is
endowed with an orthonormal right-handed oriented frame {O; €1, €5} and the Cartesian
coordinates induced by this frame will be denoted by z,y. Our aim in this section is to
define a signed curvature of a plane curve and to derive formula for its calculation in
Cartesian coordinates.

Before we move on to considering the curvature of a plane curve we will consider ways
to define a curve on a plane. The first and basic way to define a curve is parametric, that
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Figure 1.7: Curvature of a line

is, a curve is given by a parametric equation £(t) = (z(t),y(t)), where ¢ € I. However there
are other ways to define a curve on a plane E%. Let y = f(z) be a smooth function and
I C R be its domain. Then the graph of a function f, i.e. the set of points

graph f = {(z, f(z) € E* 1z € I}, (1.27)

can be considered as a curve on a plane E?. This way to define a plane curve can be
considered as a particular case of a parametrized curve. Indeed taking the first coordinate
x as a parameter ¢t we can define a curve by means of the parametric equation
&(t) = (t, f(t)),t € I. On the other hand if we have a parametrized curve £(t) = (z(t), y(t))
then we can present this curve at least locally as a graph of a function. Let p = £(o) be a
point of a curve £. Since £ is a regular curve at least one of the derivatives x'(tg), v’ (to)
at a point p has to be non-zero. Assume z/(tp) # 0. Then there exists a neighbourhood
of to where ¢ can be expressed by means of the z(¢) function’s inverse as t = t(x). Then
the graph of the function y = y(¢(x)) will locally (in a neighbourhood of ty) coincide with
a curve £. Thus we see that the way to define a plane curve by means of a parametric
equation is locally equivalent to the way to define a curve as a graph of a smooth function.

Let a plane curve is defined as a graph of a smooth function f: 1 — R. Let g € I. In
order to find the equation of a tangent line to a curve y — f(z) we expand a function f(x)
in a Taylor series in a neighbourhood of a point x = x¢

y = yo + f'(z0)(x — x0) + O(Ax),

where yg = f(x0), Ax = x — 29 and O(Ax) are terms of second and higher order. Omitting
all terms of second and higher order we get the equation of a tangent line to a curve
y = f(x) at a point = xg

y —yo = f'(w0)(x — x0). (1.28)

One can write in the form of a parametric equation x = xg + t,y = yo + f'(x0)t
which shows that v = (p; 1, f’(x0)) can be taken as a velocity vector of a curve y = f(x) at
a point p = (o, Yo)-

A plane curve can be also defined with the help of an equation F(x,y) = ¢, where
F(z,y) is a smooth function of two variables and c is a real number. In this case a curve is
the set of all points of a plane E? whose coordinates satisfy an equation F(z,y) = c. Let
us denote this set of solutions by €. Additionally we will assume that the set of solutions
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of an equation F(z,y) = ¢ is non-empty, i.e. € # (), and at each point of a curve we have
(F})? + (F))* > 0. Let p = (z0,y0) be a point of a curve F(z,y) = ¢ such that F}|, # 0.
Then according to the implicit function theorem there exists a neighbourhood of a point p,
where y can be expressed as a smooth function of z, i.e. y = f(z), and

4L
de — F

Thus the set of solutions of equation F'(z,y) = 0 is a curve on a plane, which is locally,
that is, in a neighbourhood of each point, can be represented as a graph of a function.

Assume that a plane curve is defined by an equation F'(z,y) = ¢ and according to the
implicit function theorem in a neighbourhood of a point p = (z¢, yo) of this curve we have
y = f(f), where yo = f(z0) and F(x, f(z)) = ¢. Then

dF (x,y) = F,(p)dz + F,(p)dy =0 = F,(p)+ F,(p) f'(x0) = 0.

The left-hand side of this equation can be considered as a scalar product of two plane
vectors (p; Fy(p), Fy(p)) and (p; 1, f'(w0)). But the latter vector is a velocity vector of a
curve at a point p. Hence the vector (p; Fy(p), Fy(p)) is perpendicular to the velocity vector
of a curve and can be taken as a normal vector of a curve F(x,y) = 0 at a point p. A
straight line which passes a point of a curve and is perpendicular to a tangent line to curve
at this point is called a normal line of a curve. From previous considerations it follows that
equation of the normal line of a curve F(z,y) = ¢ at a point p = (x¢, yo) of this curve is

F,(p)(x — 20) + F,(p)(y — yo) = 0. (1.29)

It is worth to mention that a function F(x,y) standing at the left-hand side of an equation
of a curve induces the gradient vector field VF in a domain of a function F(z,y). The
restriction of this vector field to a curve € gives the vector field along this curve and this
vector field is perpendicular to the velocity vector field of a curve. Hence VF ‘ ¢ Is a normal
vector field along a curve F(z,y) = c.

The curvature of a plane curve can be defined with the help of Definition [I.3] when n = 2.
However, in the case of a plane curve, we can use the right-handed orientation of a basis
to endow the curvature of a parametrized curve with a sign. This can be made by means
of a complex structure of a plane E2. Let p be a point of a plane. We rotate this point
around the origin O counterclock-wise by right angle, get the point ¢ and this determines
the transformation of a plane E?, which will be denoted by J. Hence, J : E? — E?
and J(p) = ¢q. This transformation is called the complex structure of a plane E?. The
transformation J can be applied to vectors of the associated vector space V2. Indeed, given
a vector ¥ € V2, we apply it from the origin, then rotate around the origin counterclock-wise
by right angle and denote the obtained vector by J(@). It is easy to see that J : V2 — V2
is a linear transformation, i.e. we have J(a ¥+ bw) = a J(¥) + b J(w). This linear mapping
has the following properties:

1. J2 = —IC].E27
2. < J0),J(W) >=< 7,4 >;
3. < J(¥),7 >=0.

Evidently, if we apply the transformation J to the vectors of basis, then J(€1) = &, J(€3) =
—éy. Hence, if ¥ = v' & + v? &, then

J(@) = J(wte + 0% &) = vl J(@) + 02 J(&) = —v?é + ol é.
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Thus, the transformation J sends a vector with coordinates v!,v? to the vector with

coordinates —v?,v!'. This implies that J maps a point of E? with coordinates z,y to the
point with coordinates —y, z, i.e. J(z,y) = (—y, z).

Figure 1.8: Complex structure of a plane

Consider a unit-speed parametrized plane curve n = 7(s). According to Proposition
the acceleration vector n”(s) is perpendicular to the velocity vector n’(s). Hence, the
acceleration vector and the vector J(n'(s)) are collinear.

Definition 1.4. Let n = n(s) be a unit-speed parametrized plane curve. Then the signed
curvature k(s) of a unit-speed parametrized plane curve ¢ is defined by

n"(s) = r(s) J(n'(s)).

From this definition we easily get the formula for the curvature of a unit-speed

parametrized plane curve

k(s) =< n"(s),J(n'(s)) > . (1.30)
Taking into account that the acceleration vector n”(s) and J(n'(s)) are collinear vectors
and [|J(n'(s))|] = 1, we conclude |k(s)] = ||n”(s)|| and this shows that Definition
is consistent with the previously given general Definition [I.3] Hence, in the case of a
parametrized plane curve the absolute value of the curvature is equal to the length of
acceleration vector. This is the reason why the curvature of a parametrized plane curve is
called signed curvature.

The calculation of curvature in a unit-speed parametrization is often a difficult task,
because first we need to find this unit-speed parametrization, which requires calculation of
inverse function for arc length function. Thus, it is desirable to have a formula for curvature
in an arbitrary parametrization. In order to find this formula, we begin with a parametrized
curve (§ = £(t), I), which is not necessarily a unit-speed parametrized curve. But, according
to Theorem there exists a unit-speed parametrization of this curve, which will be
denoted by n = n(s). We know that this unit-speed parametrization is constructed by
means of the arc length function s = s(t) of £, i.e. £(t) = n(s(t)). Thus, it is natural to
define the curvature r(t) of a parametrized curve { = §(t) by putting x(t) = £(s)|s=s(),

where £(s) is the curvature of the unit-speed parametrized curve 7n(s). From this definition
and the formula (1.30) we obtain

k(t) =< n"(s),J(n'(s)) > ’s:s(t). (1.31)
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Differentiating the formula £(¢) = n(s(t)) and using the chain rule for parametrized curves,
we get

EO=5OnG] sy = 7 Olmn = Ty (32
Differentiating the above formula one more time, we get

1€ @€ ") = (1€ O €"(1)

Sl(t) n ”(3) ‘st(t) =

1€ (@)1
Substituting s'(t) = ||£/(t)|| we can express the accelerator vector n ”(s) as follows
1 (@i’

1Ol = e O e ¢ O (133

Making use of (1.32)) and linearity of complex structure J we get
€10y _ Jle o)
1€ (@) 1€ (@)
Substituting this formula and (|1.33) into (1.31) and taking into account that & ’(¢) is
perpendicular to J(§ '(t)), i.e. <&'(t),J(§'(t)) >= 0, we finally get
<£"(t),J(E'(t) >

1€/ (@11 '

We can write the above formula for the curvature of a parametrized curve £(t) in Cartesian
coordinates of the plane E2. Let &(t) = (z(t),y(t)), then

§'t) = (E)sa'(t),y'(1), () ((
JE'®) = (€t);—y'(1),2'®), l€'®)l=

Substituting these formulae into (1.34)) we obtain

z'(t)y" () —="()y' )

T ()] gy = J(

K(t) = (1.34)

"(1),y" (1),
(='(1))* + (y'(1))*.

)iz
NE

K(t) = (1.35)

or

z'(t)  y'(t)
[(2/(8)2 + (y'(1))2]** | =) 2"(t) ‘

The resulting formula is applicable in the case of an arbitrary parametrization of a
curve and we do not need previously to find a natural parametrization of a curve.

Let us consider some particular cases of formula . If a plane curve is defined as a
graph of a function y = f(z) then we can parametrize this curve as follows £(z) = (z, f(z)).

Hence {'(z) = (§(2); 1, f'(2)), §"(z) = (£(2); 0, f"(z)) and
_ [ (@)

") = (Pl

If a plane curve is defined in an implicit form by an equation F(x,y) = ¢ we can use

previous formula (|1.36]) assuming that locally an equation F'(z,y) = c is resolved and we
have the explicit function y = f(z) satisfying F'(z, f(z)) = ¢. Then

K(t) =

(1.36)

oy
fl(z) = T (1.37)
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In order to express the second order derivative f”(x) in terms of partial derivatives of a
function F'(z,y) we differentiate the relation F, 4 F, f'(2) = 0, which immediately follows
from dF(z,y) = F, dx + F, dy = 0 when y = f(x). Analogously we find

d(F, + Fyf'(z)) = dF; + (dF)) f'(z) + F, df'(z)

= Fy, do + Fp, dy + (Fy, do + F,, dy) f'(x) + F, f"(z) de.

Taking into account that y is a function of z, i.e. y — f(z), we obtain
Fy f"(x) + Fpp + 2 Fyy, f'(2) + Fyy dy) (f'(2))? = 0.
Substituting from ((1.37) and expressing f”(z) in terms of the partial derivatives we get

FL(Fy)? 2 Fpy FLFy + Fp, (F)?

(Fy)?

F = (1.38)

Substituting (1.37) and ([1.38) into ([1.36) we finally find the formula for a curvature of a
curve defined by F(z,y) =c¢

| FL(Fy)? = 2 Fpy FLF + Fp, (Fy)?

(FLP + (B PP )

R =

1.8 Osculating circle of a plane curve

In this section, we shall restrict our consideration to curves in the plane. At each point of a
regular curve, its tangent line is well-defined. The tangent can be viewed as a line that
approximates the curve with a certain degree of accuracy in a sufficiently small neighborhood
of the point of tangency. We can make this notion more precise.

To do so, assume that two curves £(s) and 7(s) pass through a point p, i.e., {(s9) =
n(sp) = p, where s is the natural parameter. Suppose the curves are parameterized in
such a way that for s > so, the points p; = £(s) and p2 = n(s) lie on the same side of
p. The deviation of the curve n from the curve £ is defined as the length of the segment
0 = ||p1 — p2||.- Consequently, we have

p1p2 = 1(s) — 5(3)

Expanding in a Taylor series at the point sg, we obtain

— — —

€(s) = €(s0) +&(s0) (s — 50) + 5€"(50) (5 — 50)% + ... + =& ™ (s0) (s — 50)" + ...,

—_ DN =

n(s) = 7(so) + 7' (s0) (s — s0) + =77"(s0) (5 — s0)> + ... + mﬁ(”)(so) (s—s0)"+...,

\V)

Hence
5 = 1€/(50) = ' (s0)l| (5 = 80) + 51€"(50) = 7" (s0) (5 — s0)?
o € (s0) = 7 (s0) s — s0)" .

We say that two curves &, have contact of order n at the point p if condition

— —

€' (s0) = 7' (s0), €"(s0) = 7" (s0), --.,& ™ (s0) = 77" (s9). (1.40)
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holds. It is evident that this is equivalent to the deviation § of one curve from the other at
the point p being an infinitesimal of order at least n + 1 with respect to s — sp.

Suppose we are given a parametrized curve £(t) = (z(t),y(t)),t € I in a plane E?. We
now pose the problem of finding a curve that has second-order contact with a given curve
¢ at a certain point pg = £(tg). Note that in this case, the deviation of the given curve £
from the sought curve must be an infinitesimal of order three. In order to find a curve such
that it has second-order contact with & we will use a circle.

We assume that the curvature k(tg) of a curve £ is non-zero at a point p. A circle that
passes through a point p and has a second-order contact with a curve £ at a point p is called
an osculating circle. Our aim now is to find a radius and a center of osculating circle at a
point p. Let us denote a center of an osculating circle by pg, its position vector by 7 and a
radius of osculating circle by R. Then we have ||£(to) — 7|| = R2, where £(to) is a position

—

vector of a point p. Let £(¢) be a position vector of a point g of a curve £ close enough to a

Figure 1.9: Osculating circle

point p. Let us connect point ¢ with a center of an osculating circle py by a straight line
segment and denote the point of intersection of this line segment with an osculating circle
by ¢. The deviation of a curve £ from osculating circle is equal to the length of the segment
qq and can be written as || — q|| = ||¢ —pol| — ||g — po||. This deviation must be infinitesimal
of the third order with respect to t — tg. It is easy to see that ||¢g — po|| — ||¢ — pol| and
llg — poll?> — |G — pol|? are infinitesimals of the same order. Indeed we have

Mg =poll> =G —pol® .. .
lim ~ = lim (||g — poll + | — poll) = 2R,
t=to |lg —poll — |g —poll  t=to
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because ||§ — pol| is a radius of an osculating circle and lim;_, ||¢ — po|| = |lp — poll = R.
Now the deviation can be expressed as follows

5(t) = |IE(®) - 71* - R®.

Expanding the deviation function 6(¢) into a Taylor series, we must obtain a series that
begins with terms of the third order, that is,

5(t) = %5”’(750)@ AL

Hence we must have

§(tg) = &' (tp) = 8" (tp) = 0.

These three conditions are necessary and sufficient for a circle centered at point p with
radius R to have a second-order contact with a curve &, that is, to be an osculating circle.
The figure shows that vector ppy is perpendicular to the tangent vector £'(¢p). It follows
that by turning the unit vector
£'(to)

1€ (to)

at a right angle counterclockwise with the help of the complex structure J, we can write
the position vector of a center of osculating circle 7 in the form

€=

—

7= E(to) + R J(@). (1.41)
Let us show that this vector satisfies the conditions 6(tg) = §'(t9) = 0. We have
5(to) = [|&(to) — £(to) = R- J(@)|* - R* = R* — R* = 0.
In the case of the first order derivative of the deviation function 6(¢) we have

§(t) = 2 < €(ty) — 7. € (to) >= —2— 20— < J(@ (1)), (ty) >= 0,
1€ (to)

because of J(£'(to)) L € (t). The second order derivative of the deviation function 8(t) at
a point t = tg can be written as follows

8" (to) = 2 (1€ (to) |1+ < &(to) — 7, (t0) > ).
Substituting (1.41]) into the resulting expression and equating it to zero, we obtain
. R . .

1€ (to)|I” — 1)l < &'(to), J(§'(to)) >= 0.
Making use of the formula for curvature we find the radius of an osculating circle
R = ! (1.42)
K(to)

Due to the relation the radius of an osculating curve is also called a radius of
curvature of a curve £ at a point (tp). The center of an osculating circle is called a center of
curvature of a curve £ at a point £(tp). Substituting into we find the position
vector of a center of curvature

= 1 . fj(to) )

7= f(to) + K(to) (1'43)
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Using the affine structure of plane E? we can pass from the position vectors 7, g(to) to the
corresponding points pg, p and write the center of curvature as a point of a plane

—

£'(to)
- J(—= . 1.44
(||§'(to)||) (4

Now note that an osculating circle is defined at each point of a curve £ = £(t), that is, for
any value of the parameter ¢t € I. Thus we can consider the set of points in a plane E?
that are the centers of the osculating circles of this curve. Obviously this set of points is a
plane curve which is called evolute and the parametric equation of the evolute of a curve

& = £(t) follows from (1.43)) or ([1.44) and has the form

e(t) = £(t) + !

1
k(to)

po=p+

—

J( g(t) ) (1.45)

1.9 Plane curves in polar coordinates

So far we have used Cartesian coordinates in Euclidean affine space E™, which are con-
structed by means of an orthonormal frame € = {O; €1, és, ..., €,}. However, in Euclidean
space E™, besides Cartesian coordinates, there are another coordinate systems, which
are called curvilinear coordinates. We will consider a general approach to this type of
coordinates in subsequent chapters of this book, but now it is useful to consider the special
case of such coordinates on a plane E2.

A parameterized curve £ in polar coordinates of a plane can be defined in a similar way
to how it is done in Cartesian coordinates. This means that one can define a parameterized
curve as a mapping & : I — E?, which in polar coordinates r, ¢ is determined by a parametric
equation &(t) = (r(t), ¢(t)),t € I, where r(t), ¢(t) are smooth functions. However, it is
usually convenient to choose the polar angle ¢ as a parameter. In this case the parametric
equation of a parametrized curve has a simple form r = r(¢) and we will determine a
parametrized curve with the help of this equation. If a parametrized curve is given in polar
coordinates of a plane by equation r = r(¢) , we can easily derive its parametric equation
in Cartesian coordinates, if we construct an orthonormal frame € = {O; €7, é>} as follows:
Origin O coincides with the pole, €} is the unit directional vector of the polar axis (pointing
in the positive direction of the polar axis) and €5 is obtained by counterclockwise rotation
of €1 around the origin O by the right angle. Then so constructed Cartesian coordinates
can be expressed in terms of polar coordinates as follows

T =rcos¢p, y=rsinae. (1.46)
Thus, the parametric equation of a curve r = r(¢) in Cartesian coordinates is

§(¢) = (r(¢) cos g, 7(¢) sin ¢), (1.47)

and the parameter is a polar angle ¢. Hence, we can apply previously developed formulae
to calculate the coordinates of velocity vector, acceleration vector, the arc length and the
curvature of a curve r = r(¢).

In the case of polar coordinates, we can construct a basis for the tangent space TpE2 of
a plane at a point p similar to the basis {e,1,ep2} in Cartesian coordinates. But vectors
of this basis will depend on a point of plane. In order to construct a basis for TpE2 in
polar coordinates, we use the coordinate lines. Let p be a point of plane E?, whose polar
coordinates are 1, ¢. If we fix the polar angle ¢ of a point p and let polar radius r to vary
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within some interval (r — 0,7 4 §), then we get the first coordinate line passing through a
point p and the parametric equation of this straight line is (¢, ¢), where r —§ <t < r + 6.
Analogously, the second coordinate line is the circle, whose radius is r and center is the pole
O. The parametric equation of the second coordinate line is (r,7), where ¢ — 6 < 7 < ¢+ 9.
We will use the velocity vectors of these coordinates lines to construct the orthonormal
basis for the tangent space TpEQ. In order to find the coordinates of velocity vectors,
we pass from polar coordinates to Cartesian ones, because we know how to calculate the
coordinates of velocity vectors only in Cartesian coordinates. The parametric equation of
the first coordinate line in Cartesian coordinates is (f cos ¢, tsin ¢) and of the second line
is (rcosT,rsinT). Thus, the first velocity vector is (p; cos ¢, sin ¢) and the second one is
(p; —rsin g, r cos ¢). It is easy to see that the first vector is a unit vector, the length of the
second vector is r and vectors are orthogonal to each other. Hence, the vectors

€pr = (p; cos ¢,sin @) = cos ¢ ep1 +singe,o,
epy = (p;—sing,cosg) = —sinde,; +cospepy,

form the orthonormal basis for tangent space TpE2 in polar coordinates. The above formulae
can be written in the matrix form

(o ono) = (o &) (o 0.

cos ¢

and we see that the orthonormal basis in polar coordinates e, e, s can be obtained by
counterclockwise rotation of the canonical orthonormal basis ey, 1, e, 2 around a point p by
an angle ¢.

To pass from vectors to the vector fields induced by them, we will omit the point p in
the corresponding notation. Hence e, es will stand for the vector fields induced by the
canonical basis €1, €3 and e,, ey for the vector fields induced by e, , e, 4. Thus we have

e, = cos¢e]+singey, (1.48)
ey = —singe;+cosgpey,, (1.49)
and
_ cos¢p —sing
(or o) =Cor o) (G oy )
Now we can calculate the velocity vector field v along a curve given in polar coordinates
by equation r = r(¢), and we calculate the coordinates of this velocity vector field in the

orthonormal frame field e;, e induced by the polar coordinates. In Cartesian coordinates
defined by a canonical frame field eq, e this velocity vector field has the coordinates

7' cos¢ — 1 sin ¢, sin ¢ + 7 cos ¢. (1.50)

We can write them in a matrix form as follows
r'cos¢p—rsing \ [ cos¢ —sing r’
r'sing+rcosg )\ sing cos¢ r )

cos¢ —sing
sing cos¢

transforms the coordinates of the velocity vector field v in frame field e,, e4 into coordinates
in the frame field e, es, we conclude that r’,r are the coordinates of the velocity vector
field in frame field e,,ey. Hence

Since the matrix

v=1"e,+71 ey (1.51)
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1.9. PLANE CURVES IN POLAR COORDINATES

Hence, ||v] = +/(r")? + 72 and the length of the arc between two points (r(¢1), ¢1),
(r(¢2), ¢2) of a curve r = r(¢), where ¢ < ¢, can be calculated in polar coordinates with

the help of the formula
$2
s = V()2 4+ 12 dg. (1.52)
é1

In order to calculate the curvature of a plane curve given in polar coordinates by equation
r = r(¢) we need to calculate the coordinates of acceleration vector field a along a curve
r =r(¢). We do this by differentiating the coordinates of the velocity vector field
with respect ¢

(r" —r) cos¢ — 2r' sin ¢, (r" — 1) sin ¢ + 2r' cos ¢,

and writing it in the matrix form
( (r" —r) cos ¢ — 21’ sin ¢ ) B < cos¢ —sing > < r’ —r )
(r" —r)sing+2r'cos¢ )\ sing cos¢ 27/ '
Thus the acceleration vector field in polar coordinates can be written as
a=(r"—r)e, + 21" e (1.53)

The coordinates of the acceleration vector a can be calculated in a different way. To do
this, we differentiate both sides of equation (1.51]) with respect to polar angle ¢. We obtain

a=v =r"e +1'e. +1'es+rey. (1.54)

Now the question is what the derivatives of the vector fields e, and ey4 are equal to. We
consider these vector fields as vector fields along a curve r = r(¢) and differentiate them by
the parameter of this curve, which is the polar angle of a point, that is, we differentiate
along this curve. However, it is easy to see that these vector fields do not depend on the
polar radius (see formulas . Thus, their change is completely determined by the
movement of the point along the coordinate line ¢, that is, the circle. From this it follows
that the derivatives of these vector fields can be calculated by differentiating the formulae
(1.48l1.49)) with respect to variable ¢. This differentiation gives

/o I
e, = €p,e4 = —€p.

Substituting this result onto (1.49) we get (1.53).

Now applying complex structure transformation to the velocity vector field (at each
point of a curve r = r(¢)) we find

J(v) = —re, +1'ey.

Making use of the formula (1.34]) for a curvature we finally get the curvature of a curve in

polar coordinates
C<a Jv)> 420 —rr” 155
I CCER =R e )

Example 1.7. One of the most famous examples of a curve defined by a parametric
equation in polar coordinates is the logarithmic spiral. It is given by the equation r = ae?,
where a,b are real numbers such that a > 0,b # 0. This curve has many wonderful
properties. We will calculate the arc length of a logarithmic spiral between two polar angle
values. We find

v =abe?®, (1) 1% =a* (b +1)e*?.
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Figure 1.10: Logarithmic spiral

Then the length of arc of logarithmic spiral between two its points r(¢1),7(¢2), where
¢1 < ¢2 can be calculated by means of the formula (|1.52)) as follows

b2 o2
s = / Va2(h? + 1) €29 dg = ar/b? + 1/ e*de
1 1

VT [P, L VBT e VP4
a—p— e’?d(bo) a——p—¢
1

o T(T(@) —7r(¢1)).

We calculate the curvature of the logarithmic spiral using formula (1.55)). We have
= ab® e, 1?2 + 2(r")% — 1" = a?(b? 4+ 1) 2%

and
20— a?(b? + 1) e2? 1

P2+ (2P T B+ 132 E 1

1.10 Bartels-Frenet-Serret equations

In this subsection we consider parametrized curves in three dimensional Euclidean space
E3, construct a moving frame along a parametrized curve and derive Bartels-Frenet-Serret
formulas for a moving frame, which express the derivatives of vector fields constituting
moving frame, in terms of these vector fields themselves. In the first part of this section,
we will use the natural parametrization of a curve.

Let (n =n(s),I) be a unit-speed parametrized curve in three dimensional Euclidean
space B3 and T be the vector field of velocity along a unit-speed parametrized curve 7.
Hence, T(s) = n/(s) and ||T(s)|| = 1. In this section we assume that the curvature x(s) of a
unit-speed parametrized curve 7 is non-zero at any point of this curve, i.e. for any s € I we
have k(s) # 0. The derivative of T is the vector field of acceleration along n and T’ L T,
IT" ()|l = |In"(s)|| = K(s). Thus, we can make T’ to be a unit vector field by normalizing it,
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i.e. we introduce the vector field

N(s) = ﬁ(ls)ﬂs)' (1.56)

This vector field is orthogonal to the vector field of velocity T and ||N(s)|| =1 for any s € I.
The vector field N will be referred to as a normal vector field along a parametrized curve 7.
In order to have a three-dimensional frame at each point of a curve 7, we introduce one
more vector field B along a curve 7, which is called a binormal vector field and is defined as
cross-product of vector field of velocity T and the normal vector field N. Hence B=T x N.
Three vector fields {T,N,B} form an orthonormal frame for the tangent space Tn(S)E?’ at
each point of a unit-speed parametrized curve 7(s) and this frame will be referred to as
a moving frame of a parametrized curve. Now our aim is to find formulae, which show
how the derivatives of the vector fields T/,N’, B/, constituting the moving frame, can be
expanded in terms of vector fields themselves. The geometric essence of these formulae
is that they show the speed of rotation of the three-dimensional frame {T,N,B} when a
point moves along a curve. Indeed, all three vectors of this frame are mutually orthogonal
unit vectors, and when a point moves along a curve, the lengths of these vectors and their
relative position do not change. Geometrically, this means that when a point moves along
a curve, these three vectors rotate as a single rigid body. This means that the derivatives
of these vector fields will show the speed of this rotation.
It follows from the definition of the normal vector field N that

T = kN (1.57)

Thus, we have expressed the derivative of the vector field of velocity in terms of vector fields
of moving frame {T,N,B}. This equation is called the first Bartels-Frenet-Serret equation.
Now consider the derivative of binormal vector field B. Differentiating the cross-product

T X N we get
B =T xN+4+TxVN. (1.58)

The first term on the right-hand side of @ is equal to the zero vector and this follows
from the first Bartels-Frenet-Serret equation @ The second term in (and hence
the vector field B') is perpendicular to vector fields T and N'. But we have one more vector
field, which is also perpendicular to vector fields T and N’, this is the normal vector field N.
Therefore, the derivative of binormal vector field B’ is collinear to the normal vector field N
and there exists a uniquely defined scalar function 7(s) such that

B = —7N. (1.59)

This function 7 is called a torsion of the space curve and it is an important geometric
characteristic of a curve, the geometric meaning of which we will explore later in this section.
The equation is called the third Bartels-Frenet-Serret equation.

Now we consider the derivative of the normal vector field N. As {T,N,B} is an orthonor-
mal frame, we can expand the derivative N’ as follows

N =<N,T> T+ <N,N> N+ <N B> B.

As N is a constant length vector field, it follows from Proposition that < N,N' >= 0
and the middle term in the above expansion vanishes. In order to find the coefficient
function < N, T > in the first term of expansion, we differentiate the both sides of relation
<N, T >=0and get <N, T >= — <N, T >. Making use of the first Bartels-Frenet-Serret
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equation T = kN we find < N/, T >= —k. Analogously, differentiating the both sides of the
relation < N,B >= 0 we get < N',B > + < N,B’ >= 0. Hence < N,B >= — < N,B’ > and
substituting B’ = —7 N we get < N’,B >= 7B. Thus, we have

N = —kT+TB, (1.60)

and this equation is called the second Bartels-Frenet-Serret equation.

Summarizing the reasoning presented above, we obtain the following result. Let n =
(n(s),I) be a unit-speed parametrized curve in space, where the curvature x(s) at each
point of the curve is nonzero. Then the moving frame {T,N,B} of this curve satisfies the
Bartels-Frenet-Serret equation

T = kN, (1.61)
N = —kT + 7B, (1.62)
B = —TN, (1.63)

where 7 =< N, B > is called a torsion of a unit-speed parametrized curve (n = n(s),I).
The structure of Bartels-Frenet-Serret formulae becomes very clear if we write them in
matrix form

T/ 0 k 0 T
N | =| -k 0 T N
B/ 0 —7 0 B

We see that the third-order square matrix on the right-hand side of this matrix equation is
skew-symmetric. This fact is very important and will be explained later.

Let us determine the geometric meaning of the torsion of a space curve. From the third
equation of the Bartels-Frenet-Serret formulas, it follows that the rate of rotation of the
binormal vector B(s) is equal to the absolute value of the torsion |7(s)|. However, the
binormal vector is perpendicular to the osculating plane of the curve at each of its points.
Therefore, the absolute value of the torsion represents the rate of rotation of the osculating
plane. It is evident that if the curve is planar, meaning it lies entirely in some fixed plane
P, then its osculating plane at every point coincides with P. In this case, the binormal
vector remains constant, implying that its derivative is zero. Since the principal normal
vector N is nonzero, we conclude that the torsion of such a curve is zero. Conversely, it can
be proven that if the torsion of a curve is zero, then the curve lies entirely in some plane.
Indeed let 7(s) = 0. Then B'(s) = 0. Hence binormal vector is constant and we denote it
by Bp. Then < T(s),By >= 0 or we can write < 1'(s),Bp >= 0. Hence

%(< 7(s),Bp >) = 0.

We see that the function < 7j(s),Bg > is constant. Let < 7(s),By >= d, where d is
a real number, By = (a,b,c),7(s) = (x(s),y(s),z(s)). Then for any s € I we have
ax(s)+by(s)+cz(s) = d. Therefore, every point (x(s),y(s), z(s)) of the curve n(s) lies in
a plane, and the curve is planar.

The curvature and torsion of a space curve are fundamental characteristics that describe
its geometry. Computing the curvature requires evaluating second-order derivatives of the
position vector of the curve, while computing the torsion involves third-order derivatives.
One might expect that there exist additional geometric characteristics of the curve that
depend on higher-order derivatives of the position vector, but this turns out not to be
the case. All other geometric properties can be expressed in terms of the curvature, the
torsion, and their derivatives. Consequently, a curve is completely determined, up to rigid
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motions, by its curvature and torsion. The equations k = k(s), 7 = 7(s) are called the
natural equations of the curve. The following theorem holds:

Theorem 1.2. Let x(s) and 7(s) be two smooth functions defined on an interval I = [0, ]
with x(s) > 0. Suppose that a point py is given in space, along with three mutually
orthogonal vectors Ty, Ny, By satisfying By = Ty x Ny. Then there exists a unique curve
(n(s),I) in space such that:

- n(0) = po,
- s is the arc length of the curve measured from py,
- {To, No, By} is the Bartels-Frenet-Serret frame at po,

- k(s) and 7(s) are the curvature and torsion of the curve, respectively.

It should be noted that the formulas (1.61f), (1.62)), (1.63) are a powerful tool in the
study of space curves. Besides, these formulas have several important applications in
theoretical physics and mechanics. It is worth to mention a historical aspect of the discovery
of these formulas [Abramov:2004finest|. These formulas were published by F. Frenet in
his dissertation in |[Frenet:1847| in 1847 and, independently of him, these formulas were
obtained by another French mathematician, J.A. Serret, and published in [Serret:1851] in
1851. In this regard, these formulas are usually called the Frenet-Serret formulas. However,
it emerged later that the formulas (1.61)), (1.62)), (1.63]) were discovered by M. Bartels before
the French mathematicians F. Frenet and J.A. Serret ever published them. M. Bartels was
a professor of mathematics at the University of Dorpat (now Tartu) in Estonia. He used
to present his results of studies in differential geometry of curves in lectures for students.
One of his students, C.E. Senff, took notes of M. Bartels lectures and later included these
notes into his book "Principal theorems from the theory of curves and surfaces", which
was published in 1831. Therefore, from a historical point of view, it would be correct to
call the formulas (1.61)), (1.62]), (1.63) Bartels-Frenet-Serret formulas, as it was proposed in
|[Lumiste:1997mbr|.

Example 1.8. As an example, let us find Bartels-Frenet-Serret equations for a helix. Recall
that in Example (1.5, a natural (unit-speed) parametrization of a helix was found and we
will use it in this example. The unit-speed parametrization of a helix is given by
(5) = ( tasn S P
n(s) = (a cos ——, a sin ) .
Va? + 2 Va2 + b2 Va?+b?

To simplify the form of formulae and make them more compact, we introduce the notation
a = va? + b%. Hence differentiating with respect to natural parameter s we get the velocity
vector field

a s a s b
T(s) =1/ (s) = . ——sin—, = cos —, —).
(s) =1'(s) = (n(s); ——sin —, —cos —, )

Differentiating the velocity vector field T we find the acceleration vector field
a s a s
T(s) =7n"(s) = ; ——5 cos —, ——5 sin —, 0).
(s) =n"(s) = (n(s); = cos —, ——5 sin —,0)

Since the curvature of a spatial curve in unit-speed parametrization is equal to the length
of the acceleration vector, we find the curvature of a helix

a a
w(s) = IIn"(s)ll = 2 a2
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Note that the curvature of a helix is the constant non-zero number. Next we find the
normal vector field of a helix

= ﬁ(S)T (s) = (n(s); — cos = —sin a,O).

The cross product T x N gives us the binormal vector field B. Hence

B(s) = (n(s); b sin i, b cos ).

S
@ o « a’

Qe

Differentiating the binormal vector field we obtain

b s b s
!/ _ . T din
B'(s) = (n(s); 3 €08 —, —5 sin a,O).

The last formula shows that the derivative of the binormal vector field B’ is collinear to
the normal vector field N and the corresponding coefficient function, when we express B’ in
terms of N, taken with a minus, is equal to the torsion 7(s) of a helix. Hence

b _ b
a2 a2 42

7(s) =

We leave the verification of the second Bartels-Frenet-Serret equation to reader as a small
exercise.

1.11 Computational Formulas for Curvature and Torsion

We have derived Bartels-Frenet-Serret formulae based on the assumption that a parametrized
curve is regular and it is parameterized by the natural parameter s. Since such a parametriza-
tion is always possible, the obtained result is general for the entire class of regular curves.
However, we can find a form of Bartels-Frenet-Serret equations in the case of an ar-
bitrary parametrization of a regular curve. To extend these equations to an arbitrary
parametrization of a regular curve, we assume that we are given a regular parametrized
curve £ = (&(¢),I). Let n = (n(s),J) be the unit-speed parametrization of £&. Then we
know that £(t) = n(s(t)), where s(t) is the arc length function of &, i.e.

s(t) = / €/ ()] i,

where ¢ty € I. Thus, using the arc length function s(¢), one can switch from a unit-
speed parametrization 7(s) to a given parametrization £(¢). Hence it follows that we
can extend any quantity (function, vector field) defined for a given curve in the natural
parametrization and depending on the natural parameter s to an arbitrary parametrization
by replacing the natural parameter s with the arc length function s = s(t). According to
this approach, we define the moving frame, curvature and torsion of a curve (§ = £(t), 1)
(i.e. in parametrization £(t)) as follows

B(t) = B(s)

szs(t)’ s:s(t)7

R(t) = )]y T = T(9)] ey

It is important to note here that neither the values of the vector fields of the moving frame,
nor the values of curvature and torsion at the points of the curve, change, only the value of
the parameter that corresponds to them changes.
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Now our goal is to find the form of Bartels-Frenet-Serret equations in the case of an
arbitrary parametrization £(t). We have

T(0) = /(T () = IO (NG| = IEOI RN

When deriving this equation, we used the chain rule for parametrized curves and the first
Bartels-Frenet-Serret equation in the case of unit-speed parametrization. Passing to vector
fields and functions (i.e, omitting parameter ¢ in the above equation) and denoting the
function §'(t) = [|¢|| by v, we get

T =vkN. (1.64)
Similarly one can derive the second and third Bartels-Frenet-Serret equations for a
parametrized curve (§ = &(t),I). Thus, we got the following result: If (§ = &(t),1)
is a regular parametrized curve and the curvature of this curve is non-zero at each point of
a curve, then the moving frame {T,N,B} satisfies the equations

T = VKN, (1.65)
N = —wkT + wvTB, (1.66)
B = —vuTN, (1.67)

which will be referred to as generalized Bartels-Frenet-Serret equations.

Our next goal is to derive formulae for the moving frame, curvature and torsion of a
parametrized curve £ = (£(¢),I). To do this, we need the derivatives of £(¢) up to the third
order inclusive. Differentiating the both sides of £(t) = n(s(t)) with respect to t we get

gl(t) = 77,(3) ‘szs(t)'

Taking into account that 1'(s) = T(s) and the definition of T(¢), we can put the previous
formula into the form ¢ = v T. Differentiating one more time and applying the first
generalized Bartels-Frenet-Serret equation ((1.65)) we obtain

& =VT+vT =0T+ 0*kN.

Analogously, i.e. differentiating the both sides of the above formula and making use of
Bartels-Frenet-Serret equations, we calculate the third order derivative of £(¢). Hence we
have

§ = wT, (1.68)
¢ = VTH+02kN, (1.69)
" = (W =0K)NTH Buv k+ 0 )N+ 03k TB. (1.70)

Using these equations, we can calculate the curvature and torsion of a curve. First of all,
we consider the vector product of the vector fields ¢ and ¢”. We find
£ xe&"=v3kB = ||¢/ x &' = v3k.
Hence , "
_ g <€)
K= TR
1€71]

In order to find the torsion of a curve £ we consider the triple product of the vector fields
¢, ¢ ¢, From (1.68)),(1.69), (1.70) it follows that

(f’, é-//’ f”l) _ U6I£2T.

(1.71)

Hence

_ (517 51/7 g///) (1.72)

GRS
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2 Vector fields and Forms

ONE of the most important concepts of modern differential geometry is the notion of a
vector field. The importance of this concept lies in the fact that it can be used not only in
differential geometry, but also in mechanics and theoretical physics. Imagine that we were
able to take a snapshot of the flow of a current fluid and at each point we constructed a
velocity vector of infinitesimal particles of this fluid. We obtain the distribution of vectors
in a certain region of space, which would naturally be called a vector field. Maxwell’s great
insight was the idea of describing electromagnetic phenomena with the help of a concept
of an electromagnetic field. A vector field, considered as the distribution of vectors in a
certain region of space, is very clear and easy to understand. However, it turns out that an
approach to vector field based on directional derivative is more effective and useful. The
concept of a differential form is not so visual, it is more abstract and in order to explain a
notion of a differential form we will use the dual space of a vector space. Despite this, the
calculus of differential forms plays an exceptionally important role not only in differential
geometry, but also in field theories.

2.1 Vector fields in Euclidean space

In this section we continue the study of vector fields in an affine Euclidean space E™ started
in the previous chapter (Section . Recall that a vector field in an open subset U of an
affine space K™ is defined as a smooth mapping X : p € U — X, € T,E™, which attributes
to each point p of U a tangent vector of an affine space E™ at this point p. We can give
this definition by means of the disjoint union of tangent spaces to E™ over an open subset
U,ie. T(U) = UpcuTpE", as a smooth mapping X : U — T'(U), which satisfies 7o X = idy,
where 7 : T(U) — U is the projection defined by the formula m(v,) = p. The set of all
smooth vector fields in an open subset U is denoted by D(U) and this set becomes the
vector space if we define pointwise the addition of vector fields and multiplication by real
numbers. One can also define a multiplication of vector fields by smooth functions fX,
where f is a smooth function, X is a vector field and fX is a vector field, whose value at
a point p € U is the vector f(p)X,. Multiplication by smooth functions together with
previously defined addition of vector fields and their multiplication by real numbers makes
the set of all vector fields D(U) a module over the algebra of smooth functions C*>°(U). In
the case of an affine Euclidean space E™ we have an inner product and the tangent space
T,E"™ at a point p is an Euclidean space and this Euclidean structure induces the inner
product of vector fields < X,Y > as follows: The inner product < X,Y > is the function on
U, whose value at a point p € U is the inner product of tangent vectors < X,,Y, >.

So far we have considered the notion of a vector field in a coordinate free form. This
approach has certain advantages, for instance, it makes possible to find invariant structures,
that is, structures which are independent of a choice of coordinate system. Such a structure
depends directly on the geometry of a space and is not affected by an accidental nature
of a choice of coordinate system. However an introduction of a coordinate system allows
one to perform calculations and this is the reason why we break this symmetry and choose
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some specific coordinate system. The most convenient coordinate system is a system of
affine coordinates. We will choose it as the basic coordinate system and show how a
vector field can be described by means of affine coordinates. First we fix a reference frame
{O;é1,é,...,€,} in an affine space E™ and denote the corresponding affine coordinates
by !, 22,..., 2" Then at any point p € E™ we have the frame {ep1,ep2,...,epn} of the
tangent space T, E™. Hence the set of all vectors e, ;, where i is fixed and p runs over affine
space K", determines the constant vector field, which will be denoted by D;. Thus the
value of a vector field D; at a point p (we denote it by (D;),) is (D;)p, = epi. In the case
when E™ is an affine Euclidean space, i.e. there is an inner product, we will use Cartesian
coordinates, i.e. we will assume that a reference frame {O; €1, és,...,€é,} is orthonormal.
Making use of the multiplication of a vector field by a function, one can expand any vector
field X € D(U) into the sum of the basic vector fields Dy, Do, ...,D,, as follows

n
X = Z X'Dp;,
=1

where X1, X2 ... X" are smooth functions defined on U. Hence in affine coordinates a
vector field X is uniquely determined by the functions X* and we will call these functions
components of a vector field X in affine coordinates.

It is easy to see that previously defined operations with vector fields can be ex-
pressed in terms of components of these vector fields as follows. If (X! X2 ... X")
and (Y',Y?2,...,Y") are the components of vector fields X, Y respectively, then the com-
ponents of the sum X + Y are the functions (X' + Y1 X2+ Y2 .. X"+ Y"). If E"is
an affine Euclidean space we have the inner product of two vector fields < X, Y > and this
inner product can be written in the Cartesian coordinates as follows

n
<X ¥Y>= ) XY
ij=1

If we multiply a vector field X by a smooth function f then the components of the vector
field fX are the functions (f X', f X2,..., f X™).

In Cartesian coordinates a vector field X can be expressed in terms of the basic fields
Dy,Do,...,D, by means of inner product as follows

n
X:Z<X,D,~ > D;.
=1

Hence in order to calculate the components of a vector field X in Cartesian coordinates one
can use the formula X' =< X,D; >.

2.2 Directional derivative

The concept of a vector field is similar to the concept of a function. Indeed a function
assigns to each point of a domain a real number and a vector field assigns a vector. Methods
for studying the behavior of a function are based on the study of the derivative of a function.
Similarly the study of the behavior of a vector field, for instance its rate of change, is based
on a differentiation of a vector field. This section is devoted to differentiation of vector
fields. But we will begin this section with a concept of directional derivative of a function.

Let f € C*°(U) be a smooth function and v, = (p;¥) € T,E™ be a tangent vector at a
point p € U. A tangent vector v, determines the straight line passing through a point p,
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whose parametric equation can be written in the form p+¢v. The restriction of a function f
to the straight line p 4 tv will be denoted by f(p+ t¥). It is easy to see that this restriction
of a function f is the function of one variable .

Definition 2.1. A directional derivative of a function f at a point p is defined by the
formula

d
vpo f = 2 (Fo+ 19))],_,,

Thus the directional derivative is a mapping v, : C°° — R. This mapping is linear and
satisfies the Leibniz rule, i.e. for any smooth functions f,¢ and any real numbers a,b € R
one has the following properties

L. vpp(af+bg)=av,>f+bv,>yg,
2. vpe(fg)=(vp>flg+ f(vprg).

Definition (2.1)) is given in a coordinate free form. If we now assume that an affine space
E"™ is endowed with a system of affine coordinates z',z?,...,2" then a function f is
the function of n variables f(x!,22,...,2") and a vector ¥ can be written in coordinates

7= (vh,v?, ..., v"). Now making use of Definition (2.1)) we find

= L), =3 Lot Y
vpbf—dt(f(P%—tU))‘t:o_;dt(p +M)t:06xi

N~ Of
_ZU ozt

=1

. (2.1)
P P
One can use this formula to compute a directional derivative of a function in affine

coordinates. For instance applying ([2.1]) we find

(2.2)

In the case of Cartesian coordinates we can write this formula by means of an inner product
and the gradient as follows

vp > f =< v, (grad f), > . (2.3)

We can extend the notion of directional derivative to vector fields. Let X € D(U) be
a vector field. Then according to the definition a vector field X assigns to each point p of
U a tangent vector X,. Given a smooth function f € C°°(U) one can find a directional
derivative X, > f. This directional derivative is a real number. Hence one can assign to each
point p of U a real number, that is, one has the real-valued function defined on U. Let us
denote this function by X > f. Then according to the previous considerations the value of
the function X> f at a point p is the real number X, > f. For example making use of
we find D; > f = 0f/0z". Hence in affine coordinates for any vector field X = S X 'D;
we have

— im. — v )
be_ZX(Dsz)_ZXaxi. (2.4)
i=1 i=1
It follows from (12.3) that in the case of Cartesian coordinates we can write the last formula

in the form

XDf:Z < X,grad f > . (2.5)
i=1
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Formula (2.4]) shows that in affine coordinates a vector field X induces the first order
differential operator

X X' —. 2.

It also shows that if f is a smooth function then X[f] is also a smooth function. Thus a
vector field X induces the mapping f € C*° — X[f] € C* which is linear and satisfies the
Leibniz rule, that is, for any two smooth functions f, g and any two real numbers a, b we
have

L Xo(af+bg)=aX>f)+bXp>g),

2. Xe(fg)=@EX>flg+ f(Xpg).

Definition 2.2. Let A be a unital associative algebra. Then a linear mapping § : A — A
is said to be an algebra derivation if it satisfies the Leibniz rule

d(uv) =d(u)v+ud(v),
where u,v € A.

From this definition it follows that a vector field can be considered as a derivation of the
algebra of smooth functions on U. It can be proved that any derivation of the algebra of
smooth functions C*°(U) can be uniquely written in affine coordinates in the form of first
order differential operator . Thus in what follows we will consider a vector field as a
derivation of an algebra of smooth functions and identify it with a first order differential

operator (2.6, i.e.

" 0
_ i
X = Z X' (2.7)
=1
Particularly we have
B 0 B B 0
D; = D’ (Di)p = epi = 9z |y
Now the affine basis {ep1,€p2,...,epn} for a tangent space T,E™ at a point p can be
written in the form 5 9 9
{—1 A3 0 A }. (2.8)
oxlly 0x21p ox™ Ip
In the case of Cartesian coordinates this basis is orthonormal and we have
0 0
oxtlp’ OxJ ‘p K (2.9)

Let us now consider the question of vector fields in curvilinear coordinates. To do this,
we formulate in a suitable way a scheme for working with vector fields in affine coordi-
nates, in particular, in Cartesian coordinates. In this case we start with an affine frame
{0;€1,é,,...,&,} which induces a system of affine coordinates x!',z2 ..., 2". Then we
move in a parallel way the vectors of basis €1, €, ..., €, to each point p of a space E™ with
the help of notion of a vector at a point. Thus we get n constant vector fields D1,Do,...,D,
and at each point of a space E" these vector fields form the basis for a tangent space T, E".
In order to extend this approach to curvilinear coordinates we can consider the vectors of
basis for a tangent space from a slightly different point of view. Let p be a point in space
E™. A straight line p + ¢ €; is called the ith coordinate line of an affine coordinate system
passing through a point p. Hence n coordinate lines pass through each point in a space. It
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2.2. DIRECTIONAL DERIVATIVE

is easy to see that the tangent vector to a coordinate line p + t €; at a point p is the ith
vector of basis e, ; of a tangent space T, . On the other hand if we compute a directional
derivative of a function f along this coordinate line then

of

t=0 Ozt

%(f(p+t5z))’

p’
and we can identify an ith vector of basis with partial derivative with respect to ith
coordinate at a point p.

Let us now apply this approach to curvilinear coordinates. Hence we assume that we
have a system of curvilinear coordinates ¢ : U C E™ — W C R" which is C*°-compatible

with affine coordinates x!,22,...,2". The curvilinear coordinates will be denoted by
#h, 72, ...,#" and
1 121 =2 ~n 2 20~1 =2 ~n n ni=1l ~2 ~n
x = f(zr,z%,...,32"), o7 = fA(z,2%,...,2"),.. 2" = (2,2, ..., 2", (2.10)

will be the functions of transition from an affine coordinates to curvilinear coordinates. Let
p=(Z},73,...,2%) be a point of U. Then

Git) = (88,28, .... a0 L ah +t, a5, . xf)

is an ith coordinate line of a system of curvilinear coordinates passing through a point p.
Calculating a directional derivative of a function f along a coordinate line &;(t) we find

d N~ Of | dify of
S|, -3 2| = -

This formula shows that for any point p € U the tangent vectors
0

p

0 0
T‘ 77~‘ Yty A~ (211)
8301 D 81’2 D o™ P
form the basis for a tangent space T,E™ in curvilinear coordinates 1, #2,...,%". Hence in
curvilinear coordinates the vector fields
- 0 =« 0 ~ 0
D :7,D :T,...,D — = 212
YT o TP a2 SNYT (2.12)

form the basis of a tangent space T),E™ at each point of an affine space E".

It is useful to find how the basic vector fields in curvilinear coordinates can
be expressed in terms of the basic vector fields in affine coordinates. Consider a smooth
function f defined in affine coordinates z', 22, ..., 2™ We can pass from affine coordinates
to curvilinear coordinates by means of the transition functions and we obtain the

composite function whose partial derivative with respect to #* can be written as follows

of oz ﬁ
03t 0%t OxI’
Since f is an arbitrary smooth function we find the transformation rule for basic vector
fields . ‘
~ oz’
Di=)_ o5 D (2.13)
j=1

It is worth to mention that this formula describes a transition from one basis for a tangent
space T, E™ to another (at each point p of U) because the Jacobian of this transition (the

determinant of the matrix A = (A7) = (927/0%%)) is non-zero (see Proposition .
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Formula is very important because it leads to several important conclusions. First
we see that in curvilinear coordinates the basic vector fields Dy, D, . ..,D,, are not constant
vector fields. Hence the basis for a tangent space T, ™ depends on a point of a space
and it changes when one moves from one point of a space to another. Second formula
is important when E"™ is an affine Euclidean space. Indeed in curvilinear coordinates we
can not use formulae of Euclidean geometry for inner product and a length, but formula
shows a way how to calculate inner product of tangent vectors if we use curvilinear

coordinates. Let us consider the case when E™ is an affine Euclidean space. Then

<D;,D;> = <zn:a$kD n ame >= n axk&vm<D D,, >
P 0zt M L ppi T ozt oz T
k=1 m=1 ,m=1
B " 9xk 9xm 5 " Oz Ok
- OFt Oxd M T L 9t 9ii
km=1 k=1

Let us define the square matrix of nth order g = (g;;), where

" 9zk oxk

9= 2a 9z g
k=1

The matrix g is referred to as a matrixz of Euclidean metric in curvilinear coordinates.
Obviously the matrix of Euclidean metric in Cartesian coordinates g is the unit matrix
g = (0;j) because < D;,D; >= §;;. The square of the arc differential expressed in terms
of coordinate differentials is usually referred to as the Fuclidean metric. In Cartesian
coordinate the Fuclidean metric can be written as

ds® = (dz')? + (dz?)* + ... + (dz")? = Z Sijda’ da’ .
=1

Hence in curvilinear coordinates the Euclidean metric has the form

i " oz oxk .
ds? = Z Gijda’ da’! = 95 95 dz" da? .

ij=1 i.5.k=1

2.3 Exterior algebra of a vector space

In this section we will use Einstein’s convention to write sums containing quantities with
indices. This convention is that if the same index occurs twice in an expression, once as a
superscript and the second time as a subscript, then one takes the sum over this index, but
the symbol of the sum is omitted.

Let V' be an n-dimensional vector space. A linear form on a vector space V is a function
0 : V. — R which satisfies the linearity condition g(a ¥ + bw) = a (V) + b o(W), where
a,b € R and v,w € V. We will also call a linear form a I1-form. The set of all 1-forms
defined on a vector space V is the vector space if one defines the addition of 1-forms and
their multiplication by real numbers as follows

(2 +)(V) = o(V) +<(7), (a0)(V) = ao(?). (2.14)

The vector space of 1-forms is called a dual space to a vector space V and it will be
denoted by V*. It can be proved that the dual space V* is n-dimensional vector space.
If {é1,é3,...,8,} is a basis for a vector space V' then this basis induces the dual basis
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{e',e?, ..., e"} for the dual vector space and a 1-form e’ of the dual basis is defined by
ei(éj) = 5; Then any 1-form o can be expressed in terms of the dual basis as follows

o=oi¢, 0 €R.

Note that in this formula we use the Einstein convention. A bilinear form on a vector space
V' is a function of two vector variables ¢ : V x V' — R which is linear in both variables, i.e.

9(aty + bis, @) = a (1, ) + bI(Th, @),

and the analogous property holds for the second variable w. We will shortly call a bilinear
form a 2-form. The set of 2-forms is the vector space if one defines the sum of two 2-forms
and the multiplication by real numbers similarly to . A 2-form 9 is said to be a
skew-symmetric 2-form if for any two vectors U, W it is satisfies

9(5, @) = —I(, B). (2.15)

Evidently the set of skew-symmetric 2-forms is the subspace of the vector space of all
2-forms and this subspace will be denoted by A?V*. Generally a n-form on a vector space
V is a function of n vector variables ¢ : V x V x ... x V — R which is linear in every
variable. The set of n-forms on a vector space V is a vector space if one defines the sum
of two n-forms and the multiplication of n-forms by real numbers similarly to . A
[-form is said to be a skew-symmetric if its satisfies

§(6i1;17i27 e 7177,'1) = (*1)})@“(’[_}‘1, 172’ e 7171)7 (216)

where p is a parity of a permutation (i1,12,...,%). Hence a skew symmetric [-form does

not change if we perform an even permutation of its vector variables and it changes a sign

in the case of odd permutation. The set of skew-symmetric [-forms is the subspace in the

vector space of all skew-symmetric I-forms and this subspace will be denoted by A/V*.
The wedge product of two 1-forms 01, 02 € V* is a 2-form 01 A g2 defined by

e = 80 A |0 p) - a@a@. @)
It is easy to see that for any 1-forms o1, 02, 03 and real numbers a, b we have the following
algebraic properties

1. V¥ AV* = A2V ie. the wedge product of two 1-forms is a skew-symmetric 2-form,

2. 01 AN o2 = —p2 A 01, i.e. wedge product is anti-symmetric operation,

3. (ap1+bo2) N3 =ap1 A3+ bos A g3, i.e. wedge product is bilinear operation.

We can extend the wedge product (2.17) to any k-form ¢ and m-form ¢ by saying that
¥ A ¢ is a [-form, where [ = k + m, defined by

(I NG)(Vh,Va,...,700) = Z (=1)P (U, Uiy, - -, Ui, )S (U1, Tjyy - -, Uj,,), (2.18)
1<i1 <. <ip<n
1<51 <. <jm<n
where (41,142, ...,%k, j1,72,- - -, Jm) 1S a permutation of the integers (1,2,...,[) and p is the
parity of this permutation. Particularly if K = m = 1 then the general formula takes
on the form of wedge product of two 1-forms . It can be verified that the wedge
product ¥ A ¢ defined in (2.18]) is the l-ary skew-symmetric form. The wedge product has
the following algebraic properties
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1. if 9 € AFV*, ¢ € A V* then 9 A g € AFTm V¥,

2. (oND)ANs=pA (9 AN5), (associativity)

3. if 9 € AFV* ¢ € AMV* then 9 Ag = (—1)FM¢ A0,

4. (ao1 +bo2) A o3 =apr A3+ bo2 A p3, where a,b are real numbers.

In order to make the notation of vector space of forms uniform, we will denote the dual
space V* as follows A V*. Hence the sum of vector spaces V* + A2V* + ...+ ALV 4.
i.e. the vector space of all formal finite linear combinations of forms with real coefficients,
endowed with the wedge product, is the associative algebra. It is useful to make it a unital
algebra by adding the vector space A°V* = R. The real numbers R can be considered as a
one-dimensional vector space spanned by the unity 1. Hence A°V* = {a1:a € R}. The
elements of the one-dimensional vector space A°V* will be referred to as 0-forms. Hence a
0-form here is simply a real number. Naturally we extend the wedge product to the O-forms
by saying that a wedge product of a 0-form and a k-form is multiplication of a k-form by a
real number defined in . It is worth to mention here that due to it is natural
to define p A a = pa = a g, that is, forms commute with real numbers. Now the unity 1 is
the identity element of the exterior algebra because 1A p=pA 1= p.

Definition 2.3. The unital associative algebra (AV*, A), where AV* is the sum of vector
spaces AOV* + V* + ...+ AFV* 4+ .. and A is the wedge product, is called an exterior
algebra of a vector space V.

The vector space of the exterior algebra is the sum of vector spaces of k-forms AFV*.
But this sum is not infinite as it may seem at the first glance. Actually this sum ends at the
vector space of n-forms A"V* (n is the dimension of a vector space V'), that is, all vector
spaces Al'V*,1 > n are trivial, i.e. consist of the zero vector. The reason for this can be
understood if we consider the structure of vector spaces A¥V* with the help of a basis.

Let {&1, €3, ...,&,} be abasis for V. Then we have the dual basis of 1-forms {e!,e?, ..., e"}
for the dual vector space V*. Now if we take into account that wedge product is anti-
symmetric, i.e. for any integers 7, j it holds ¢’ A ¢/ = —e/ A e’ then e’ A e’ = 0. Thus if a
sequence of integers i1, 19, ..., 1, Where each integer of this sequence can take values from 1
to n, contains two identical integers then, because of anti-symmetry of the wedge product,
the product e’ A e A ... A e will be 0. Therefore we will get a non-zero product of basic
1-forms e’ only in the case when all integers in a sequence i1, s, ..., i} are distinct. On the
other hand, if we rearrange the integers iy (1y,75(2); - - - » io(k), Where (o(1),0(2),...,0(k)) is
a permutation of integers 1,2, ..., k, we get the product, which is expressed as follows

e A lo@ AL A el = (=1)POelt A2 A LA e,

where p(0) is the parity of a permutation 0. These considerations lead to the conclusion
that all products e’ Ae®2 A...Ae*, where 1 < iy < iy < ... < i, < n, are independent
and can be shown to form a basis for a vector space of k-forms. Thus the dimension of
a vector space AFV* is O, i.e. dim AF V* = C}. Now it becomes clear that the longest
non-zero product of basic 1-forms e’ that we can form is the n-form e! Ae? A... A e™ which
span the 1-dimensional vector space A" V* and every vector space of k-forms, where k > n,
is trivial, i.e. AFV* = {0} for k > n. Hence

AV = AV ALV - A2V .+ AP VE
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Any k-form o can be uniquely expressed in terms of wedge products of basic 1-forms e’ as
follows

0= Z Oiyig.ip €T NE2 NN e (2.19)
1< <i9<... < <n

where 9;,4,...;, are real numbers. This formula can be written in a more compact form. Let

Z = {i1,42,...,it} (k <n) be a subset of the set of integers from 1 to n, i.e. if we denote
N ={1,2,...,n} then Z C N. Recall that the concept of a set does not imply ordering
of elements. Hence we can choose natural ordering 1 < i; < iy < ... < i < n. Now we

associate to every subset Z C N the basic k-form as follows
ICN — ed=elAe2A... Nek, (2.20)

We assume that a subset Z may be empty. In this case we associate to the empty set the
identity element of the exterior algebra AV*, that is, e? = 1. Now formula (2.19) can be
written in a compact form as follows

o= ore. (2.21)

IcN

There is one more way to express a k-form in terms of the basic k-forms and in this case
we do not need to use ordered sequences of indexes, which makes calculations with forms
in some cases easier. If we assume that the coefficients g;,;,..;, in the sum (2.19) are
skew-symmetric in subscripts, that is,

ag
Qig(1yio(2)ia(k) — (_1)P( ) Oiy i, ... igs

where o is a permutation and p(o) is its parity, and we take the sum over all sequences
i1,%2,...,1; then due to the anti-symmetry of the wedge product we will get every term k!
times. Thus we can express any k-form as follows

1 . . 4
0= 75 Oitia..iy et NeP N NeR. (2.22)

In the above formula we can use the Einstein convention because now every subscript
independently of others takes values from 1 to n.
Let us consider the question of transformation of the coefficients 9;,4,...;, of a k-form

when one passes from one basis of a vector space V to another. Let {€],€3,...,¢€,} be
another basis for a vector space V and €/ = A! €;, where A = (A]) is a transition matrix.
Let {&',&,...,¢&"} be the dual basis for a basis {¢],¢],...,€]}. Then ' = A% él.

In order to find a transformation law for the coefficients of a k-form p it is useful to
consider the determinant of a submatrix of a transition matrix A. Let 1 < i1 <is < ... <
i, < n be numbers of rows and 1 < j; < jo < ... < jr < n be numbers of columns of
a matrix A. Then the elements of a transition matrix A located at the intersections of
these rows and columns form the submatrix of matrix A. Let us denote this submatrix by

811;22;’;)) It should be noted that here we mean the following. The elements of the first
row of the submatrix are the elements of a matrix A located at the intersection of the row ¢y
with columns j1, jo, . . ., ji, the elements of the second row of the submatrix are the elements
of a matrix A located at the intersection of the row i with columns ji, ja,..., ji and so on.
From the properties of a determinant it follows that Det (AE;;Z;ZJ’;))) is skew-symmetric in
superscripts as well as in subscripts. Indeed if we do a permutation of the superscripts

i1,1%9,...,1; then this will be equivalent to a permutation of the rows in the determinant
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Det (A(iliQ"'i'“) ). If we do a permutation of the subscripts ji, ja, ..., ji then this will be

(12---3k)
equivalent to a permutation of the columns in determinant Det (AE?IZZ;;))) Hence
(ia(l)ia(2)"'io'(k)) _ (leglk)
Det (A5, ) ) = (“DPDet(AG5H),
((i1%2...7x) . _1\p (i112...ik)
Det (A(jo(l)jJ(Q)"'jo(k))) = (=1)PDet (A(j1j2~~-jk))’

where p is the parity of a permutation o.
Let o be a k-form. We can write it either in the coordinates of the first basis

{€1,€,...,é,} or in the coordinates of the second basis {€7,€3,...,é,}, that is,
1 o : 1 L y
0= E Qiyis...ip eETNEN.LN ez’“, 0= E Oivis...iy PR AN N NPL (223)

Makinguseofei:Aééj wefindfor 1 <ji<jo<...<jr<n

Ojrjo.ie = > Det (Aﬁﬁi}i'j;?;))) Qivia...if,- (2.24)
1< <i9<... < <n

Taking into account the skew-symmetry of a determinant Det(A&ZZJ'Z) ) both with respect
to the superscripts and subscripts we can drop the condition for the ordering of indices and

then

_ 1 e
Definition 2.4. Assume that in each coordinate system {€1, éa,...,é,} of a vector space

V' we are given a set of real numbers {0;,4,.., } indexed by the set of subscripts iyiz .. . i,
where each subscript runs from 1 to n, and g;,4,...;, are skew-symmetric under a permutation
of subscripts. If {g;,i,..i, } transform under transition from one coordinate system to another
according to the law then in a vector space V' we have the covariant skew-symmetric
tensor of kth order p and {g;,i,. i, } are components of this tensor in a coordinate system

{€1,€,...,En}.

2.4 Differential forms

In this section the exterior algebra of a vector space described in the previous section will
be used to construct differential forms in an affine Euclidean space E™.

At each point p of an affine Euclidean space E™ we have the tangent space T, E™. Let us
denote by T7E™ the dual space of a tangent space T, E". This dual space is a vector space
of dimension n and will be called a cotangent space at a point p. Hence we can consider
the exterior algebra AT7E™. According to the considerations of the previous section the
exterior algebra ATJE™ is the sum of vector spaces

N E" = Ty E" + N'T E" + ...+ \"T E",

where /\kT; E™ is a vector space of k-forms defined on a tangent space T, E™ and /\1T; B =
T,E". Let U C E™ be an open subset in E™. In analogy with a tangent space we define

ANET*(U) = Upey AP TFE™, AT*(U) = Upey AT E™, where U is a disjoint union of vector
spaces. The projection 7 : AF T*(U) — U is defined in a natural way, i.e. if ¥ is a k-form
defined on a tangent space T, E™ then 7(v¥) = p.
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Definition 2.5. A smooth mapping w : U — AF T*(U), which satisfies 7 o w = idy, is
called a differential k-form defined on an open subset U.

Hence a differential k-form attributes to each point of an open subset of an affine Euclidean
space a k-form and this k-form depends smoothly on a point of U. A vector space of
differential k-forms defined on an open subset U C E™ will be denoted by Q¥(U). Here the
vector space structure of QF(U) is defined by pointwise addition of differential k-forms and
by pointwise multiplication by real numbers, that is, (w + 6), = wp, + 6, and (aw), = awy,
where w, 6 € Qk(U ),a € R. As in the case of vector fields, we can define one more operation
with differential k-forms and this is multiplication of a differential k-form w by a smooth
function f € C*°(U) defined pointwise (fw), = f(p)wp. Usually we will multiply a
differential k-form by a function f from the left and write fw, but it is natural to define
w f = fw, that is, differential forms commute with smooth functions.

The multiplication of differentials k-forms by smooth functions has the following prop-
erties

e (f+tgw=fw+guw,
° f(w—i—ﬁ):fw—i-gﬁ,
e (fg)w=f(gw),

e 1w = w, where 1 is the constant function whose value at each point p is 1.

Hence the multiplication of differential k-forms by smooth functions defines the structure
of module over the ring of smooth functions on QF(U).

At each point p of an affine space E" the tangent space T,E™ is a vector space of
dimension n. Therefore, according to the previous section, at every point p one can
construct the exterior algebra ATy E". This algebra can be extended to the vector space
of differential forms if we define a wedge product of two differential forms pointwise. In
order to do this we consider the sum of vector spaces Q¥(U) whose elements are all possible
linear combinations of differential forms with real coefficients, i.e. > !, a; w®, where

w® € Q/(U), a; € R. We denote this sum of vector spaces by Q(U), that is,
QU) = QU) +QYU) + ... + QY(U),

and Q°(U) is the vector space of smooth functions C*°(U). It is clear that the multiplication
of differential k-forms by smooth functions induces the structure of module on Q(U) if we
put f 37 w® =" fw® where w® € Q'(U). Now we define the wedge product of
any two differential forms pointwise (w A 6), = wp A 6, and extend it in an obvious way
to Q(U). Note that the wedge product of a zero-form (function) and a differential k-form
(k > 0) is the multiplication of a differential k-form by a function. Evidently the constant
function 1, whose value at any point of an affine space E™ is the unity 1, plays a role of
identity element for the wedge product.
Hence (Q(U), A) is a unital associative algebra which has the following properties

o if wc QF(U),0 € Q(U) then w A 0 € QF™(U),
e (WAB)ANp=wA(0Ap) (associativity),
e WAl =(-1)F"9 Aw, where w € QF(U),0 € Q™(U),

o (fw+gl)ANp=fwAp+gwA p, where f,g are smooth functions.
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The algebra (Q(U), A) will be referred to as an algebra of differential forms defined on an
open subset U.

Definition 2.6. A unital associative algebra (A, -) is said to be a Z-graded algebra if it is
a direct sum of subspaces A’ C A labelled by integers i € Z, that is, A = ®;cz A’ and for
any k,m € Z,u € A¥, v € A™ it holds u-v € A¥T™ If for any k,m € Z,u € A¥,v € A™ a
multiplication of a graded algebra A satisfies u - v = (—1)*™v - u then graded algebra A is
referred to as a graded commutative algebra.

It follows from this definition that the algebra of differential forms ((U), A) defined on an
open subset U of an affine space E" is a Z-graded commutative algebra whose subspaces
QF(U) are trivial for k < 0 and k > n.

Let ¢ : U C E™ — W C R” be a system of coordinates (z',z2,...,2") (not necessarily
affine coordinates) C*°-compatible with affine coordinates. Then the vectors at a point
pelU
0 0 0
ozl ‘p’ Ox2 ‘p’ 9z
form the basis for the tangent space T), E". The dual basis for the vector space TJE™ (or
AT¥E™) will be denoted by

(2.26)

(dzb),, (dz2),p, ..., (da™)p. (2.27)

Hence we have 5
(@ (5ya1,) = 55

Let w be a differential k-form and wy,,p € U be its value at a point p. According to

Definition || wp € NF TyE™. Formula 12.22) shows that we can write a differential k-form
w at a point p as follows

1 . . .

Wp = 77 Winiz..i (p) (dx™)p A (dx'?)p A ..o A (dz™),, (2.28)
Since p is an arbitrary point of U we can omit point p in formula (2.28) and then we will
obtain a formula for a differential k-form w in coordinates z',z2,...,2". In this case the

numbers wj,i,..i, (p) in 1} become functions w;,;,.. s, of the coordinates b z?, . .., " of
a point. The requirement of smoothness for a differential form considered as a mapping
U — AT*(U) now means that all functions w;,4,.. 4, are smooth, i.e. wj i, i € C®(U).

Hence a differential k-form can be written in coordinates z',z?,..., 2" as the following
expression
1 : . .
W= 1 Wiz (x)dz"™ Ndx A ... Adx', (2.29)

where z stands for the set of coordinates z', 22, ..., 2" of a variable point of U.

At each point p of an open subset U C E™ a differential k-form w is a k-form wy,, that
is, a real-valued multilinear skew-symmetric function of k vectors. On the other hand if we
are given k vector fields Xy, Xg,...,Xx € D(U) then at each point p € U we have k tangent
vectors (X1)p, (X2)ps - - -, (Xk)p- Thus at each point p we can calculate the value of a k-form
wp on k tangent vectors and this is a real number. Hence we have the function

pelU— wp((X1>P7 (X2>p7 T (Xk)P)‘

This function is called the value of a differential k-form w on vector fields X1, Xs, ..., X and
we will denote this function by w(Xy,Xe, ..., Xk).
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Obviously the value of a differential k-form on k vector fields is skew-symmetric under
a permutation of vector fields, that is,

w(xa(l), X52),- - ,Xg(k)) = (—1)P w(Xy,Xe,...,Xk),
where o is a permutation of integers {1,2,...,k} and p is the parity of 0. Due to the
multilinearity of a k-form we have one more property
w(Xl,Xg, LK+ fY ,Xk) = w(Xl,XQ, o X1, X, X, - .,Xk)
+fw(X17X27--~,Xi—17Y7Xi+17-~-7Xk)a (230)

where f is a smooth function defined on U and 1 < i < k. If a differential k-form and
vector fields are written in coordinates as follows

1 . . . 9 9 9
w= Ewllwlk(x) dz'* Ndz N ... Ndz*, X1 = Xi%, X = X%@a o X = Xli:@
then the value of differential k-form w on vector fields Xy,Xs,...,X; can be written as
follows . A )
XX Xy
1 Xp X2 o Xp
W1, Ky X = g (@) LT TR (2:31)
XXy o X
Given a differential k-form w one can find the expression of this form in coordinates
xl 2% ... 2" by means of the basic vector fields D; = 9/0z¢, where i = 1,2,...,n, as
follows 5 5 5
Witig..i, = w(Di17Di27 . 7Dik) = w(aajil B D ) (232)

An important structure in the case of differential forms is an exterior differential. It is
an exterior differential that underlies the theory of de Rham’s cohomologies, which is used
to study the global structure of a manifold. We will define an exterior differential step by
step and start with 0-forms, i.e. functions. It is worth to mention here that any differential
form is uniquely defined if we show how to calculate its value on arbitrary vector fields (the
number of vector fields depend on the degree of a differential form). Let f be a smooth
function defined on an open subset U C E™. The exterior differential of a function f is the
1-form df defined by

df (X) =Xp f. (2.33)
It follows from this definition that in the case of a 0-form the exterior differential d raises
the degree of a form by one, i.e. d: Q°(U) — QY(U). It also follows from that d is a

linear mapping. In order to find the expression of the 1-form df in coordinates we calculate
the value of this form on basic vector fields D;. We obtain

oo Of
df(D;) =D;> f = pE
Hence of of of of
_ ZJ 1 M 2 o n_ “J 7
df = 9l dx* + 92 dz®+ ...+ D dx e dx’. (2.34)

The expression on the right-hand side of the obtained formula is called in the differential
calculus of functions the total differential of a function. Thus at the level of functions we
can identify the exterior differential with the total differential and this leads to an important
conclusion that d satisfies the Leibniz rule

d(f h) = (df) b+ f (dh). (2.35)
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It should be noted that a difference between the exterior differential and the total differential
appears when we pass from first order differential to higher-order differentials. Formula
also explains why the dual basis of a cotangent space T; E™ was denoted as differentials
of coordinates (dz'),, (dz?),,...,(dz"),. Indeed the coordinates can be considered as
functions on space (coordinate functions). Then according to exterior calculus the exterior
differential of a coordinate function at some point in space is an element of a cotangent
space. However it is worth remembering that in the calculus of differential forms, in contrast
to the differential calculus of functions, the differentials at point p are generators of the
exterior algebra ATJE™, that is, we can multiply them using exterior multiplication.
Now let w be a 1-form defined on U. The exterior differential of 1-form w is the 2-form
dw defined by
dw(X,Y) =X (w(Y)) — Yo (w(X)) — w([X,¥]). (2.36)

It follows from this definition that, just as in the case of functions, the exterior differential
raises the degree of a 1-form by one, that is, it assigns a 2-form to a 1-form. The linearity of
the exterior differential in the case of 1-forms also easily follows from Formula (?7). Hence
in this case d is a linear mapping d : Q'(U) — Q2(U). Thus we have the sequence of vector
spaces

Q) & ot S Q). (2.37)

The exterior differential has a very important property d> = dod = 0. Indeed let f be a
smooth function and X,Y be two vector fields defined on U. Then

& f(x,Y) = (d(d))XY)=X>(df(Y) - Yo (df (X)) - df([X, Y))
— Xe (Yo )= Yo (Xbf) - XY]5 f = [X¥]6 f— X,Y]b f 0.
Any 1-form w can be expressed in coordinates z!',z2,..., 2" as follows w = w; dz’. Now
our aim is to find the expression for the 2-form dw in coordinates z!, 22, ..., z". First of

all we know that any 2-form can be written as follows dw = %wijd:zi A dx?. In order to find
the coefficient functions w;; we use w;; = w(D;,D;). Hence

wij = dw(D;,D;) = D; > (w(Dj)) — D; > (w(D;)) — w([Di, Dy]).
Next we have w(D;) = w;,w(D;j) = w; and [D;,D;] = [a‘z“ %] = 0 because partial derivatives
commute. We obtain
D bws Db~ Wi Owi
wij =Di>w; —Djbw; = Bl B
and 5 5
w=w;dr' = dw= 5 <8c;3 — af:;) dzt A da?.

Now we extend the exterior differential to any k-form w by the following definition.

Definition 2.7. Let w be a k-form and Xi,Xs,...,Xgr1 be vector fields. Then the exterior
differential dw is the (k + 1)-form defined by

dw(X1, X1, K1) = Z(—l)i_lx'D( (X1, Kiy ooy Xpp1))

+Z Zﬂw XZ,X]Xl,...,Xi,...,Xj,...,XkJrl),
1<J
where a hat ~ over a vector field X; means that this vector field is omitted.

Theorem 2.1. The exterior differential has the following properties:
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1. the exterior differential is a linear mapping d : Q1(U) — Q*H(U),
2. for any differential k-form w and any differential form 6 it holds

dw A ) = (dw) A+ (—1)Fw A (dB),

3. d>=dod=0.

Ifw= %wimmik dz' Adx® A ... Adz' then

8&}4 ~ .

_ _1\ym—1 J1--Jm--Jk+1 J1 Jk+1

dw = | g ' (—1) — ogim dx? AN dak (2.38)
J1<eeo<Jk+1

where j,,, means that j,, is omitted.

Proof. The linearity of the exterior differential follows from the definition of the sum of two
differential k-forms and the multiplication of a differential form by a real number. Indeed if
w,0 € QF(U) and a € R then, by definition,

(w—l—&)(Xl,Xg,...,Xk) = w(Xl,Xg,...,Xk)—|—9(X1,X2,...,Xk),
(aw)(Xl,Xg,...,Xk) = a(w(Xl,Xg,...,Xk)). (239)

Applying Definition and using the linearity of directional derivative we obtain d(w+6) =
dw + df and d(aw) = adw.

In order to prove the second property we will use coordinates z',z2,...,2". It can be
easily checked that the proposed proof can be applied in any coordinate system. Hence the
second property takes places in any coordinate system. First of all let us note that due to
the linearity of the exterior differential we need to prove the second property only in the
case of differential forms

1

w=fdz" Ndz? A .. ANdz, 0 =gda?t Ada2 AL Nda, f,ge CO(U)  (2.40)

because any differential form can be written as the sum of this kind of differential forms.
Second it is sufficient to prove the second property only in the case of basic vector fields
D; because any vector field can be written as the sum of basic vector fields multiplied by
functions and a differential form has the property . First we prove that the exterior
differential of a k-form w, where w is the first form in , can be written in coordinates
as follows

dw = df Ndz™ A ... A da'.
Let Dy,Dg,...,Dxy1 be basic vector fields. Making use of Definition ([2.7) we can write
k+1
dw(D1,Da,.. ., Dps1) = »_ (=1)™ "Dy &> (w(D1, ..., Dyny .., Dgt1)). (2.41)

m=1

The second sum in the formula of Definition (2.7)) vanishes because partial derivatives
commute [D;,D;] = 0. Next

w(Di,...,Dp,...,Dpy1) = fdaz" Adz A ... Adz™(Dy,..., Dy .., Dps1)
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The value of a k-form dz® Adz2 A. .. Adx™ on basic vector fields D;, i # m is a number since
according to the definition of the wedge product this value will be equal to the determinant
whose elements are numbers dz'"(Ds) = d%, where s # m. Thus we have

k+1
dw(D1,Dy, ..., Dgg1) = Y (=)™ (Db f)da’™ A... Adz™(Dy,...,Dpm,. .., Dpy1)
m=1
k+1
= > (=)™ 'df (Dm) dz™ A ... Ada™(Dy,..., Dy, ..., Dis1)
m=1

= df Adz" A...Adz™(Dy,...,Dp,...,Dpt1)

Now we consider the exterior differential of the wedge product of two forms (2.40). Making
use of (2.35)) we find

dwAl) = d(fhdx™ A...ANdx™ Nda? AL A dadt)
= d(fh)Adz" A...ANdx Adx?t AL A dxh
= (d(f)h+ fd(h)) Adz"™ A...Adz™ Adz? AL A da?
= (df Adx™ AL Adz™) A (hda?t AL A da)
+(=D)F (fdz™ A...Adz) A (dh Adz?t AL A datt)
= dwNO+ (=) wAdb.

Now it is easy to prove that d?> = d o d = 0. Previously we proved that this property holds
in the case of functions. From previous considerations it follows that it is sufficient to prove
d? = 0 only in the case of forms ([2.40). We have
d*(w) = d(df Ndz™ AL ANda'*) = d2(f) Ada™ AL A datt —df AdP AL A datn
+. (DR Adz AL A AP = 0.

Inn order to prove formula ([2.38) we use the properties of the exterior differential. Hence
we have

dw = d( Z wil”_,-kdx“/\.../\da:i’“)

11 <...<ip
= Z dw;, .., N dz™' A .. A dx'*
11 <...<i
Ows. . .
= Z — Ltk dp™ A dz A LA dat (2.42)
. . Ozm
11<...<1k

Since dw is the differential (k + 1)-form we can write it as follows

dw = Z wjl,__jkﬂdmjl Ao A daTer, (2.43)

J1<ee . <Jr41

Now let us consider the question of how the wedge products of the basic forms will be
obtained from formula . For this purpose we choose some product dat A ... A dzi*+1,
This product will be obtained from products dz’ A ... A dz** by multiplying them from
the left by dz™. To find those products dz’* A ... A dz** which will give da’t A ... A dzix+1
we remove successively 1-forms da’t, dz?2, ..., da/*+1 from the product dzi* A ... A daik+1.
It is obvious that in this way we obtain all the terms that give the form dz/ A ... A dalk+1.
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But since the 1-forms in the product dz’t A ... A dz/*+! are ordered we will have to put the
differential 1-form da™ (standing at the first position) to its proper place. Thus there will
appear a sign which depends on a position of a corresponding 1-form. Thus we get

k+1

do= > D (- %d:ﬁh Ao A daTker (2.44)
J1<e.<Jg4+1 m=1 v

O

2.5 Covariant derivative

In this section, we will consider the question of how to measure the rate of change of one
vector field in the direction determined by another vector field. Assume that U C E™ is an
open subset, Y is a vector field defined on U and & : I — U is a parametrized curve. If we
restrict a vector field Y to a parametrized curve £ then we get the vector field Y|¢ along
a curve &, i.e. a vector field depending on one parameter ¢. In this case the measure of
change of a vector field along a curve £ is its derivative (Y|¢)" with respect to the parameter
t. Note that the derivative (Y|¢)" is a new vector field along a parametrized curve .

Now assume that p € U, v = (p;0) € T,E". Let £ be a parametrized curve passing
through a point p, whose velocity vector is v. Such a parametrized curve is always exists
because we can take, for instance, the straight line p + t0. We have £(to) = p, &' (to) =
According to the construction described above, we can measure the rate of change of a
vector field Y at a point p in the direction of a tangent vector v = (p;¥) if we take the
derivative (Y|¢)" of the restriction of a vector field Y to £ calculated at a point p as a measure
of this change. This derivative of a vector field Y is called a covariant derivative of a vector
field Y at a point p and is denoted by VY. Hence

d
VoY = (Y]e)'|,— o £(Y\§)‘t:to, ¢ (tg) = v. (2.45)

It follows from this definition that covariant derivative of a vector field at a point of U is a
vector at this point.

We can extend the notion of a covariant derivative at a point to the whole open subset
U as follows. Let X,Y be two vector fields defined on U. A vector field X defines the tangent
vector X, at each point p € U. Therefore we can calculate the covariant derivative Vy Y
at each point p € U and this derivative will determine a vector at each point of an open
subset U. Hence we get the new vector field on U which will be denoted by VY and called
a covariant derivative of a vector field Y with respect to a vector field X. Hence a covariant
derivative VY is a vector field defined at each point p of an open subset U as follows

(VxY), = Vi, V. (2.46)

Later we will see that covariant derivative VxY is a smooth vector field provided that X, Y
are smooth vector fields.

Now our aim is to find a formula for a covariant derivative in coordinates. We will do
this first of all in affine coordinates and then in an arbitrary curvilinear coordinate system.

Let us assume that we have an affine coordinate system x', 22,..., 2" defined in U. This
means that we have an affine frame {O; &1, €5, ...,é,} and the vector fields
0

U; = (Ui)p = epi = (p;€;), peU.

oxt’
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Now any vector field can be expressed in the terms of basic vector fields as follows Y = Y U;,
where Y are components of a vector field Y, i.e. smooth functions. It is important here that
the basic vector fields U; are constant vector fields. By other words, if we restrict a vector
field Y to a parametrized curve ¢ then the components Y? of a vector field become smooth
(composite) functions Y*(¢) of one variable ¢, but the basic vector fields U; remain constant.
Thus the change of a vector field Y will be completely determined by its components Y*(t)
and the basic vector fields U; do not make any contribution to this change. Hence in the
case of an affine coordinate system we have

(Yle)" = %(Y\s) = dY;t(t) Ui+ Y %(Uik)- (2.47)

The second term at the right-hand side of the above formula vanishes because U; is a
constant vector field. Hence for any p € U, v € T, E™ and a parametrized curve £ such that

&(to) = p, &' (to) = v we have

vy =L vi) ‘ epi = (v V) ey (2.48)

dt t=to
Thus the covariant derivative of a vector field Y at a point p with respect to a tangent
vector v is the tangent vector at a point p whose coordinates in an affine frame are the
directional derivatives of the components Y of a vector field Y in the direction of a tangent
vector v. Particularly this formula shows that covariant derivative depends linearly on a

vector v and this property does not depend on a coordinate system. Thus we have

Vii4vY =V, Y+ V,, V. (2.49)
From (22.48)) it follows that if X = X?U; is a vector field then
; o) GY)

Y=X>Y")U; = X7 — - 2.50

Vi (x> YU Ox) Ox* (2:50)

It follows from (12.49) that for any vector fields X, Xz, Y it holds
Viax,Y = Vi, Y + Vg, V. (2.51)

Formula also shows that in affine coordinates the components of the covariant
derivative are smooth functions and, consequently, the covariant derivative is a smooth
vector field.

Now consider a more general situation, that is, a coordinate system defined on an open
set U must not be an affine coordinate system, but can be an arbitrary curvilinear coordinate
system. The coordinates of this coordinate system will be denoted by «',22,..., 2™ Then
the basic vector fields induced by this coordinate system will be denoted by Dy,Do,...,Dy,
where D; = % It is important to note that in contrast with affine coordinates now the
basic vector fields D; are need not to be constant vector fields, that is, they can change from
point to point. This leads to an important structure of modern differential geometry, which
is called a connection. Assume that we are given a vector field Y and a parametrized curve
&. Our aim is to find a rate of change of a vector field Y when a point moves along a curve &.
We can do this as we did it before, i.e. we restrict a vector field Y to a parametrized curve
¢ and then differentiate this restriction X|¢ with respect to a parameter of a parametrized
curve. But if we write this derivative in curvilinear coordinates then the right-hand side of
formula will change. Due to a non-constant nature of the basic vector fields D; the
second term at the right-hand side of does not vanish. Let Y = Y*D;. Then we have

d ay’ d

(¥l =D+ Y 2 (Di‘g) — (€Y' D; +YiVeD;. (2.52)

Yl.) =
(Yle) dt dt
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It is useful to consider this formula at a fixed point p of a curve €. Without loss of generality
we can assume that an open interval I of a parametrized curve £;1 — U contains 0 and

£(0) = p,&'(0) = v. Then taking t = 0 in (2.52)) we get

VoY = (Y[e)| = (v Y?) (Di)p+ Y'(p) Vo D; (2.53)

t=0

The covariant derivative Vy D; is the vector at a point p and it can be expressed as a linear
combination of the vectors of basis (D;)p, i.e. VyD; = I'Y (D;),, where I/ are numbers
defined at a point p, and, due to the linearity of the covariant derivative in respect
of a vector v, the coefficients of this combination depend linearly on a vector v.

Proposition 2.1. Let p € U, v € T,E" and Ag be numbers defined at a point p by
the formula V, D; = A/ (D;),. Then there exists uniquely determined system of covectors
@] € Ty E™ such that ¢](v) = A].

Proof. First of all let us proof that if ay, as, ..., a, are real numbers defined at a point p and
vi,Va,...,V, are linearly independent tangent vectors at a point p then this data uniquely
determines a covector ¢ € T;E" such that ¢(v;) = a;. We choose a basis eq, e, ..., e, for
the tangent space T, " and write each vector v; as a linear combination of the vectors
of basis v; = vf er. The dual basis will be denoted by e!,e?,...,e". Obviously the
determinant of the matrix (v¥) is non-zero number. The condition ¢(v;) = a; leads to the
system of linear equations v¥ ), = a;, where p(v)) = px. The matrix of this system is (vF)
and this matrix is regular, i.e. Det(vF) # 0. Thus this system of equations has the solution
©1,92, ..., ¢Pn, and this solution is unique. Then ¢ = }, e*.

Now for every tangent vector v; we find the real numbers (Ak)g, where
Vi, Di = (Ag); (D))

From the previous considerations it follows that there exists uniquely determined system of
covectors ¢! such that ¢/ (vy) = (Ag)]. Let v = a*vy. Then

V,D; =V D, = ak Vvk D; = ak (Ak)g (Dj)p'

akvy,
Thus Ag =a¥ (Ak)f Hence

¥l (v) = @l (¥ vi) = a¥ ¢ (vi) = a¥ (Ap)] = AL,
O

In the proof of Proposition ([2.1) we used an arbitrary basis vy for the tangent space
T,E™ at a point p. But curvilinear coordinates induce the basis D; and we can use this

basis to define the real numbers (Ak)f In this case they are denoted by (Fk)f Hence we
have

Vo, Di = (T)] (D)), (2.54)

We can omit the brackets and write Fii =(T k)z . The real numbers I‘{Ji defined at a point p
of an affine space E™ by the formula Vp, D; = T' (D;), are called Christoffel symbols.
The following formulas hold at each point p € U

Vibi = @] (v) Dj, VuY¥ = (ve YY) (Di), + ] (v) Y'(p) (D1), (2.55)
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Now we extend these formulas to the entire open subset U by replacing a tangent vector
v by a vector field X and covectors ¢ by a differential 1-forms w;. Then the formulas in

(2.55)) take on the form
VxD; = w!(X) Dy, Vx¥ = (XoY") D; +w/(X) Y'D;. (2.56)

We see that the covariant derivative of basic vector fields D; gives rise to the matrix of
differential 1-forms w = (w; ), which is referred to as a matriz of connection in an affine space

J

E"™. In what follows we will call the elements of the matrix of connection w; connection

1-forms. If we write wg = wii dz* then we have the relation wg (D) = wj, = Ffﬂ Hence

J J k
w; =I'y, dx”.
Let us consider the second formula in (2.56|). We can write it either by means of
Christoffel symbols or connection 1-forms. If we use Christoffel symbols and take X = Dy
then the second formula in (2.56)) takes on the form

oy’ ; -
From this it follows
ViY = XF V.Y = Wixk It X*ky7)p, 2.58
xY = k_(axk + Ly )D;. (2.58)

In the case when we prefer to use the calculus of differential forms we can write the second

formula in (2.56|) as follows
VxY = (dY" + w} Y7)(X) D;. (2.59)

Note that in this formula X is an arbitrary vector field. Since this vector field is both on
the left side of the formula and on the right side, we can formally omit it and the formula

will remain true. Hence ‘ o
VY=(@dY"+ w§ Y7) D, (2.60)

However now we have to explain in what sense we understand the obtained formula. First of
all we consider this formula as the definition of a new operator V. In order to give a correct
definition of this new operator, we should explain how we understand the expression on the
right-hand side of formula . For this purpose we consider two modules Q' (U), D(U)
over the algebra of smooth functions C*°(U). Here Q'(U) is the module of differential
1-forms and D(U) is the module of vector fields. We can form the tensor product of these
two modules

Q'(U, D) = Q' (U) ®@ce1r) D(U).

An element of this tensor product is referred to as a differential 1-form with values in vector
fields. Tf we take the basis {dz'} for the module of differential 1-forms Q(U) and {Dj}
for the module of vector fields D(U) then {dz’ ® Dy} is the basis for the tensor product
QY(U, D). Thus any differential 1-form with values in vector fields @ can be expressed in
terms of the basis as follows

0 = 0F dz' ® Dy, (2.61)
where 05-“ are smooth functions. In order to define the value of § on a vector field X we write
0 in the form

0 = 6% da' @ Dy, = (0F da') @ Dy, = 0F @ Dy,.

If X € D(U) then we define the value of 6 on a vector field X as follows

0(X) = (0%(X)) Dg.
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Hence we see that the value of 6 on a vector field is the vector field and this justifies the
term "differential 1-form with values in vector fields".
Now we can give a correct definition for the expression at the right-hand side of (2.60).

Definition 2.8. Let Y = Y*D; be a vector field. Then the covariant differential of a vector
field Y is a differential 1-form with values in vector fields V'Y defined by the formula

VY= (dY'+wY/)® D;.

Let us study in more detail the structure of the matrix of connection form in curvilinear
coordinates. First of all, we note that in affine coordinates of the space E™, the connection
matrix is zero. Indeed, in this case the covariant derivative of the basic vector fields U; is
equal to zero due to the fact these fields are constant. Let us assume that we have two
coordinate systems in U C E™, where one is the system of affine coordinates x!, 22, ..., z"
and the other is a system of curvilinear coordinates ', #2,...,#". The transition functions
from one system of coordinates to another will be denoted by z* = z*(z!,22,...,3")
(from curvilinear coordinates to affine coordinates) and #* = (2!, 22, ..., 2") (from affine
coordinates to curvilinear). In order to simplify notations we will write them in the compact
form z = x(Z) and £ = Z(x). The Jacobi matrix of the transition # = x(Z) will be denoted
by A = (A]) and the Jacobi matrix of the inverse transition # = Z(z) is the reciprocal
matrix of A. Hence we have

A= S = o
0x7 b Qxd
In these formulas the elements of the transition matrix A are functions of curvilinear
coordinates Z', #2,...,&", while the elements of the reciprocal matrix A~! are functions of

affine coordinates x', 22, ..., z". We have

o 917 9 o 0 0¥ 0 0

01t Ot OxJ L oxd’ Oxt Ozt 017 L QI
Making use of the notations U; = %, D; = 821- we can write the above formulas as in the
form

. N
D; = A} U;, U =(A"")!Dj.

)

Now our aim is to find the matrix of connection form in curvilinear coordinates Z*. The
definition of the matrix of connection in curvilinear coordinates is V D; = w/ D;. Substituting

D, = Ag U; into the left-hand side of the definition of the matrix of connection, we get
V (A U;) = (dA)U; + A VU;.

But VU; = 0 and we obtain wlj Af U, = dAéC Ui. Hence Ag’? wf = dAéc or, in the matrix
form dA = Aw. From this we find the matrix of connection

wi = (AN, dAY & w=A"ldA (2.62)

We mentioned before that the elements of the reciprocal matrix A~! are the functions of
affine coordinates z*. In (2.62) the first factor at the right-hand side is the matrix which is
obtained from A~! by substitution z = z(%).

The set of dual 1-forms for the set of basic vector fields {D;} in curvilinear coordinates
is {d3’}, i.e. dZ/(D;) = &!. Let us denote 6" = di’. We can find the expressions of these
1-forms in affine coordinates. Indeed let 6" = 93- dz?. Then

8% = 0'(D;) = 0°(Aj Uy) = AL 6;, da™(Uy) = AL 6;, 67 = 6}, A
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Hence 0 = (A71)! and 6' = (A~1)¢ dz*. Now we can find the exterior differential of the
dual 1-forms 6. We have df' = d(A~')} Adz’. In order to express d(A™')i in the terms of
transition matrices we differentiate the both sides of the matrix relation A=!' A = I, where
I is the unit matrix. We get

AdAMNA+ATTdA=0 = dA™H)=—-A"1dAA™"

Thus
49 = —((A—l)z Ak (A—l);.n) A dad
_ —<(A*1)§CdAfn) A <(A*1);” dxj)
= —wi AO™.
The equation ' '
do" = 0" Nw;,

is called the first Cartan equation in n-dimensional affine space E".

In n-dimensional affine space E™ we can solve the first Cartan equation. Indeed ¢ = di*
and df® = d*%" = 0. Hence we have ™ A w! = 0. The dual 1-forms # are independent at
each point of U. Hence applying Cartan’s lemma we conclude that the connection 1-forms
w? can be expressed in terms of the dual 1-forms ™, i.e. we have w!, = hfnjej, where hfnj
are the functions of curvilinear coordinates, which are symmetric in subscripts m, j.

Now our aim is to express the exterior differential of the connection 1-forms in terms of
dual 1-forms 6°. We have w§ = (A7Y) dA? and differentiating the both sides we obtain

dwj = —d(A7) AdAY = (A7)}, AT (A7) A dAY
- ((A i A ) ((A‘l)LdAg‘?)
= —wll/\wl

The equation
dwy = wé Awy,

is called the second Cartan equation in n-dimensional affine space E™.

The Euclidean structure of the n-dimensional affine space E™ makes it possible to single
out a very convenient subclass in the class of curvilinear coordinates. This subclass is called
orthogonal curvilinear coordinate systems. In such coordinates the coordinate lines are
pairwise orthogonal, which means that < D;,D; >= 0 for every pair 7 # j. We can rescale
the basic vector fields D; introducing new vector fields

1

> Bl =
BT

(2
which form the orthonormal basis of the tangent space T,E™ at each point p € U. Let us
find what changes in the previous considerations if we use the set of vector fields {E;} as
the basic vector fields. First of all we note that in the case when we use the Euclidean
metric of £, it makes no sense to distinguish between upper and lower indices. Indeed,
in this case the space is canonically isomorphic to its dual space. Thus we will use only
subscripts while the superscript will be put on the first place. The matrix A = (A4;;) in
E; = A;; U; is a special orthogonal matrix, i.e. AT A = I,Det A = 1 (we assume that a
system of curvilinear coordinates has the same orientation as Cartesian coordinates). The
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condition of orthogonality can be written in the form A = (A~Y)T. Differentiating both
sides of AT (A~1)T =T we get

dAT (AN 4+ AT gAY =0 = dAT (A ™HT = -ATdA
Now we calculate

wHwl = ATVdA+ (A7 dA)T = ATVdA + dAT (ATHT
= A'dA-ATdA=A"1dA - A"'dA=0.

Hence the matrix of connection w calculated in the orthonormal basis {E;} is a skew-
symmetric matrix. If one looks at the derivation of Cartan equations given above then it
can be seen that the Cartan equations will have the same form in the case of orthonormal
vector fields {E;}.

2.6 Integral curves of a vector field

Assume we are given a vector field X in an open subset U C E". Fix a point p € U. Now
we can put an interesting question of how to find a curve in U, which passes a point p,
such that its velocity vector at any point of a curve is the value of a vector field X at this
point. By other words, velocity vector of unknown curve at any of its points is determined
by a given vector field X. This curve is called an integral curve of a vector field X through a
point p and in this section we will show that integral curve of any smooth vector field exists
and its uniquely determined by a point p. In this section we will use Cartesian coordinates
of Euclidean space E™, but actually the results do not depend on a choice of coordinate
system and can be applied in any coordinate system.

Let X', X2 ..., X" be components of a vector field X in Cartesian coordinates of E™.
We consider the problem of finding a parametrized curve (£ = £(t), I) such that it passes
a point p, whose coordinates will be denoted by p', p?,...,p", and its velocity vector at
any point is determined by the value of a vector field X at this point. We will also assume
that I contains the number zero and a parametrized curve { = £(t) passes a point p, when
t =0, ie. £0)=p. In order to write down an equation for unknown parametrized curve
§ = £(t), we restrict a vector field X to a parametrized curve § = £(t), that is, X(t) = X|¢()-
Clearly, X(t) is the vector field along a parametrized curve £ = £(t). Now, the condition,
that velocity vector of a parametrized curve & = £(t) is determined by a vector field X, can
be written in the form of equation

€(t) = X(t). (2.63)

Let £(t) = (€1(t),€2(t),...,£™(t)). Then the equation (2.63), written in coordinates, leads
us to the following system of differential equations of first order

o REO.£0....0),
€ R 0,20, e0)
< E00)...E0),
...... (2.64)
o = X @MW, ).
In this system of differential equations, &!(t),£2(t),...,&"(t) are unknown functions,

XEN(t), E2(t), ..., £7(t)), where i = 1,2,...,n, are given functions and £(0) = p’ are
initial conditions.
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A parametrized curve (§ = £(t), I), which satisfies the equation or the system
of differential equations of first order with initial conditions £¢¢(0) = p', is called an
integral curve of a vector field X through a point p.

It follows from the theory of differential equations [Pontryagin:1962| that there exists
the solution (§ = &(t),I) of the system of first order equations , this solution is
uniquely determined by initial conditions £(0) = p?, this solution is smooth if all functions
X1, X2 ..., X" are smooth functions and it is maximal, that is, if (n = n(t),J) is also
a solution of with the same initial conditions, then J C I and n(t) = £(t)|,.
Geometrically this means that a vector field X generates the family of parametrized curves
in an open subset U such that through each point of U passes one and only one parametrized
curve. We will call this family of parametrized curves a flow of integral curves generated by
a vector field X.

It is clear that each parametrized curve of this flow, generated by a vector field X,
depends not only on parameter ¢, but also on initial conditions £¢(0) = p’. In order to
emphasize this dependence, we will denote the solution of , which satisfies the initial
condition £(0) = p', by &(p;t) = (&' (p;t),E2(p3t), ..., E(p;t)). Thus £(p;0) = p'. A
peculiar property of the flow of integral curves, generated by X, is that it has a structure
of a group. Indeed, it follows from the existence and uniqueness of solution £(p;t) of the
system of differential equations that for any point p € U and t,s,t + s € I, we have

£(&(pst),s) = E(pst + ). (2.65)

Particularly, for any ¢ € I such that —t € I, it holds £(&(p;t), —t) = idy. Define the family
of transformations ¢; : U — U by g/(p) = &(p;t). As any solution of the system ([2.64))
depends smoothly on initial conditions, a transformation g; : U — U for any t € [ is a
smooth transformation of U. Then, from , it follows

950Gt = Grvsy G-t =9 *(t), go=idy. (2.66)

The property g_¢ = g~ '(t) shows that each transformation g; has its inverse, which is also
smooth. Thus, g; is a diffeomorphism of an open subset U for each ¢t € I. Next, the family
of diffeomorphisms g; : U — U, generated by a vector field X, is an Abelian group, where
the group operation is a product of diffeomorphisms. This group is called a one-parameter
group of diffeomorphisms of an open subset U of Euclidean space E™, generated by a vector
field X.

2.7 Connection in Curvilinear Coordinates

In this section, we will elaborate differential approach, which can be used to measure a
change of one vector field Y in the direction determined by another vector field X. This will
lead us to such important concepts as the covariant derivative and the covariant differential
of a vector field. The peculiarity of the approach in this section is that we will work in
curvilinear coordinates. We will first develop this differential calculus at one point of E™,
and then we will extend it to the whole space.

Let us fix an open subset U C E™ and two vector fields X, Y defined on U. We assume
that U is equipped with a coordinate system (z°) = (z!,22,...,2") and this coordinate
system is not necessarily Cartesian, that is, it can also be curvilinear. A coordinate system
(2%) induces the set of basic vector fields 9/9z%,i = 1,2,...,n, which will be denoted by
E1,Eo,...,E,. Let us fix a point p € U and a parametrized curve £ : I — E™, which passes
through a point p, i.e. £(to) = p,to € I and its velocity vector at this point &£'(¢y) is the
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value of a vector field X at this point, that is, £(¢p) = X,. In order to simplify notations
we will denote this vector by vy, i.e. v, = X, = (o). Our goal is to develop a differential
approach to measure a change of a vector field Y at a point p in the direction of a vector
field X. Obviously, this change (in infinitesimal) is described by the derivative of a vector
field Y along a curve £&. We can define this derivative in an invariant form, that is, a form
that does not use any coordinate system. To do this, we need the increment of a vector
field Y when shifting to an infinitely close point along the curve. Thus, we should consider
the difference Y(&(to + At)) — Y(&(to)). However, this is too straightforward and not correct.
The fact is that vector Y(&(¢g + At)) has its origin at point {(tg + At), while a vector
Y(&(to)) has its origin at point £(¢g). Thus, vectors are applied to different points in space
E™ and we cannot perform addition or subtraction operations on such vectors. We can solve
this problem by dropping an initial point of a vector, that is, by going to its vector part,
which is a vector-valued function Y (at each point 2 € U we have Y, = (2;¥(z))). In this
case, the increment of a vector field Y will be described by the correctly defined difference
Y(&(to + At)) — Y(£(tp)). However, at this point it is useful to reflect on a geometric essence
of what we have done. Indeed, we can interpret dropping an initial point of a vector as
a parallel translation of vector Y(£(tg + At)) from point &(tg + At) to point &(tg) (in the
sense of Euclidean space E™) and then subtracting vector Y(&(to)). This interpretation is
very important and it indicates a deep connection between a derivative we are developing
with parallel translation of vectors in Euclidean space E™. Since our goal is to apply the
resulting derivative to vector fields, we must get a vector at a point. It is easy to do as
follows. We will first calculate the derivative of a vector field Y along a curve & (at a point
p), and then apply the resulting vector to point p. Let us denote Y(£(t)) = Y(¢). Then we
define a covariant derivative of a vector field Y at a point p in direction of X by the formula

-

D, )Y = (p; lim. é (Y(to + At) — ?(to))) - (p; jtY(t)‘t:to). (2.67)

This definition does not depend on a choice of a coordinate system in U. The next step in
the development of a covariant derivative is its calculation in coordinates (x?).
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3 Surfaces in 3-Dimensional Euclidean
Space

3.1 How to define a surface?

In this section, we will consider surfaces in three-dimensional Euclidean space E3. Unlike a
curve, a surface has its own internal geometry. Figuratively speaking, we could imagine
two-dimensional intellectual beings for whom the surface is their universe and who are
unaware of the existence of a third dimension, that is, they do not suspect that their
universe is in a space of a higher dimension. These beings measure the lengths of lines on
the surface, the angles between the lines, that is, they build the internal geometry of a
surface without even knowing that this geometry is induced by the Euclidean geometry of
the space enclosing their surface.

As before, we assume that in three-dimensional Euclidean space E3 we have an orthonor-
mal frame {O; €1, €3, €3}, which defines the Cartesian coordinate system, whose coordinates
will be denoted by z,y,2. How can we define a surface analytically, that is, using an
equation? Basically we have two different methods to define a surface by means of equation.

S1) The first one is a method of parametric representation of surfaces by means of two
parameters. This method is similar to a parametric representation of a curve, and we
used this method in the case of curves in the previous sections.

S2) The second method is a representation of a surface by an equation f(z,y,z) = c,
where f(x,y, 2) is a smooth function and ¢ is a constant real number. This method is
called implicit representation of a surface, since in this case the points of a surface
are solutions to equation f(z,y,z) = c.

We start with a parametric representation of a surface, then describe a method for implicitly
representing a surface and point out their relationship. A surface, unlike a curve, which is
one-dimensional, is a two-dimensional geometric object and therefore we need two parameters
to define a surface parametrically. For this purpose, we will fix a Euclidean plane E?,
which (or part of it) will be a domain of a surface parameters. As before, we assume that
Euclidean plane E? is equipped with a Cartesian coordinate system, which we will denote
by u,v and these coordinates will be a surface parameters. Let U C E? be an open subset
of a plane E2. We will map a subset U to three-dimensional Euclidean space E? and in
this mapping it will take the shape of a surface. In order to map U into three-dimensional
space, we need three functions, let us denote them by z(u,v),y(u,v), z(u,v). We will
assume that domain of these functions is an open subset U and these functions are smooth
(infinitely differentiable). The mapping determined by functions z(u,v), y(u,v), z(u,v) will
be denoted by ¢, i.e. ¢ : U — E®, where ¢(u,v) = (x(u,v),y(u,v),2(u,v)). If we use
vector notation 5(u, v), then this means that $(u, v) is the position vector of a point ¢(u,v).

Definition 3.1. A parametrized or local surface in three-dimensional Euclidean space E3
is a smooth mapping

¢ (u,0) €U — d(u,v) = (z(u,v),y(u,v), 2(u,v)) € E?,
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where U C E? is an open subset of a plane E? (domain of parameters). The equation
¢(u,v) = (z(u,v),y(u,v), 2(u,v)) will be referred to as a parametric equation of a local
surface. If ¢ : U — E3 is an injective mapping then ¢ will be called a parametrized
coordinate surface or local coordinate surface.

Often a parametrized surface will be denoted as a pair (¢, U). The assumption that a
mapping ¢(u,v) = (x(u, v),y(u,v), z(u, v)) is smooth not yet a guarantee that the image
of a subset U under the mapping ¢ will be a smooth surface in E? in the sense that at each
point ¢(u,v) € E? we will have a tangent plane to a surface. And we will need it, because
we will study a surface using the methods of differential calculus and tangent vectors
to a surface will be the basis of all other structures and methods. Before we formulate
an additional condition that will ensure the existence of a tangent plane to a surface at
a given point, we must define a concept of a tangent vector to a parametrized surface.
Let ¢ = (u,v) € U be a point of domain of parameters. Then p = ¢(u,v) € E? is the
corresponding point of a parametrized surface ¢ in E3. Let (¢ = £(t),I) be a parametrized
curve in U such that its parametric equation is £(¢) = (u(t),v(t)) and this parametrized
curve passes through a point ¢, when ¢ = 0, that is, {(0) = ¢. By applying mapping ¢ to a
parametrized curve &, we get the parametrized curve é =¢o&:I— E3on alocal surface
¢. Obviously the parametrized curve & (t) passes through the point p when t = 0. The
velocity vector £'[,, of the parametrized curve & calculated at a point p (i.e. when ¢ = 0) will
be called a tangent vector of a parametrized surface ¢ at a point p. The set of all tangent
vectors to the parametrized surface ¢ at the point p will be denoted as T},¢.

As in the case of curves, we can consider vector fields on a parametrized surface. A
mapping which assigns a vector to each point of a surface will be referred to as a wvector
field on a surface. A vector field X on a parametrized surface ¢ can be defined as follows

X(u,v) = (¢(u,v); X (u,v), X2 (u,v), X>(u,v)), (3.1)

where u,v € U C E? and for any i = 1,2, 3 a function X*(u,v) is smooth function of two
variables. If for any point p = ¢(u,v) of a parametrized surface a vector field X is a tangent
(normal) vector, i.e. X(p) € Tp¢ (X(p) L Tp¢), then a vector field X will be called a tangent
(normal) vector field on a parametrized surface.

As an example, consider curves on a parametrized surface ¢ that are induced by the
coordinate lines of plane E?. Let us fix a value of the second coordinate v and let the first
coordinate u change in some sufficient small interval around a value u, that is, u(t) = u +t,
where —§ < t < §. We get the straight line that passes through point ¢ (when t = 0)
of plane E? and is called the u-coordinate line of a plane E?. Its parametric equation
is &u(t) = (u +t,v). Analogously we construct the v-coordinate line, whose parametric
equation is &, (t) = (u,v 4+ t). Parametrized curves &, = ¢ o &, and &, = ¢ o &, will lie
on a local surface ¢ and pass through point p. They are called u-coordinate line and
v-coordinate line of a local surface ¢. Since we can carry out this construction at any point
on a parametrized surface ¢, we can cover the entire parametrized surface ¢ with a grid
of coordinate lines, and one u-coordinate line and one v-coordinate line will pass through
each point of a parametrized surface ¢. Bearing in mind the set of coordinate lines of
a parametrized surface, we will talk about a (u,v)-coordinate system on a parametrized
surface. If at each point of a surface the u-coordinate line is orthogonal to the v-coordinate
line, we will call such a coordinate system of a parametrized surface orthogonal. Clear
the velocity vectors of u-coordinate line and v-coordinate line of a local surface are the
tangent vectors of a local surface. In order to find the velocity vector of u-coordinate line
we have to differentiate its parametric equation &,(t) = (z(u +t,v), y(u + t,v), z(u + t,v))
with respect to t. But in this case it will give us the partial derivatives of the functions
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z(u,v),y(u,v), z(u,v) with respect to parameter u. If we denote this velocity vector by ¢/,
then

(1, v) = (S(u, v); 24, (1, v), Yo (1, 0), 2, (u, 0)), (3.2)

where 2, y.,, I, stand for partial derivatives with respect u. Using similar reasoning, we
can show that the velocity vector of the v-coordinate line of a parametrized surface has the
form

d’; (u7 U) = ((z)(u? U); JI;(ZL, U)a y;)(ua ’U), Z:)(ua ’U)) (33)

Comparing equations and with we see that tangent vectors of coordinate
lines of a parametrized surface can be considered as tangent vector fields on a parametrized
surface and we will denote these two tangent vector fields by ¢/, and ¢.,.

Let us go back to an arbitrary tangent vector §~’ (t) at a point p of a parametrized surface
¢. We have

£ = ((u, v); 24 (u, v), Yy (u, v), 2 (u, v)). (3.4)
Applying the rule of differentiation of a composite function, we get
zy(w,v) = @y U+ 20,
yi(u,v) =y up + oy, v,
zi(u,v) =z ul+ 2 v

Substituting these into (3.4]) we obtain
€' = uy ¢, (u, ) + v} ¢, (u, v). (3.5)

The previous formula has a very important meaning. It shows that any tangent vector of
a parametrized surface ¢ is a linear combination of tangent vectors ¢/, (u, v), ¢, (u,v) and
the coefficients of this linear combination are the coordinates of the velocity vector & of a
parameterized curve £(t) = (u(t),v(t)) in a parameters plane E?. Another very important
conclusion follows from this. A parametrized surface will have the tangent plane at a given
point of a surface if the tangent vectors ¢/, (u,v), ¢! (u,v) are linearly independent at this
point. As it follows from in this case the vectors form the basis for the tangent plane.
Hence the plane T}, ¢ spanned by the tangent vectors ¢/, (u,v), ¢, (u,v) will be called the
tangent plane of a parametrized surface ¢ at a point p = ¢(u,v). A condition for the
linear independence of tangent vectors ¢/, (u,v), ¢, (u,v) can be given in the following two
equivalent ways:

R1) the tangent vectors ¢, (u,v), ¢, (u,v) are linearly independent if and only if
(1, 0) X @), (u,v) #0,

R2) the tangent vectors ¢!, (u,v), ¢, (u,v) are linearly independent if and only if

/ / !/
rank( Tu Yu Fu ) = 2.
xU y'U ZU
If at each point of a parametrized surface one of these equivalent conditions is satisfied, we
will call such a surface regular. In what follows, we will always assume that the regularity
condition is satisfied and we will omit the word ‘“regular” simply writing “parametrized
surface” or “local surface”.

The first regularity condition has a simple geometric meaning. It shows that at each
point a surface has a non-zero normal vector (orthogonal to a tangent plane). Since we

67



CHAPTER 3. SURFACES IN 3-DIMENSIONAL EUCLIDEAN SPACE

assume that a regularity condition for a parametrized surface is satisfied, a parametrized
surface ¢ always has the unit normal vector field N defined by the formula
L xd
|19, x 4]
Example 3.1. As an example of a parameterized surface, we will consider a surface
of revolution. Surfaces of revolution form a very important class of surfaces and many
well-known surfaces, such as a sphere, torus, catenoid, are surfaces of revolution. The
idea of a surface of revolution is that we fix a plane in space, draw a straight line (axis
of rotation) on it and take any curve that lies on a plane on one side of a straight line,
without crossing or touching it. Then we start to rotate this curve around a straight line.
If, with this rotation, the curve left a trace in space, we would see the surface. This is the
surface of revolution.

As the aforementioned plane, we can use the zy-coordinate plane, and as the axis of
rotation, we can take the z-axis. A curve in the xy-coordinate plane will be represented in
a parametrized form (£ = £(t),I) by a parametric equation £(t) = (f(t), h(t)). Note that
we are considering this curve as a curve in xy-coordinate plane, not in space. Therefore,
we omit third coordinate in its parametric equation. We assume that curve £ lies entirely
in the upper half-plane of xy-coordinate plane. Consequently y(t) > 0 for any ¢t € I, i.e.
there is no crossing and touching. It should be recalled here that we assume that the curve
regularity condition is satisfied, that is, (f/(¢))? + (W' (t))? > 0. As the parameters of a
surface of revolution wu, v, it is convenient to choose the curve £ parameter ¢ as parameter u
and the angle of rotation as parameter v. Then the parametric equation of a surface of
revolution has the form

d(u,v) = (f(u), h(u) cosv, h(u) sinv), U =1 x [0,2m]. (3.7)

(3.6)

This equation is derived from simple considerations. First of all, it is easy to see that when
a point of curve £(t) = (f(¢), h(t)) rotates around z-axis, the first coordinate f(¢) of a point
does not change. Therefore, in the parametric equation , the first function is f(u). In
a plane parallel to the yz-coordinate plane, a point moves along a circle with a radius of
h(u). Therefore, the second and third functions in the parametric equation have the form
of a parametrization of a circle with a radius of h(u).

We find
d_);i = (f’,h’ cosv, b/ sinv),
q_ﬁ;’) = (O, —h sinwv, h cos v),
é’éx% = (hh’,—f’h cosv,—f'h sinv),
16 < @ull = hV/(f)?+ (h)2
Since h(t) > 0 and (f'(t))?+ (h'(t))? > 0 it follows that ||¢, x ¢,| > 0 and is a regular

parametrization of a surface of revolution. Finally we find the unit normal vector field on a
surface of revolution

1
(f)?+ (W)
Let us now consider the second way of representing a surface in three-dimensional
Euclidean space, the so-called implicit way of representing a surface. Although this method
is based on equation f(x,y, z) = ¢, the set of solutions of which gives a set of surface points,

we start with a more general definition, which later leads to the concept of manifold.
Let & C E3 be a subset of a three-dimensional Euclidean space E3.

N= (h’,—f’ cosv, —f' sinv)
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Definition 3.2. A subset & of a three-dimensional Euclidean space E3 is called a surface if
for any point p € & there exists a neighborhood V of this point in £? and a local coordinate
surface (¢, U) such that ¢ : U — &NV is onto mapping.

The geometric meaning of this definition is that a surface consists of several local
coordinate surfaces (sometimes called patches), which in some places overlap (places of the
so-called gluing) and together they form a surface. This definition says what the structure
of a set called a surface should be, but it does not say anything about how a surface in
three-dimensional space E® can be represented. Therefore, we will consider a method to
represent a surface by means of equation f(z,y,2) = ¢ and prove that, under a certain
condition on a function f, the set of solutions to this equation forms a surface in the sense
of Definition 3.2

Let W C E® be an open subset, f € C*°(W) be a smooth function and ¢ € R be a real
number. We consider the equation f(x,y,z) = c¢. The set of all solutions of this equation
will be denoted by f~!(c), that is, this set consists of all points in space E% at which the
value of a function f is equal to ¢. We will assume that this set is non-empty, i.e. an
equation f(x,y,z) = c has at least one solution and call this set level surface of a function
f. Obviously f~!(c) c W.

Proposition 3.1. Let & = f~!(c) be a level surface of a function f and p € & be a point
of this level surface such that the gradient of a function f is non-zero at p, that is, V f|, # 0.
If £: 1 — G is a parametrized curve on a level surface &, which passes through a point p,
that is, {(to) = p, to € I then the velocity vector &'|, of this curve at a point p is orthogonal
to the gradient V f|,.

Proof. Let € = &(t) = (x(t),y(t), 2(t)),£(to) = p. Since a parametrized curve £(t) lies on a
level surface & we have f(£(t)) = ¢ for any ¢ € I. Differentiating this equation with respect
to t and putting t = ty we get

_Of| dx of | dy f | dz

_ | =2 e a4 R e =0. 3.8
t=tg  Oxlpdtli=ty Oylpdtli=te Oz lpdt lt=t, (3.8)

d
G0

Taking into account that

dx dy dz

0o, dx ay il
&lp = (p dt lt=ty” dt lt=ty" dt lt=ty"

is the velocity vector of a curve £ at a point p we can consider the middle part of (3.8)) as a
scalar product of two vectors, where first is the vector of gradient

af of of

vnﬂp:(p?%p’aiyp’gp,

and the second is the velocity vector &'|,. Hence
< vf|Pa€/|p >=0.
Thus Vf], L &, O

The proved proposition shows that a tangent vector to a level surface f~!(c) at a point
p € f~1(c) is orthogonal to the gradient of a function f at this point. Thus, the gradient of
a function f can be considered as a normal vector to a level surface f~!(c) at some point,
and the plane, which is orthogonal to the gradient Vf at this point, can be considered
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as a tangent plane to a level surface. We will denote a tangent plane of a level surface
& = f~1(c) at a point p by T,&. Thus

T,6 = {v, € T,E? :< v,, Vf|, >= 0}.

Thus, we see that the condition for the existence of a tangent plane to a level surface of a
function f is that the gradient of this function differs from zero. Therefore, a point on a
level surface f~1(c) will be called reqular (nonsingular) if the gradient V f at this point is
nonzero. If this condition is satisfied for any point of a level surface, we will call such a
level surface regular.

Theorem 3.1. A regular level surface is a surface.

Proof. Let f~1(c) be a regular level surface and p(zq, yo, 20) € f~'(c). This means that
f(zo,y0,20) = c. It follows from the assumption that the gradient of a function f is nonzero
that at least one of the partial derivatives of this function fy, f;, f at a point p is nonzero.
Without loss of generality, we assume that f.|, # 0. Now we can apply the implicit function
theorem, since all the conditions of this theorem are satisfied. Therefore, there exists
in £3 a neighborhood V of point p, in which the equation f(z,y,z) = c defines z as a
single-valued smooth function of the variables z,y, that is, z = ¢(x,y). This means that if
we substitute the function ¢(x,y) instead of z in a function f(z,y, z), we get the identical
equality f(z,y,¢(x,y)) = c¢. The value of ¢(x,y) at a point ¢ = (z¢, yo) of zy-coordinate
plane is zo, i.e ¢(z0,70) = 2z0. Let U denote the intersection of sets V and f~'(c), i.e.
U=vn f~%(c). Let U be the orthogonal projection of U onto the zy-coordinate plane. Now
consider a parametrized surface (¢, U), where U is an open subset of the plane (in this case,
it is the xy-coordinate plane), and ¢ : U — E3 is a mapping of U into three-dimensional
space E® defined by ¢(z,y) = (z,y, p(x,y)). Obviously, ¢ is a bijective smooth mapping
of U onto U = V N f~Y(¢). Thus, (¢,U) is a local coordinate surface for f~'(c) and
¢:U —U=Vnf(c)is onto mapping and the theorem is proved. O

3.2 First fundamental form of a surface

Let us remind that E? is a three-dimensional Euclidean space, which means that we have
the concept of length of a segment, the concept of angle between straight lines and the
formula for calculating the lengths and angles in Cartesian coordinates. A surface & is
in this three-dimensional space E? and, therefore, we can use the concepts of length and
angle between straight lines in the case of a surface. But we can not just apply them to
surface points, we must first adapt them for use on a surface. In other words, if we have
two points on a surface, we can connect them with a straight line and calculate the length
of the resulting segment. But this is not very interesting, because our goal is to measure
the length of a segment lying on the surface. A surface is generally not a linear object, such
as a plane. Therefore, the line segments connecting points of a surface and lying on the
surface will be curves. We already know that the calculation of the arc length of a curve
should start with the differential of an arc, that is, with an infinitesimal element of an arc,
and then, by integration, calculate the finite lengths. Since the concept of a length of a
segment comes to our surface from the surrounding Euclidean space E2, we must start with
an infinitesimal length in space E3.

Let di = (dx,dy,dz) be an infinitesimal vector in E3. Then the square of its length is
||dF]|? = dx? 4 dy?® + dz?. This expression is often called the infinitesimal metric (or simply
the metric) of Euclidean space E? in Cartesian coordinates x, 3, z. Suppose that a surface

70



3.2. FIRST FUNDAMENTAL FORM OF A SURFACE

G is parametrized in a neighborhood of some of its point p by a local coordinate surface

(¢,U), where
¢(u,v) = (x(u, ), y(u,v), z(u, v))
is a parametric equation of a part ¢(U) C & of a surface. Then the differentials of coordinates

x,y,z on a local coordinate surface (¢,U) can be expressed in terms of differentials of
parameters u, v as follows

de = ), du+ x, dv,
dy = y,du+y,dv,
dz = =z, du+ 2z dv.

Substituting the obtained expressions in dx? 4+ dy? + dz?, we get

dz’® + dy? + dz* = ||¢,||* du® + 2 < ¢, ¢, > dudv +||¢),||* dv?,

where
oLl = (21)% + (o) + (20)%
< s By > = T Ty Yy Yo+ 2y 2,
HOL1P = () + () + (2)%

We will use the following notations introduced by K. F. Gauss
E=¢,|% F=<d,¢,> G=|lgl (3.9)

Using these notations, we can write the square of the length of an infinitesimal vector di as
follows
dz? + dy® + dz* = Edu® 4+ 2 F dudv + G dv®. (3.10)

The expression on the right-hand side of equality is called a first fundamental form
of a surface or Riemannian metric of a surface. From an algebraic point of view, this
expression is a quadratic form of the differentials du, dv of the surface parameters and we
will denote this quadratic form by

Uy (du, dv) = E du® 4 2 F du dv + G dv?. (3.11)

The symmetric matrix of the first fundamental form will be denoted by ¥y, i.e.

E F
we(E5).
Let us clarify the geometric meaning of the first fundamental form of a surface. Let
(& = &(t),1),&(t) = (u(t),v(t)) be a parametrized curve in U C E? and ¢ its velocity

vector field. Then (5 =¢ (t),I), where £ = ¢ o &, is the induced parametrized curve in a
parametrized surface (¢, U) and £ is velocity vector field along €. Hence

£ =u¢,+v¢,
and .
€117 = ll@nll? (u)? +2 < ¢y, 8, > w'v' +[|6]1 ().
Multiplying both sides of this equality by dt? and making use of du = v’ dt, dv = v’ dt, we

get )
€12 dt?* = B du® + 2 F dudv + G dv®.
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On the left-hand side of this equality we have the square of the differential of an arc (1.19)
of parametrized curve £ in a surface &. Thus, we obtain

ds® = Edu?® + 2 Fdudv + G dv>.

Therefore, using integration, i.e.

t1
55:/ VEdu?+2F dudv + G dv?
t

0

we can calculate the lengths of curves on surface &. This means that the first fundamental
form belongs to the intrinsic geometry of a surface.

The first fundamental form of a surface can be viewed from a slightly different point
of view. It is well known that a scalar product in Euclidean space is a positive definite
symmetric bilinear form on vectors. If we restrict this bilinear form to a tangent plane
to a surface, we get a bilinear form on the tangent vectors and this bilinear form can
also be called the first fundamental form of a surface. Thus, in order to compute the
value of the first fundamental form on tangent vectors v,w € 1,6, we must compute their
scalar product < v,w >. If we compute this scalar product in the basis {¢/,, ¢, }, where
v =a1¢l, + asd,,w = b1, + badp), we get

<v,w>=Fab+F (a1b2 + a2b1) + G agbs.

The first fundamental form of a surface can be used to compute the area of a region
defined on the surface. Let (¢, U) be a parametrized coordinate surface, where the param-
eters are denoted by u,v. Suppose a certain region ¢(D) is given on this surface, where
D C U and the boundary of D is a piecewise-smooth, closed, simple curve lying in U.

We cover this region with a grid of coordinate u-lines and v-lines. This grid divides
the surface region into curvilinear quadrilaterals, which we assume to be sufficiently small.
Each such quadrilateral can be approximated by a corresponding parallelogram formed by
the vectors ¢!, du + ¢! dv, where du,dv describe the displacement from the vertex (u,v) of
the quadrilateral to its neighboring vertices (u+ du,v) and (u,v+dv). These displacements
represent the transition from one coordinate line to the adjacent one.

The area of the parallelogram is given by ||¢!, X ¢! ||, which provides a good approximation
of the area of the curvilinear quadrilateral on the surface. Summing up the areas of all
these parallelograms and taking the limit as the grid refinement tends to infinity, we obtain
the surface area of the region.

Recall the identity:

=

la > b = [|a]*[1bl|* - (a@, b)*.
Applying this identity, we get:
167, > GLl17 = lldull® 16u]* — (Pu, ¢0)? = EG — F2.

The limiting process described above leads to a double integral. Thus, the surface area of
the region is computed using formula

//D VEG — F? dudv. (3.12)
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3.3 Shape operator of a surface

An important tool in the study of a local structure of a surface is a shape operator. A shape
operator underlies concepts such as a normal curvature of a surface and principal curvatures
of a surface. A notion of shape operator is based on the idea of studying the rate of change
of a unit normal vector field of a surface along a curve lying on this surface. A logical
reasoning in this case is similar to the reasoning in the case of the natural parametrization
of a curve, that is, since the length of a vector does not change when moving along a curve,
only its direction changes and the rate of change of direction of a vector gives us information
about a curvature of a surface along this curve.

Let G be a surface, p € G be a point of this surface and (¢, U) be a local coordinate
surface in a neighborhood of p. Then we have the unit normal field on a parametrized
surface (¢, U) induced by cross product of tangent vector fields ¢!, and ¢/ . This unit normal
vector field will be denoted by N. The tangent plane of a surface & will be denoted by 7,6.
Assume that we have a curve (§ = £(t), I) lying on a local coordinate surface ¢p(U) C & and
passing through a point p when ¢ = 0. The velocity vector of this curve at a point p will be
denoted by v. Hence &'(t)|t=0 = v and v € T,,&. At each point of a curve £, we have a unit
normal vector of surface &. The restriction of the unit normal vector field N to a curve &
is denoted by N(t), that is, N|¢) = N(¢). Obviously N(t) is a vector field along a curve §.
Now our goal is to investigate how fast the vector field N(¢) changes in a neighborhood of a
point p along a curve . To do this, we use the derivative of vector field N(¢) with respect
to parameter ¢. The derivative N'(¢) is also a vector field along a curve . As N(¢) is a unit
vector field it follows from Proposition [1.4] that N'(¢) is orthogonal to N(¢). This means that
N'(t) is a tangent vector field to a surface &. The derivative N'(¢) calculated at a point p,
i.e. when ¢t = 0, will give us a characteristic of instantaneous rate of change of direction of
the normal vector field at a point p in the direction of tangent vector v. This derivative is
referred to as a covariant derivative of a normal vector field N at a point p in the direction
of a tangent vector v. We will denote covariant derivative by V N. Hence

Voll = % (N(t)) ’tzo'

There are two important points to note here. The first is that V(N is a vector, and the
second is that it is a tangent vector to surface G at a point p, i.e. VN € T,6.

Thus, the covariant derivative of the normal vector field of a surface & determines the
transformation of the tangent plane

veT,& — V,NeT,S.

First of all, let us show that this transformation is linear. Let

(€= &), 1),&@t) = (u(t),v(t),E(I) C U,

be a parametrized curve in parameters plane E?. Assume this curve passes a point
q=&(to),to € I and w = &' (t)|1=1, = (w1, w2), where wy = u'(t)|1=t,, w2 = V'(t)|t=t,, is the
velocity vector of this curve at a point ¢. Denote by (£ = £(t), ), where £ = ¢ o £, induced
parametrized curve on a surface & and p = ¢(q). Then the coordinates of the velocity
vector v = &(t)|4=4, of induced curve £ at the point in the basis {¢/,|,, ¢, |,} p are wy, ws,
ie.

v = w1 ¢y lp + w2 Gy lp-

The covariant derivative can be expressed as follows

VN =wi N |, + wa N, |,
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The above formula shows that the covariant derivative V, N of the normal vector field N in
the direction of a tangent vector v linearly depends on the coordinates wy, we of vector v
and therefore it has the property

Vavia N = aVy N+ V, N,
where a € R and v,w € 7,,6.

Definition 3.3. The linear transformation of tangent plane 7,6 of a surface
S:veTl,6 — Skv)=-V,\NeT,6
is called a shape operator of a surface & at a point p.

Theorem 3.2. If v,w € T,& are tangent vector to a surface & at a point p then
< SW),w>=<v,Sw) >,
i.e. the shape operator is symmetric.

Proof. We parametrize a surface G in a neighborhood of a point p using a local coordinate
surface (¢, U). Then the tangent vectors ¢/,, ¢, to a surface S at a point p form the basis
for the tangent plane 7,&6. Hence tangent vectors v,w at a point p is a linear combination
of the vectors of basis v = a¢), + b, w = c¢, + d¢), where a,b,c,d are real numbers.
One side we have

<S(v),w> = <S(ag,+be,),cd, +ddo, >
= ac < 8(8,), ¢, > +ad < S(¢},), ¢ >
+be < S(¢)), ¢, > +bd < S(¢)). ), > .

On the other side we have

<v,S(w)> = <ag¢,+bgl,S(ce, +dg¢)) >
= ac < ¢, S(¢,) > +ad < ¢, S(¢,) >
+be < ¢y, S(dy,) > +bd < ¢, S(¢),) > .

Subtracting the second from the first, we get
< S(v),w>—<v,S(w) >= (ad — be)( < S(¢,,), ¢, > — < ¢, S(¢y,) > ).
Thus, the assertion of the theorem will be proved if we show that
< S(¢u): 8y >=< ¢y, S(dy) > -

Consider the left-hand side of this formula. It is easy to see that S(¢,,) = —N,. Indeed, by
the definition of the shape operator, we should calculate the derivative of the normal vector
field N in the direction of the tangent vector ¢/,, that is, along the u-coordinate line. But
this will be the partial derivative of the normal vector field N with respect to parameter w.
Similarly S(¢)) = —N,. Since the normal vector field is orthogonal to a tangent plane we
have < N, ¢/,) >= 0. Differentiating both sides with respect to u, we get

<Ny, ¢l) >+ <N, ¢.,) >=0.
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So, from the formulas — < N, @) >=< N, ¢,,) >= and S(¢),) = —N,, it follows that
< S(¢l), Pl >= — < Ny, ¢l >=< N, ¢, > . (3.13)
Analogously differentiating < N, ¢/,) >= 0 with respect to v we obtain
<Ny, ¢, >+ <N, ¢, >=0.
Hence — < Ny, ¢),) >=<N, ¢!, ) >= and S(¢]) = —N, give
< @, S(4)) >=— < ¢l Ny >=<N, ¢, > . (3.14)

Comparing (3.13)) with (3.14) and taking into account that the result of differentiation does
not depend on the order in which the partial derivatives are taken, we get

< S(¢n), ¢y >=< ¢, S(¢y) > -

3.4 Principal curvatures of a surface

At the beginning of the previous section, we noted that a shape operator of a surface refers
to a curvature of a surface in some direction. However, it is important to have a numerical
characteristic of the curvature. First of all, note that the covariant derivative V N is a
vector that lies in the tangent plane of the surface 7),&. It can be decomposed into two
components, one of which will be an orthogonal projection to the direction of vector v, and
the other to an orthogonal direction v-. The projection to the orthogonal direction v
has no relation to a curvature of a surface in the direction of vector v and we can discard
this component. The second component is directly related to a curvature of a surface in
direction v and the length of this projection is a numerical characteristic of a curvature of a
surface. An orthogonal projection is easiest to calculate if we have a unit vector of a given
direction, then a scalar product with such a vector will give an orthogonal projection onto
that direction. This prompts us to consider the set of unit vectors in the tangent plane
T,6. Obviously, the end points of these vectors will lie on a unit circle centered at point p.
We will denote this unit circle by S}D. Thus

Sy ={veT,& :[|v]| =1}.

Definition 3.4. A normal curvature of a surface & at a point p in the direction of a
tangent vector v is called £(v) =< S(v),v >, where v € S},

A normal curvature of a surface & at point p can be viewed as a function on the
unit circle S;?, that is, & : S' — R. Geometrically, the meaning of this function is quite
clear, it calculates the projection of the covariant derivative of the normal vector field VN
(taken with minus) onto a tangent vector v. Since this function is defined using a linear
transformation and scalar product, this function is smooth. In particular, it is continuous.
But a continuous function on a compact set, in this case the unit circle Sll,, reaches its
maximum and minimum value.

Definition 3.5. Those unit vectors in S}D on which function s reaches its maximum or
minimum value are called principal directions at a point p of a surface &. The values of the
function x on these vectors (or at the points of the circle Sllj determined by the endpoints
of these vectors) are called the principal curvatures of a surface & at a point p. In the case
when a normal curvature of a surface © at a point p is constant, that is, does not depend
on a tangent vector v, then point p is called an umbilical point.
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It should be noted here that a normal curvature has the property
k(—v) =< S(—v),—v >=< S(v),v >= k(v). (3.15)

Therefore, a normal curvature of a surface does not depend on a tangent vector v, but on
the straight line it defines in a tangent plane. It is for this reason that the term principal
direction is used. The definition of the principal curvatures of a surface has a transparent
geometric meaning, which consists in the fact that the principal curvatures give the maximal
and minimal values of a normal curvature of a surface at some point. All other values
of a normal curvature of a surface lie between these two values. However, this definition
is difficult to use to calculate the principal curvatures of a surface. Therefore, in the
next theorem, we will prove that the principal curvatures are the eigenvalues of the shape
operator of a surface and this will provide a practical method for calculating the principal
curvatures.

Theorem 3.3. Let & be a surface, p a point of this surface. Then the principal curvatures
and the principal directions of a surface & at a point p are the eigenvalues and the
eigenvectors of the shape operator S : 1,6 — T,,& respectively.

Proof. In the proof, it is convenient to use the identification of vectors of a tangent plane
T,6 with complex numbers. First of all, we will construct the axis of the Cartesian
coordinate system on a tangent plane 7,&. As x-axis, we choose one of the principal
directions in a tangent plane 7,8, namely, the one on which the value of the normal
curvature k is minimal. The unit directional vector of z-axis will be denoted by e; and
k(e1) = K1 is the minimal value of normal curvature. Hence k1 is one of principal curvatures
and for any v € Szlj it holds k(v) > k1. As the y-axis, we take a straight line which passes
through a point p and whose directional vector is es = J(e1), where J is the complex
structure of a tangent plane. Now, to each vector v =z e; + yes of a tangent plane with
the origin at point p, we associate a complex number z = x + ¢ y. Obviously this mapping
v — z is an isomorphism of vector spaces. If vi — 21 =x1 +iy; and vog — 20 = 22 + 192
then the scalar product < vq,ve > can be expressed in terms of corresponding complex
numbers as follows

2129 = 5(21 2o+ 21 22).
The shape operator S of a surface G at a point p can be given in terms of complex numbers

as follows

S(z)=C(z—0z%, (3.16)

where (,0 € C are constant complex numbers. The matrix of the shape operator S (we
denote it by the same letter S) in the basis {e;, e2} has the form

L (RC-0) -S(C+0)
s=( &0 wean ) (317)

where R, stand for the real and imaginary components of a complex number. As the
shape operator is symmetric one can easily show that this leads to ¢ = 0, that is, ¢ in the
case of a symmetric operator is real number ¢ € R. Thus the matrix of the shape operator

takes on the form
[ C—RO =30
S’—( 30 40 ) (3.18)

Using a complex coordinate of a plane makes it easy to parametrize the unit circle S]l) as
follows z = e"?. With this parametrization of the unit circle S}D, the normal curvature
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becomes an explicit function of ¢ of the form
. . 1 . o . . .
kp(p) = < S(e%),e¥ >= 5((C e —0e?) e+ ((e¥ —0e?) e_w)
1 1 . .
= O 5O+ 07 = —R(Be 7).

Due to the property of normal curvature, it suffices to consider this function on the
segment 0 < ¢ < 7. Recall that, according to the assumption made at the beginning of the
proof, at point ¢ = 0 the function k,(¢) reaches its minimum on the segment [0, 7). Hence
the derivative of the function k,(¢) at this point should be zero. We have

/{;(go) =2%R(i0 6_2“"), H;)(QO) ‘@=0 =2R(i0).

From the equality to zero of the derivative x,() at the point ¢ = 0 it follows that R(i 6) = 0.
Consequently the imaginary part of the number # must be equal to zero, that is, 36 = 0.
Hence 0 € R is a real number. Taking into account the obtained result, we see that the
matrix of the shape operator becomes diagonal, i.e.

(-6 0
5= < 0 (+0 > '

This means that the vectors eq, ez of the tangent plane 7,6 are eigenvectors of the shape
operator operator S. Hence the principal direction e; is an eigenvector of the shape
operator S. From the form of matrix of the shape operator it also follows that the
eigenvalue of the shape operator in the case of eigenvector e; is equal to { — 6. Hence
k1 =< S(e1),e1 >= (¢ —0)|le1|| = ¢ — 0 and this is the minimum of the function x(¢) on
the segment [0, 7). Taking into account that € is a real number, we get that function x(y)
has the form

k() =C—03(e%) = (¢ — 0 cos2p,0 < @ < . (3.19)

It is easy to show that 6 > 0. Indeed, k1 = ( — 6 is a minimum value of k(¢) when ¢ = 0,
hence ¢ — 0 cos2p > ¢ — 0 for any ¢ € (0,7) and, consequently, §(1 — cos 2¢) > 0. Making
use of 1 — cos2¢p = 2 sin? p, we get §sin? ¢ > 0, thus # > 0. Taking this into account, as
well as the graph of function cos2¢, we see that function x(¢) has a maximum at point
¢ = 7/2 of the open segment (0, 7) and it is equal to ( + 6. But point ¢ = 7/2 corresponds
to the second basis vector eo. This means that this is the second principal direction of
the shape operator and at the same time it is the eigenvector of the shape operator. Thus
ko = ¢ + 0 is the second principal curvature (maximal). O

In the proof of Theorem (|3.3|) we obtained the formula for normal curvature function
k() = ¢ — 0 cos2p. We write this function as

k() = ¢ (cos® p +sin? ) — 0 (cos? ¢ — sin? @) = (¢ — ) cos® ¢ + (¢ + 6) sin? .
Taking into account that k1 = ( — 6, ko = ( + 0 are principal curvatures we get
k(p) = K1 cos® p + kg sin? @, (3.20)

and this is called Euler curvature formula. Thus, the normal curvature k(p) of a surface
G in the direction that is determined by an angle ¢, counted counterclockwise from the
principal direction corresponding to the minimal value of normal curvature, is expressed by

formula (3.20)).

7



CHAPTER 3. SURFACES IN 3-DIMENSIONAL EUCLIDEAN SPACE

Exercises

e Exercise 3.4.1 Find the principal directions and principal curvatures of the right
helicoid ¢(u,v) = (ucosv, usinv, av), where a > 0 is a constant. See solution on

page [T03]

3.5 Second fundamental form of a surface.

Definition 3.6. Let & be a surface, p be a point on this surface, 7,& be the tangent plane
of & at a point p and v,w be two tangent vectors. Second fundamental form of a surface &
at a point p is a bilinear form Wy : 7,6 x T,6 — R defined by

Uy (v,w) =< S(v),w > .

Let us derive the form of Wy in local parameters u, v of a surface &, that is, we assume
that in a neighborhood of a point p a surface & is parametrized with the help of a local
coordinate surface (¢, U). To express the second fundamental form Wy in terms of the local
parameters u, v and their differentials du, dv, we use an infinitesimal tangent vector

do = du ¢, + dv ¢,
We have
Uo(do,dp) = < S(dug, + dv¢),),dud, + dvd, >
< duS(¢.,) + dv S(¢)), dudl, + dv ¢, >
= du® < S(¢)), ¢, > +2dudv < S(¢), ¢, >+ < S(¢)), 4, > .

u

Let us introduce the notations
I =< 8(¢), @l > m=<8(¢,,), ¢, > n=<5(4,),¢, > (3.21)
Using these notation, the second fundamental form can be written as follows
Uy (du, dv) = 1 du? + 2m dudv + n dv?. (3.22)

The symmetric matrix of the second fundamental form will be denoted by W, i.e.

Uy — ( Lom ) (3.23)

m n

3.6 The Weingarten equations

In this section, we will calculate the matrix of the shape operator of a surface in the
basis {¢!],, #,,} of a tangent plane of a surface. The corresponding formulas are called the
Weingarten equations.

Let & be a surface, p € & be a point of this surface, (¢, U) be a local coordinate surface
in a neighborhood of this point. Then tangent vectors ¢!, ¢, form the basis for a tangent
plane 7,&. Our aim is to calculate the matrix of the shape operator in the basis {¢,,, ¢, }.
We have

S(¢h,) = Si ¢y, + S ¢, (3.24)
S(¢,) = Siady, + S22¢,, (3.25)
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g < S Siz >
So1 Sz )’
is the matrix of the shape operator of a surface. Let us multiply, using scalar multiplication,
the first equation (3.24)) first by vector ¢/, and then by vector ¢,. We get

where

S(#,), ¢, > = S <@, d, > +S21 < @, ¢l >,
S(d), ¢l > = Su < P, by >+ < B, Pl >

Making use of the definitions (3.9))(3.21]) of the coefficients of first and second fundamental

form of a surface we get the system of linear equations

ESii+FSq = 1,
FSi1+GS1 = m,

where S11, 521 are unknowns. Solving this system by means of determinants we get

‘ l F) 'E l ’

m G G —mF Fm mE — |F

M= | T RGN T E B BG- P (3:26)
F G F G

Similarly, multiplying (with the help of scalar multiplication) the second equation ([3.25))
alternately by vectors ¢/, and ¢, , then using the definitions of the coefficients of the first
and second fundamental forms and solving the resulting system of linear equations, we get

mG — nF nE —mF
= = 3.27
S12 B _F2 S22 5C_ 2 (3.27)
Thus, we have found the matrix of the shape operator of a surface in the basis {¢/,, ¢} of
the tangent plane 7,6
1 IG—mF mG-—nF
S_EG—FQ( —IF nE—mF> (3:28)

Considering that S(¢),) = —N,,, S(¢,) = —NJ, we can write equations (3.24)), (3.25) in the

form

,  mF — lF mE
nk — mG mF

Equations (3.29)), (3.30) are called the Weingarten equations of a surface.

3.7 Gauss and mean curvatures

In this section we will consider two important characteristics of a surface, which are a mean
and Gaussian curvature of a surface. For this we use the shape operator of a surface. From
the theory of linear operators, we know that by choosing a basis of a finite-dimensional
linear space, we can associate each linear operator with its matrix. Obviously, this matrix
depends on the choice of the basis; when passing to another basis, the matrix of the operator
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will change. However, there are real numbers associated with a matrix that do not change
when a basis is changed. In the case of a second-order matrix, these are the determinant
and the trace of a matrix. Recall that the trace Tr A of an nth order square matrix A is
the sum of its elements on the main diagonal of a matrix, that is, Tr A = " | a;;. Since
the determinant and the trace of a matrix are invariants of a transformation of a basis, we
can talk about the determinant and trace of a linear operator.

Definition 3.7. The Gaussian curvature K of a surface is the determinant of the shape
operator of a surface, that is, K = Det .S The mean curvature H of a surface is the half of
the trace of the shape operator, that is, H = %Tr S.

We can easily find formulae to express the Gaussian K and mean H curvatures of a
surface in terms of the coefficients of the first and second fundamental forms. Indeed, the
Weingarten equations give us the matrix of the shape operator of a surface and, calculating
the determinant and trace of this matrix, we obtain formulae for the Gaussian and mean
curvatures. Hence for Gaussian curvature we get

K - (EG_1F2)2 (4G~ mF)(nE ~mF) ~ (mG —nF)(mE ~ IF))
InEG — ImFCG — mrEF + m>F? — m?>EG + ImFG + mnEF — InF?
- (EG — F?)2
In(EG — F?) —m?(EG — F?)  In—m?
- (EG — F2)2 " EG-F%

Making use of the matrices of the first and second fundamental forms of a surface we can

write
_ Det \1’2

"~ Det Ty’

Analogously calculating the trace of the matrix (3.28) of the shape operator we find the
mean curvature of a surface

(3.31)

7 IG—-2mF +nkE
 2(EG - F?)

(3.32)

3.8 Derivational Formulas

In the theory of curves in three-dimensional Euclidean space, we made use of a moving
frame, known as the Frenet-Serret frame. We studied how the Frenet—Serret frame evolves
as a point moves along a curve. In other words, we derived the Frenet—Serret formulas,
which express the derivatives of the vector fields forming the frame in terms of the same
frame. The coefficients in this decomposition — the curvature and torsion of the curve —
are the primary differential-geometric invariants of a space curve.

We can apply the same method to the study of surfaces. What would be the analogue
of the Frenet—Serret frame in the case of a surface? It is a frame in the ambient Euclidean
space FE3 that is adapted to the given surface.

Let {E;,E2,E3} be three smooth vector fields defined either on an open subset of
Euclidean space E3 containing the surface, or directly on an open region of the surface itself.
We assume that, at each point p in the domain of definition, the vectors {Vi(p), Va(p),N(p)}
are linearly independent. Moreover, if the point p lies on the surface, then the vectors Vi (p)
and Va(p) are tangent to the surface at p, while the vector N(p) is a unit vector orthogonal
to the tangent plane — that is, N(p) is the unit normal vector to the surface at p. To be
specific, we shall assume that the triple {Vy(p), Va(p),N(p)} is positively oriented at each
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point p. A triple of vector fields satisfying these conditions will be called a frame field
adapted to the surface. If the adapted frame consists of orthonormal vector fields — that
is, if V1(p) and V3(p) are unit and mutually orthogonal vectors at each point — we shall
denote them by E; and Ey respectively.

Let & be a surface and let p be a point on &. By the definition of a surface, we can
parametrize a neighborhood of p using a coordinate chart (¢, U), where U is a domain in
the parameter space with coordinates (u,v). Then, the triple {¢y, ¢y, N}, where

Pu X P
N= 4“2 7Y
[u % Goll’

forms a frame field adapted to the surface, defined on the subset ¢(U) C &. In general,
this adapted frame is not orthonormal.

We begin our study of surfaces using this adapted frame field, since historically this
was the original approach to the differential geometry of surfaces. Later, we will adopt an
orthonormal frame field, and make use of differential forms and Cartan’s structure equations
developed in the previous chapters.

In this section, index notation proves to be convenient, as it yields more compact
expressions and elucidates the underlying structure of the formulas. Let 7! = u, 72 = v
and ¢1 = ¢,1 = Py, P2 = P2 = ¢y, As indices, we shall use Greek letters such as «, 8,7, i,
each ranging over the values 1 and 2. The coefficients of the first fundamental form of
the surface will be denoted as follows: E = g11, F = g12 = ¢o1, and G = g9, that is,

9ap = (¢a, ¥p).Then the first fundamental form of the surface can be written as follows
Uy (drt,dr?) = ds® = gop dTdT", gup = gsa-
The coeflicients of the second fundamental form of the surface will be denoted as follows:

| =< 8(Pu), bu >=< Gy, N >=< ¢11,N >= hqy,
m =< S(¢u)a¢v >=< ¢’U,U7N >=< ¢127N >= h’12 = h21)
n =< S(¢v), p» >=< vy, N >=< ¢h22, N >= hoo.

Hence
Uy(dr!,dr?) = hap dT%dT%, hap =< das, N > .

In the theory of surfaces, an important role is played by the derivational formulas. These
formulas describe how the partial derivatives of the vector fields of the adapted frame
&1 = bu, 2 = bp, and N with respect to the parameters 71,72 can be expressed in terms of
the frame fields themselves. We begin with partial derivatives of tangent vector fields. We

can write
bap =Top 1+ Top b2 + Tap, (3.33)

L 72 and our

where the quantities F}l 8 Fi 5 Tap are functions of the surface parameters 7
goal is to determine them. The functions F}l 8 Fa 53 are called the Christoffel symbols of the
surface. It is clear that these symbols are symmetric in the lower indices, which follows
immediately from the equality ¢,3 = ¢35, and the uniqueness of the decomposition .
It is easy to find the functions z,3. To proceed, take the scalar product of both sides of
the vector equation with N, taking into account that N is orthogonal to the tangent
vectors ¢ and ¢2. We get x4 =< ¢, N >. But < ¢n3,N >= h,g. Hence x,5 = hag,
that is, the functions x4 are the coefficients of the second fundamental form of the surface.
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In order to find Christoffel symbols of the surface, we take the scalar product of both sides
of (3.33) with ¢1, p2. We get

(91, Pap) = F(llg g1+ Fig 921, (3.34)
(92, Pap) = F}m g12 + Fig 922- (3.35)

Thus, the scalar products (¢, ¢ag) are expressed in terms of the Christoffel symbols and
the coefficients of the first fundamental form. Since our goal is to compute the Christoffel
symbols, we will solve the inverse problem — that is, we will express the Christoffel symbols
in terms of the scalar products (¢, ¢ag)-

Let us denote I'y o5 =< ¢5, qﬁag >. Now both formulas and (3.35)) can be written
in a compact form I'y o5 = gwl“ . To solve this equation for the Chrlstoffel symbols T'* B
we use the matrix inverse of the matrlx of the first fundamental form g = (g,,). We denote
the inverse matrix as g=! = (¢*). The elements of the inverse matrix satisfy the relations

Jop 9" =063 and g™ g, =07, (3.36)

Multiplying both sides of the equation I'y o5 = QWFZ P by ¢”7, summing over the index
~ and making use of the relations (3.36)), we obtain the expressions for the Christoffel
symbols:

9T ag = 977 gyl a,B 5FB_FB = Tosg=9""T5as (3.37)

To find the elements of the inverse matrix g~' = (¢*?), we use the standard formula for
the inverse of a 2 x 2 matrix. Given that the first fundamental form is represented by the

matrix
_ (911 912)
921 g22)°’

1 1 ( 922 —912>
g - 2 .
911922 — 912 \ 7912 922

Thus, the elements of the inverse matrix are

the inverse matrix is

11 _ g22 12 21 _ —912 22 _ J11
=—>5, 9 =9 =—>35, 9§ =5
911922 — 912 911922 — 912 911922 — 912

The formula (3.37) now gives

922108 — g12 T2,
Ths = 9" T1ap + 9" Toap = o o2

911922 — 9%2
—g12T1,08 + 911 12,08
25 ="' T108+ 9% Toap = : o8 3.39
o8 a8 a8 P (3.39)
Let us consider three integers «, 3,7, each taking values in the set {1,2}. Then for any
such triple, the following equalities hold:

(Par D) = Gaps (D, v) = 98y, (D, Pa) = Gra-

Take the partial derivative of the first equation with respect to 77, the partial derivative of
the second with respect to 7%, and the partial derivative of the third with respect to 7.
We obtain

(3.38)

09a
($ay, B5) + (S D) = 222
————

orv’
0
<¢Bo¢a ¢7> + <¢ﬁa ¢7a> = ag,é;y’
09ra
<d)'y,8> d)a> <¢77 ¢oz,8> 897
—_——
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In the resulting equations, the equal terms on the left-hand sides are indicated by underlines.
Thus, by adding the second equation to the third and subtracting the first (counting from
top to bottom), we obtain

T _ l(ag'ya 8967 _ agaﬁ)'
798 = o 98 T fra orY

The resulting formula plays an important role in the theory of surfaces and may be regarded
as one of the fundamental formulas. It shows that the scalar products (¢, $ag) can
be expressed in terms of the first-order partial derivatives of the coefficients of the first
fundamental form of the surface. We can now write down the explicit expressions for the
Christoffel symbols of the surface in terms of the classical notation for the coefficients of
the first fundamental form, E, F, G, and their derivatives. Making use of the formula
we find

(3.40)

1 1 1
= 3 E,, 12 = 3 E,, T190=F, - 5 G,
1 1 1
o1 = Fqi 3 E;, o190 = 3 G;, 299 = 3 G;. (3.41)

Substituting these expressions into the formulas (3.38]), (3.39), we get
GE,-2FF +FFE —FEE +2EF —FE,

= 2 = 3.42
11 2(EG_F2) ) 11 2(EG—F2) ) ( )
GE —F@ EG —FFE

Ily=om——+¢ Iy = ——¢ 3.43

-GG +2GF - F@& EG —2FF +FG
Fl — u v v F2 — v v [ 44
22 2(E G — F?) ro 2 2(E G — F?) (344)

The equations

bap =Thg b1+ 2505 + hag, (3.45)

where the Christoffel symbols I') 5 are given by the expressions (13.42)),(3.43) and (3.44)), are
known as the derivational formulas.

As we can see, the use of index notation significantly simplifies the appearance of formulas,
making them more compact. Let us now rewrite the previously derived Weingarten equations

(13-29), (3.30) using index notation. Let us denote N, = ON/O7“. Then the right-hand side

of the first Weingarten equation can be rewritten as follows:
mF —1G , IF—mE |,
“Ee—pr%tEa_p%

g22 g12 g12 g11
S ey Rl ey K U e sy il e sy A

= (—h11 9" — h12¢*) ¢1 + (—h11 92 — h12 ¢*) b2 = —h1a9*P .
The second Weingarten equation can be rewritten in a similar way. Thus, we arrive at the

conclusion that both Weingarten equations can be expressed, using index notation, as a
single unified equation

Ny

No = —hap 677 6, (3.46)

3.9 Gauss Theorem

The goal of this section is to prove Gauss’s theorem. Gauss was so impressed by the
elegance of this result that he gave it a Latin name— Theorema Egregium, which translates
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as Remarkable Theorem. The essence of this theorem is closely connected with the concept
of the bending of a surface. By bending, we mean a type of deformation that does not alter
the lengths of curves lying on the surface.

Imagine that the surface is made from a very thin and flexible, yet inextensible and
incompressible film. If we draw a curve on this film and then bend it, it is clear that the
length of the curve remains unchanged. The geometric properties of the surface that are
preserved under such bending constitute the intrinsic geometry of the surface.

The intuitive description of the bending of a surface provides a helpful conceptual
understanding of the idea. Let us now give a formal mathematical definition of this concept.

Definition 3.8. Let G and &5 be two surfaces. A diffeomorphism f: &1 — G4 is called
an isometry if the length of any curve & on the surface &; is equal to the length of the
curve f(§) on the surface Ga. If there exists such an isometry between two surfaces &, and
Gs, then the surfaces are said to be isometric, or that one is obtained from the other by
bending.

The length of a curve on a surface is computed via the integral of the arc length
differential, whose square equals the first fundamental form of the surface evaluated along
the curve. Assume that the surface is locally parametrized by parameters u,v. This means
that each point on the surface (within this local region) corresponds to a unique pair of
parameter values u,v. Under a bending of the surface, a point p on the surface is generally
mapped to another point f(p); however, we retain the same parameter values u, v for the
corresponding point f(p). This is possible because a bending f is a smooth bijection. In
this case, the first fundamental form of the surface remains unchanged, since the square of
the arc length differential—that is, the squared length of infinitesimal arcs—remains the
same. We conclude that any geometric quantity of the surface that can be expressed in
terms of the coefficients of the first fundamental form, E = g11, F = g12 = go1, G = goa, Or
their derivatives, belongs to the intrinsic geometry of the surface and is invariant under
bending.

Theorem 3.4. The Gaussian curvature of a surface is an intrinsic geometric quantity. If
f 161 = Gy is an isometry from surface &; onto surface Go, then the Gaussian curvature
of &1 at a point p is equal to the Gaussian curvature of &9 at the point f(p); that is,

Ky = Kf(p)'

Proof. To prove the theorem, we begin with the formula for the Gaussian curvature of a
surface:

hiihos — hi,

911922 — 9%2 .
Our goal is to show that the Gaussian curvature is an intrinsic quantity; in other words,
that it can be expressed in terms of the coefficients of the first fundamental form g,3 and
their first and second partial derivatives.

The denominator of the right-hand side is the determinant of the first fundamental
form and is thus already expressed in terms of the coefficients g,g. Therefore, to complete the
proof, it remains to show that the determinant of the second fundamental form, appearing
in the numerator of equation , can also be expressed in terms of the coefficients of
the first fundamental form and their derivatives.

We now write the derivation formulas for specific values of the indices «, 8

11 = 1_%1(;51 + F?1¢2 + hi1 N,
pa2 = oo + T390 + hoo N,
P12 = Tiop1 + T'2hto + hio N.

K= (3.47)
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Making use of these formulas, we compute the scalar products (¢11, ¢22) and [|¢12]|? =
(¢12, d12). We get

(d12, 12) = (T12)? 911 + (T12)” g1z + 2T120 T, g22 + his.

Subtracting the second equation from the first and expressing the determinant of the second
fundamental form of the surface in terms of the remaining terms of the equations, we obtain
equation

hithas — hiy = (P11, d22) — (d12, d12) + ((T12)* — T11T3,) 911
+((T32)” =ThT3) g2o + (2T1oT T, — T11T55 — I T50) g1243.48)

In the right-hand side of the resulting formula, all terms except for the first two can be
expressed in terms of the coefficients of the first fundamental form and their first-order
partial derivatives. This follows from the results of the previous section, where it was
shown that the Christoffel symbols can be written in terms of the coefficients of the first
fundamental form and their derivatives (3.42),(3.43)),(3.44)). Therefore, it remains to show
that the first two terms can also be expressed through the coefficients of the first fundamental
form and their derivatives. To this end, we make use of (¢, pag) = I'y,ap and when
y=lL,a=F=2andy=1,a=1,58=2. We get

Jgi2  10g2

1 0ga2
<¢17¢22> = w - iﬁ, <¢1,¢12> = Ew

Differentiating both sides of the first equation with respect to 7' and both sides of the
second equation with respect to 72, we obtain equations

Pgra 1 Py
or2ort  20rlorl’

1 32911
(P12, P12) + (D1, P122) = 2972072

Subtracting second equation from the first and taking into account that ¢o01 = @122, we get

(P11, P22) + (b1, Pa21) =

_ g2 1 OPgn 1 Py
ortor? 2072012 207tort
Thus, we have shown that the first two terms in formula (3.48)) can be expressed in terms

of the second-order partial derivatives of the coefficients of the first fundamental form. This
completes the proof of Gauss’s Theorem. O

(P11, P22) — (D12, P12) (3.49)

In the course of proving Gauss’s Theorem, we derived equation

Pgz 1 g 1 gy 112+l ol
orlor2 207202 20107t + ((F12) B F11F22) g1

+((I'%,)? = T1T3,) g22 + (2T1,TT, — 1,13, — THT,) g1243.50)

hi1hay — hiy =

From now on, we will refer to this equation as the Gauss equation.

This equation plays a fundamental role in the theory of surfaces. First, as previously
noted, it shows that the determinant of the second fundamental form can be expressed in
terms of the coefficients of the first fundamental form and their first and second order partial
derivatives. This leads to Gauss’s theorem on the invariance of the Gaussian curvature at a
point under surface bending.

85



CHAPTER 3. SURFACES IN 3-DIMENSIONAL EUCLIDEAN SPACE

However, the Gauss equation also has a second important aspect. A surface possesses
two fundamental forms. This naturally raises the question: is there any relation between
these two forms, or can they be specified independently of one another? The Gauss equation
reveals that such a relation does exist. If the first fundamental form of a surface is given,
then the second fundamental form cannot be arbitrary—its determinant must satisfy the
Gauss equation.

Tracing back the derivation of the Gauss equation suggests that it is related to the
integrability conditions of the derivational equations. Indeed, let us examine the derivational
formulas from the perspective of the theory of differential equations. On the left-hand sides
of the derivational equations, we encounter the second derivatives ¢11, ¢12, p22. Thus, we
are led to consider two integrability conditions of the system:

¢112 — P121 = 0, @221 — P212 = 0.

These are vector equations. When expressed in coordinates, they yield six scalar conditions.
Furthermore, the derivational formulas also include the Weingarten equations. This gives
rise to another integrability condition:

O*N
Nig = Noy =0, Nop = Gro9. 8’ (3.51)
which, in coordinates, provides three additional scalar conditions. In total, this leads us to
expect nine scalar integrability conditions for the system of derivational equations.
However, it turns out that only three of these are essential, one of which is the Gauss
equation. We now proceed to identify the remaining two. We have

hg1 = —(¢p,N1), hpa = —(¢p,N2.)

Differentiating the first relation with respect to 72, the second with respect to 7! and then
subtracting one from the other, we get

Ohs  Ohgy

or? orl

= —(¢p1,N2) — (P, Na1) + (g2, N1) + (P, Ni2).

Taking into account the condition of integrability (3.51]), we obtain

Ohgi  Ohpg

or2 orl

= —(¢p1,N2) + (Pp2,N1).
Taking the scalar product of the both sides of the equations
¢ =Tho1 + D502 + hat N, dpa = Thody + Thpho + hpo N,

with No and Nj respectively and taking into account (N,N;) = (N,No) = 0, we get

Oy
or2

Ohsa

— Tl hyy — T2, hyp = —22
B2 111 B2 112 ol

— T}y hiy — T3 hao. (3.52)

The two equations obtained are known as the Peterson—Mainardi—Codazzi equations.
These represent two additional compatibility conditions (integrability conditions) for the
derivational formulas.
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3.10 Gauss-Bonnet Theorem

In this section, we study the important question of parallel transport of a tangent vector
along a curve lying on a surface. The notion of parallel transport of a vector along a curve
relies on the concept of the covariant derivative of a vector field tangent to the surface. We
define the notion of the covariant derivative of a tangent vector field at a point and along a
curve.

Let & be a surface with a local parametrization ¢ : U — & in a neighborhood of a
point p. Let N denote a unit normal vector field on ¢(U), that is, an orientation of the
surface. We assume that the surface is oriented in such a way that, at each point, the
triple { ¢y, ¢u, N} forms a positively oriented (right-handed) frame. Let X be a vector field
defined in a neighborhood ¢(U) C &, and assume that X is tangent to the surface, that is,
X, € T;6 for each ¢ € ¢(U).

The purpose of the covariant derivative on the surface is to measure the rate of change of
a tangent vector field along a given direction on the surface. Thus, the covariant derivative
of a vector field X must itself be a tangent vector field. Let v be a tangent vector at the
point p. Choose a curve £ : I — ¢(U) on the surface such that £(0) = p and £'(0) = v. The
covariant derivative is defined by

d

Dy X = LX)

d
(e

,Np> N,.
t=0

On the right-hand side of this formula, the first term is the derivative of the vector field X
with respect to the parameter ¢ at the point p. This means that the first term, so to speak,
measures the rate of change of the vector field in the direction of the tangent vector v, but
the resulting vector is generally not tangent to the surface. Therefore, the right-hand side
includes a second term, which is the projection of the first term onto the normal vector to
the surface, and by subtracting it, we obtain the tangent component of the rate of change
of the vector field X.

Similarly, the covariant derivative of a vector field tangent to the surface and defined
along a curve lying on the surface is introduced. Let & : I — & be a curve on the surface,
and let X be a vector field along &, tangent to the surface. The covariant derivative of the
vector field X is defined by the formula

DX  dX dX 0 N
a " a taWh

Thus, the covariant derivative of a vector field tangent to the surface and defined along a
curve is itself a vector field along the curve, tangent to the surface.

Suppose we are given a curve £ : [a,b] — E? on the plane, with £(a) = p and £(b) = ¢
as its initial and terminal points, respectively. Let a vector ¢ be given at the point p. We
seek to transport ¢ parallelly from p to g along the curve £. To do so, we assign to each
point of the curve £ a vector that is parallel to the initial vector ¢ at p. In this way, we
obtain a vector field along &, and its value at the endpoint ¢ is naturally called the vector ¥
transported parallelly along £. Clearly, the resulting vector field is constant; that is, its
value at each point of £ is equal to ¥. This means that the derivative of this vector field
with respect to the curve parameter t is zero.

We now define the parallel transport of a vector tangent to a surface along a curve
lying on the surface in a similar manner. Let & : [a,b] — & be a curve lying on a surface .
Let a tangent vector v € T,& be given at the initial point p = £(a), and suppose we wish
to transport it parallelly ( with respect to the surface &) along £ from p to ¢ = £(b). To

87



CHAPTER 3. SURFACES IN 3-DIMENSIONAL EUCLIDEAN SPACE

achieve this, we construct a tangent vector field X(¢) along the curve £ as the solution to
the differential equation
DX(t)

=0.
dt

The initial condition for this system is X (a) = v. Then, the value of the vector field X at
the endpoint g = £(b) is called the vector v transported parallelly from p to ¢ along the
curve & on the surface 6.

Now suppose that the curve £ is closed, meaning that its initial and terminal points
coincide. Furthermore, we assume that ¢ is parameterized by arc length, so the parameter
s varies from 0 to [, where [ is the total length of the curve. Thus, the condition that the
curve is closed can be written as £(0) = £(I). We also assume that ¢ is a simple curve,
meaning it has no self-intersections, and that the region of the surface it bounds is simply
connected. We denote the portion of the surface bounded by & as V', so that £ is the
boundary of this region, which we write as 9V = &.

Orientation plays an important role in the Gauss—Bonnet theorem. In this context, we
assume that the curve  and the region V' it bounds lie within a coordinate chart (¢, U)
of the surface, where the coordinates are denoted, as before, by u and v. Then, over the
patch of the surface ¢(U), we have a frame field {¢,, ¢, N}, where ¢, and ¢, are tangent
vector fields to the surface, and N is a normal vector field collinear at each point of ¢(U)
with the cross product ¢, X ¢,.

The normal vector field N defines the orientation of the surface patch ¢(U) in the sense
that traversal of the closed curve £ is considered to be in the positive direction if, when
viewed from the tip of the normal vector N, the motion appears counterclockwise. Likewise,
the sign of angles measured from a given vector is defined accordingly. It is appropriate
here to clarify what we mean by the region V bounded by the curve £. Consider the vector
cross product N x &, where ¢ is the tangent vector to the curve £&. Then, the region V lies
on the side of the tangent vector £ toward which the vector N x & points.

Note that we may also make use of the complex structure of the tangent plane to the
surface, provided we agree that the origin of the coordinate system in the tangent plane
is the point of contact, and that positive rotation is counterclockwise when viewed from
the tip of the normal vector N. In this case, we have N x ¢’ = J(¢), where J denotes the
operation of rotation by § in the positive (counterclockwise) direction.

Let p denote the point on the curve £ corresponding to the initial value of the natural
parameter, s = 0. Let rg be a unit tangent vector to the surface at the point p. Now,
using parallel transport on the surface, we transport the vector rg along the curve £. Due
to the closedness of the curve, we return to the original point p. Let the vector obtained
by parallel transport at the point p be denoted by r;. Let us denote the angle between
the vectors rg and r1 by Ay = Z(rg,r1). In this notation, we mean that the angle is
measured from the vector ry to the vector r; in the positive (counterclockwise) direction.
The parallel transport of the vector rq is realized by means of a vector field along the curve
&. We denote this vector field by R. By the definition of parallel transport, this vector field

satisfies the conditions
DR
R(0)=r9, R(l)=1r;, — =0. (3.53)
ds
Moreover, since the length of a vector remains unchanged under parallel transport, the
vector field R along the curve £ is a unit (tangent to the surface) vector field.

Let E be a unit tangent vector field on the surface, defined on ¢(U). Define
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where E(s) is the restriction of the vector field E to the curve £(s). Clearly, ¢(s) is a smooth
function of the arc-length parameter s. If we set

SDO - A(EZ”I"O), SOI == Z(Eparl)y

then
o =p(0), w1=0), Ap=p1— 0.
Hence

A<,0:/E de. (3.54)

From ¢ = Z(E,R) it follows that cosp = (E,R). Differentiating the both sides of this

equation, we get
. dy DE DR
— —— = (== R)+ (E,—).
sim ()0 dS < dS Y > + < i dS >
Due to the properties (3.53)) of the vector field R, the second term on the right-hand side of

the previous equation vanishes and we get

(3.55)

—sing —— = (=—,R). .
Sln90 ds <d$’ > (3 56)

As noted earlier, the orientation of the surface given by N allows us to use the complex
structure J on the tangent plane to the surface. Consequently, JE is a unit vector field
tangent to the surface and orthogonal to E. Restricting JE to the curve £ gives a vector
field along &, which will be denoted by E*.

Now, suppose that instead of the vector rg, we take another unit tangent vector ry at
the point p. Repeating the construction described above, we obtain a vector field R along
the curve £ and a function ¢(s). Clearly,

(s) — p(s) = £(R(s),R(s))-

Since both R(s) and R(s) are parallel vector fields along &, the angle between them remains
constant as the point moves along the curve. Therefore,
do dy

o(s) —p(s) =const and —— = —".

B(s) — ls) =
Let now &(s) be an arbitrary point on the curve . At this point, we have the vector E*(s)
and it forms the angle of & with the vector E(s). Since parallel transport of tangent vectors
on the surface defines a bijective linear map between tangent planes at different points,
there exists a vector Iy at point p on the surface such that its parallel transport along the
curve £ from p to the point £(s) coincides with the vector E*(s). In this case, at the point
&(s) we have ¢(s) = 7, and therefore,

i /DE
[ g,
ds <ds7 >

But since dp(s) = dp(s), we obtain the formula:

dy DE
- =(=—,E*+).
ds < ds’ >
As the point £(s) was chosen arbitrarily, it follows that this formula holds at every point
along the curve £. Note that in the right-hand side of this formula, the symbol for covariant
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differentiation D can be replaced by the ordinary derivative d, so the previous formula can
be written in the equivalent form
dy dE
—— =(—,E"). 3.57
ds < ds > (3:57)

Let n(s) = (u(s),v(s)) € U be the closed curve in the parameter plane (u,v) of the
surface &, which under the mapping ¢ : U — & is mapped to the curve £(s) on the surface,
that is,

o(n(s)) = &(s).
Let V denote the region in the wv-plane for which the given curve is the boundary. Then

differentiation with respect to s gives ";li—f =F, % + E, ?TZ' Substituting this expression into
(3.57) and omitting ds, we obtain

Ap = _/ (Ey,E"Y du + (Ey,E") dv.
3

Applying Green’s formula, we can transform this line integral into a double integral
Bp == [ (BB + (BuBd) — (BunE) — (BuiE3)) dudo
\%
= // ((Eu,Ey) — (Ey,Ey)) dudv. (3.58)
v
For further calculations, we will use the frame { E,E*, N} of the three-dimensional Euclidean

space, which is defined at each point of the region ¢(U) C &. We have

E,\EE, | EE: LE"E; LE"N, L NN, LN.

Hence
Eu:ylEL"i_ZlN; Ev:yQEL'i‘ZQN, (359)
Et:aﬁlE-i-ZgN, E$:$2E+Z4N, (3.60)
Nuzng—i—ygEJ‘, N, :m4E+y4EL, (3.61)

where x;,y;, 2, are functions of variables u,v. We have (E,E*) = 0, and differentiating this
equality once with respect to u and then with respect to v, we respectively obtain

(Ey,EY) +(E,E;) =0, (E,,E")+(E,E;)=0. (3.62)

Taking the scalar product of both sides of equations with E*, we obtain (FE,,E*) =
y1, (Ey,E*) = yo. Taking the scalar product of both sides of equations with F,
we obtain (E;, F) = z1,(E;,F) = z2. Making use of the relations we obtain
Yyr = —T1,Y2 = —22.

Using formulas (3.59)) and (3.60), we transform the integrand in into the form

(Ey,Ey) — (Ey,Ep) = 21 24 — 22 23. (3.63)

Our goal now is to relate the obtained expression to the Gaussian curvature of the surface.
To this end, we use the Weingarten equations ,. From these equations it follows
that

Ny X Ny = K(z)u X (bvy
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where K is the Gaussian curvature of the surface. If we now multiply and divide the right-

hand side of this formula by the length of the cross product ||¢y X ¢p|| = \/g11 922 — g3s,

we obtain equation
Ny X Ny = K 4/ g11 922 — g N.

Taking scalar product of both sides of this equation with N and replacing N = E x E*+, we get

m@meExEﬂ::KvG;;;j;g

Applying Lagrange’s identity to the left-hand side of this equation, we obtain

= K\/9g11 922 — 9%2. (3.64)

Differentiating the relation (N,E) = 0 with respect to u, we get (N,,E) = —(N,E,) and,
making use of (3.59)), we obtain (N,,E) = —z;. Analogously

(Ny,E) (N, EY)
‘(Nv,E> Ny, E*)

<NU7EL> = —Z3, <Nv>E> = —Zz2, <Nv7EL> = —Z4-

Hence the determinant at the left-hand side of (3.64) is equal to z1z4 — 2223 and, taking
into account (3.63]), we finally obtain

(FuB) = (B B = K \Jgu1 g2 — g3, (3.65)
Ap = // Kmdu dv. (3.66)
14

We will refer to this formula as the formula for the parallel transport of a unit tangent vector
to the surface along a closed curve.

In the derivation of the previous formula, we assumed that the vector is transported
parallelly along a smooth closed curve on the surface. We now consider the case when the
closed curve has the form of a curvilinear triangle, i.e., it is piecewise smooth. The reasoning
and computations presented below can easily be extended to the case of a curvilinear convex

or

polygon with n vertices.

We will need the notion of geodesic curvature of a curve lying on a surface. Let
&: [a,b] — & be a smooth curve on the surface &, parametrized by the natural parameter
s (i.e., arc length). We assume the curve lies entirely within a parametrized patch (¢,U) of
the surface, where an orientation N of the surface has been chosen.

At each point of the curve we have the unit tangent vector £(s) and it defines a unit
tangent vector field along the curve, denoted by T. The acceleration vector £”(s) is called
the curvature vector of the curve £, and its magnitude is the curvature of the curve at that
point: k(s) = ||€”(s)||. Let N¢ denote the unit principal normal vector field of the curve.
Then,

T = Kk Ne.

Now consider the vector product N x T. Since the acceleration vector is perpendicular to
the velocity vector, i.e., & L £, the acceleration vector lies in the plane spanned by the
vectors N x T and N. Therefore, we can write:

& =ky(NXT)+ Ky N, (3.67)
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where k,, is the normal curvature of the surface in the direction of the unit tangent vector
¢, and k, is called the geodesic curvature of the curve on the surface. Let us show that
Kn 18 a normal curvature of the surface &. From the equation we find ,, = (¢",N).
Differentiating both sides of (¢/,N) = 0, we obtain (¢”,N) = —(&’,N). Hence

kn = (€7, M) = —(¢', W) = (¢, -W) = (£, S(£)) = x(&). (3.68)
In order to find the geodesic curvature x4 we write the formula (3.69) in the form
KNg = kg (N X T) 4 K, N.

Taking the scalar product of the both sides of this equation with the vector field N x T we
get
kg = Kk (Ng,N x T). (3.69)

Note that from the definition of the geodesic curvature of a curve on a surface, an important
property follows. The geodesic curvature has a sign and if the direction of traversal along the
curve is reversed, the sign of the geodesic curvature changes to the opposite. Furthermore,
in the special case where the curve is a geodesic, its geodesic curvature is zero.

Thus, the geodesic curvature measures how much a given curve deviates from being a
geodesic. If geodesics on a surface are considered analogous to straight lines in the plane,
then the geodesic curvature quantifies how far a curve on the surface deviates from a
straight line.

Let us return to the case of a curvilinear triangle on a surface. Let its vertices be
denoted by p1, po, ps. Denote the curve forming the boundary of the curvilinear triangle, as
before, by £ : [0,]] — &. We assume that the parameter of the curve ¢ is the arc length s,
so that [ is the total length of the curve. Furthermore, the interval [0, (] is divided into three
subintervals: [0,11], [l1,12], [l2,1]. The restriction of the curve £ to each of these subintervals
defines smooth curves 1 = §|jo1,1, §2 = &l 10)5 §3 = &l1p,, Whose lengths are Iy, lo — [,
and [ — [y, respectively. We assume that at the points 0,13, 12,1 of the interval [0,], the
vector-valued function €| (s) possesses one-sided derivatives, and these derivatives define
the tangent vectors of the corresponding arcs, which are non-zero vectors or not collinear.
Thus, we have six tangent vectors

— — — —

(1) = lim S(ZZ S ) =1 S ’fl(ll) ,
£(l2) — &(s) £(s) — (k)

572([2) = lim ; g;(lz) = lim

STZQ l2 — S - SJ,lQ s — l2
- _’l O _ oo _,0
0 =i G, 80 = iy SO,

(3.70)

Let us denote the angles between these tangent vectors as follows

B = Z(&(1),£1(0), B2 =Z(E(1),& (1)), Bs = Z(E(l), (1))

To derive the Gauss—Bonnet formula, we will use the tangent vector of the piecewise smooth
curve £. We denote it by T and consider it as a vector field along £, meaning that in each
point of the curve, T defines the unit tangent vector to £. Introduce two angles: ¢ = Z(E,R),
and ¢ = Z(R, T). We first study the variation of these angles along the smooth arcs &1, &2, &3,
temporarily leaving aside the question of the corner points of the curvilinear triangle.

oy
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At each point of the curve, the first angle represents the angle of rotation from the vector
E to the vector R (the parallel transported vector ry). Thus, subtracting the initial value
of this angle, ¢ — ¢g, where g = Z(E(0), rg), we obtain the total angle Ay by which the
parallel transported vector rg has rotated. On the smooth arcs of the curve, we compute
this angle using the previously obtained formula ((3.66)).

Consider the second angle ¢ = Z(R,T). Clearly, —¢) = Z(T,R). Thus, this situation is
analogous to the one described before formula . The only difference is that instead of
the vector field E, we now use the tangent vector field T. Therefore, the derivative of the
angle —v with respect to the parameter s satisfies the equation

d(—lﬁ)_ dE L
ds __<d87T >)

where T+ = JT = N x T. Applying the Frenet formula T' = kN and making use of (3.69)),
we obtain

dip dar
i <£,TL) = (kNg, T*) = k (Ne, N X T) = Ky.
Thus, the increment of the angle 1 along the smooth arcs of the curve £ is given by the

integral of the geodesic curvature

A¢:/ﬁgds. (3.71)
3

In this formula, we mean that the integral is equal to the sum of three integrals taken over
the smooth arcs &1, &3, €3, respectively.

It remains to account for the contribution to the change in the angle of rotation of
the parallel transported vector coming from the corner points, that is, the vertices of the
curvilinear triangle. At the vertices of the triangle, the tangent vector of the curve &
undergoes a discontinuous change in direction. The contribution of the vertices of the
curvilinear triangle to the variation of the angle ¢ is equal to the sum 5y + 2 + 3. Thus,
after the parallel transport of the vector rg along the curvilinear triangle the angle ¥ + ¢,
taken at the initial point p, undergoes an increase

3
// K\/911922g%QdUdv+//igd5+Zﬁi-
v : i=1

Now observe that the angle 1) 4+ ¢ is the angle between the vector fields E, T, i.e., ¥ + ¢ =
Z(E,T). However, the vectors E(p), T(p), after being transported around the curvilinear
triangle, return to their original positions. Therefore, the angle ¥ + ¢ must change by
a quantity equal to 27k, where k is an integer. It can be shown that in this case k = 1.
We demonstrate this through an argument that is not a rigorous proof but illustrates
the geometric essence of the structure. We can draw an analogy with a continuous map
from one unit circle (of radius 1) to another. Such continuous maps are, up to continuous
deformation, classified by an integer, which equals the number of times one circle winds
around the other. Moreover, if one map has m windings and another has n, and m # n, then
it is impossible to deform one map into the other continuously. Following this reasoning,
we continuously deform the portion of the surface containing the curvilinear triangle into a
portion of the plane. Then we continuously deform the curvilinear triangle into a circle,
and the vector field E into a constant vector field along the circle. The change in the angle
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1 4 ¢ remains the same as before, but now it becomes easy to compute. Transporting the
tangent vector to the circle along the circle results in an increase of 27. Hence

3
// K\/mmtvar/ﬁgderZ&:Qm (3.72)
\%4 ¢ =1

This formula will be referred to as Gauss-Bonnet formula.

A triangulation of a surface is a covering of the surface by curvilinear triangles {A; }iez.
It consists of a family of curvilinear triangles. The sides of these curvilinear triangles
will be called edges, and the curvilinear triangles themselves will be called faces. Thus, a
triangulation consists of a set of vertices, edges, and faces. A triangulation must satisfy the
following conditions |[1].

1. The union of all curvilinear triangles in the covering must equal the entire surface,

that is, (J;cz & = ©.

2. Any two curvilinear triangles have no interior points in common.
3. Each edge of triangulation is shared exactly by two curvilinear triangles.

4. If p is a vertex of a curvilinear triangle /\;, then there exist m curvilinear triangles
DNy DNy oo, A4, , where m is an integer, such that each triangle shares p as a common
vertex, with A;, = /\;, and each consecutive pair shares a common edge: /\;, shares
an edge with A;,, A\;, shares an edge with A;,, and so on, with A;  sharing one
edge with A and the other with A;, = A;.

If the number of curvilinear triangles in the triangulation is finite, the triangulation is said
to be finite. In surface topology, it is established that every compact surface admits a finite
triangulation. Assuming that triangulation is finite we define an integer by the following
formula v — e + f, where v is the number of vertices, e is the number of edges and f is the
number of faces (curvilinear triangles) of triangulation. It can be shown that the integer
v — e+ f, does not depend on the particular triangulation and is determined by topology
of the surface. This integer is called the Fuler characteristic of a surface and is denoted by
x(6).

Now suppose that a compact surface & is equipped with a finite triangulation {A;}7,
where m is a positive integer. Moreover, without loss of generality, we may assume that
each curvilinear triangle of this triangulation lies entirely within some local coordinate
chart (¢, U) of the surface &, with local coordinates u,v. Then, we define the integral of
the Gaussian curvature over the entire surface G as the sum of the integrals of the Gaussian
curvature over all the curvilinear triangles of the given triangulation, that is,

/de => // K \/g11922 — 92, dudv, (3.73)
& =1 A,

where we denote by dS the surface area element, which, in the local coordinates u, v of a

curvilinear triangle, takes the form \/g11922 — g%, dudv. The integral (3.73) is referred to

as the total Gaussian curvature of a surface.

7;m—l

Theorem 3.5. (Gauss-Bonnet for compact surfaces) If & is a compact orientable surface,
then the total Gaussian curvature of & multiplied by % is equal to the Euler characteristic
of &, that is,

I/K%:M@.
2T
(G}
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Proof. At the heart of the proof of this theorem lies formula . Consider some
curvilinear triangle A; of a triangulation {A;} ;. Then we have the formula (3.72)). Now
we move the second and third terms from the left-hand side to the right-hand side with a
minus sign. We obtain

3
//nguggg—g%z dudv=2m — / ﬁgds—Z@gi), (3.74)
N BN a=1

where 9/\; is the boundary of curvilinear triangle A\;, i.e., the edges of A\;, and BY), g) , ,Bs(f)
are the exterior angles of /\;. Now sum both the left-hand side and the right-hand side
of the equation over all curvilinear triangles of the given triangulation. Obviously, on the
left-hand side, we obtain — according to formula ([3.73) — the total Gaussian curvature of
the surface &. On the right-hand side of the equation, the first term, that is, the number 27,
yields 27 f, where f is the number of faces in the triangulation, or the number of curvilinear
triangles. The second term, namely the integral of the geodesic curvature, after summing
over all the edges of the triangulation (which is the same as summing over all the sides
of the curvilinear triangles), gives zero. Indeed, according to the third requirement of the
triangulation, each edge of the triangulation belongs to two curvilinear triangles. However,
when traversing one triangle, we move along this edge in one direction, and when traversing
the other, we move in the opposite direction. Since the geodesic curvature changes sign
when the direction of motion along the curve is reversed, the total sum is zero.

The last term on the right-hand side, that is, the sum of the exterior angles of the i-th
curvilinear triangle, can be written as

3

3
> B =3r-3 o),
a=1 a=1

where agz), ag), a:(;) are the interior angles of the i-th curvilinear triangle. The term 37, when
summed over all curvilinear triangles, yields 37 f. We sum the interior angles according
to the fourth condition of the triangulation: starting from an arbitrary vertex, we sum
all interior angles for which this point serves as the vertex of the angle, obtaining 2.
Repeating this for all vertices, we obtain a total of 2w v, where v is the total number of
vertices in the triangulation. Hence, after summation over all curvilinear triangles, the

formula (3.74) takes on the form

/KdSzQﬂ'vTrf. (3.75)
S

Each curvilinear triangle has three sides, but the third condition of the triangulation states
that each side belongs to exactly two curvilinear triangles. Therefore, if we multiply the
number of triangles by three, we obtain twice the number of edges, that is, 3f = 2e. This
equality can be rewritten as —f = —2e 4+ 2f. Substituting this relation into the right-hand
side of the formula and dividing then both sides by 27, we obtain

217T/Kd8:v—e+f=x(6). (3.76)
&
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3.11 Euler Characteristic

In the previous section, the Gauss—Bonnet formula was derived and the Gauss—Bonnet
theorem was proven. These results lead to a number of important geometric consequences.
Moreover, the Euler characteristic plays a central role in the Gauss—Bonnet theorem. In the
previous section, a definition of this important topological invariant of a surface was given.
However, to fully understand the nature of this integer, it is essential to compute the Euler
characteristic for specific surfaces. This is one of the main objectives of the present section.

Let & be a surface containing a curvilinear triangle whose sides are arc-length pa-
rameterized curves. Then, for this curvilinear triangle, the Gauss—Bonnet formula
holds. In the proof of the Gauss—Bonnet theorem, using the interior angles aq, aso, ag of
the curvilinear triangle, we expressed this formula in the form

a1+a2+a3:7r+// KdS+//£gds. (3.77)
Vv 3

Now suppose that the sides of the curvilinear triangle are arcs of geodesic curves on the
surface &. In this case, the last integral on the right-hand side of formula (1) vanishes,
since the geodesic curvature of a geodesic curve is zero. Thus, for a geodesic triangle on the
surface &, we have

a1+a2+a3:7r+// K dS. (3.78)
\%4

If we assume that the Gaussian curvature is zero at every point of the surface, we obtain a
surface whose intrinsic geometry coincides with that of the Euclidean plane. In this case,
formula (1) becomes the well-known property of a triangle in the Euclidean plane — namely,
that the sum of the interior angles of a triangle is equal to 7. If the Gaussian curvature is
positive at every point of a geodesic curvilinear triangle, that is, K > 0, then the sum of
the interior angles of the curvilinear triangle is greater than 7, meaning o + as + ag > 7.
Thus, if we take a sphere of radius R as our surface and consider a curvilinear triangle on
this sphere formed by arcs of great circles (geodesics), the sum of its interior angles will
exceed 7, with the excess over 7 equal to the area of the geodesic triangle multiplied by #
This fact is well known in spherical geometry. Similarly, if the Gaussian curvature of the
surface is negative, K < 0, as is the case, for example, with a catenoid, then the sum of the
interior angles of a geodesic triangle will be less than 7. This property of triangles holds in
hyperbolic geometry.

Let us now proceed to compute the Euler characteristic of compact, orientable surfaces.
First, let us examine how broad the class of orientable compact (boundaryless) two-
dimensional surfaces is. It turns out that, up to homeomorphism, this class of surfaces
consists of the following types. The simplest orientable and compact surface is the sphere.
If we cut two disks out of a sphere and attach a cylinder in such a way that the bases of
the cylinder (two circles) match the boundaries of the removed disks, we obtain a so-called
sphere with one handle. Clearly, a sphere with one handle is homeomorphic to a torus. If
we repeat this operation, that is, attach another handle, we get a sphere with two handles,
which is homeomorphic to the surface shown in Figure (3.1). By continuing this process,
we obtain a sphere with g handles. The number of attached handles is called the genus of
the surface. If we denote the sphere with g handles by .7, then the genus of this surface is
g. Naturally, if g = 0, the surface % is a sphere.

Theorem 3.6. If a surface is an orientable compact 2-dimensional surface in 3-dimensional
Euclidean space, it is homeomorphic to one of the surfaces 7.
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Figure 3.1: Double torus or surface of genus 2

This theorem provides a clear understanding of how broad the class of orientable compact
surfaces in three-dimensional Euclidean space is.

Since homeomorphic surfaces have the same Euler characteristic, it is sufficient to
compute the Euler characteristic for a surface of genus g. Let us start with the sphere. We
inscribe a tetrahedron into the sphere and consider an arbitrary point on the surface of
this tetrahedron, excluding its vertices. Connect this point with the center of the sphere
and extend the resulting line until it intersects the surface of the sphere. In this way, we
obtain a mapping of the points on the surface of the tetrahedron to points on the surface
of the sphere. Note that the vertices of the tetrahedron already lie on the sphere, since
the tetrahedron is inscribed in it. Under this mapping, the faces of the tetrahedron are
transformed into curvilinear triangles on the sphere, and we obtain a triangulation of the
sphere, which contains 4 vertices, 6 edges, and 4 faces. Thus, the Euler characteristic of
the sphere is

xX(F)=4—-6+4=2.

To compute the Euler characteristic of the torus 77, we use a topological model of this
surface. By a topological model, we mean a rectangle with opposite sides identified. We
subdivide this rectangle into triangles as shown in Figure . This subdivision is a
triangulation of the torus. The triangulation of the torus contains 9 vertices, 27 edges,

A 2, A, A
¢, £,
e, &,

A 8 2, A

Figure 3.2: Triangulation of a torus
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and 18 faces (triangles). Thus, the Euler characteristic of the torus is 9-27+18=0, i.e.,
X(Z1) = 0. Thus, we see that adding one more handle decreases the Euler characteristic by
2. We arrive at the conclusion that

X(Fy) =2 —2g.

3.12 Riemannian Geometry

In this section, we describe the central idea of Riemannian geometry and illustrate it with
several simple examples. In the previous sections of this chapter, the main object of study
was surfaces. Let us take a closer look at the notion of a surface. We defined a surface
G as a subset of three-dimensional space that can locally be parametrized by coordinate
charts (¢, U), where ¢ : U — & is a bijective map from an open subset U of the (u,v)-plane
to a portion of the surface ¢(U) C &. If we introduce rectangular coordinates in the
ambient three-dimensional space via an orthonormal frame, a local chart can be written in
coordinates as x = z(u,v), y = y(u,v), z = z(u,v), where (u,v) € U. Since the local chart
is now described by three functions of two variables, we can use the notion of smoothness,
i.e., we require these functions to be continuously differentiable of any order. Thus, we
arrive at the notion of a coordinate chart on a surface as a smooth bijective map from U to
G.

Which element of this construction can we discard in order to obtain a more general
concept than that of a surface in three-dimensional space? Observe that the intrinsic
geometry of a surface plays a fundamental role in its study. However, in the case of a
surface embedded in three-dimensional Euclidean space, its intrinsic geometry is induced by
the surrounding ambient space. Indeed, to compute the coefficients of the first fundamental
form of the surface, g11 = F, g12 = go1 = F, g22 = G, we calculate scalar products of the
basis vectors of the tangent plane, ||¢y||%, (¢u; Pv), [|Pv|?, in the ambient three-dimensional
Euclidean space. In other words, the Euclidean geometry of the surrounding space generates
the intrinsic geometry of the surface.

Thus, if we wish to investigate the various possible intrinsic geometries of a surface,
we must abandon the assumption that the surface is embedded in some ambient space.
What, then, should we retain from the previously described structure? Clearly, we must
keep the requirement that the set under consideration is a topological space M. In the case
of a surface, its topology is induced from the topology of the ambient three-dimensional
space. Once we remove this ambient space from the definition, we explicitly require the
surface to possess a topology, and to ensure that the resulting model closely resembles
a surface, we impose additional conditions: our topological space M must satisfy the
Hausdorff separation axiom and possess a countable basis. An essential part of the structure
of a surface is its local parametrizations (¢, U). Since it is not fundamentally important
whether we consider the mapping ¢ : U — & or its inverse, we express the property of local
parametrization as follows: our topological space M is locally homeomorphic to an open
subset of R2. More precisely, for any point p € M, there exists a neighborhood V — an
open subset containing that point — that is homeomorphic to an open subset of U C R?,
ie. ¢:V C M — U C R? where ¢ is a homeomorphism. As in the case of surfaces, we
call the pair (¢, V') a local chart.

However, at this stage of generalization, we encounter a problem: the issue of smoothness.
We need a notion of smoothness in order to study the geometry of M using the methods
of differential and integral calculus. Naturally, one defines the smoothness of a function
f defined on M by requiring it to be smooth in every local chart (¢, V). Let u,v be the
corresponding local coordinates. Then, by restricting the function f to the subset V' C M,
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we may consider it as a function of two variables: f(u,v) = (fo¢~!)(u,v), and in this case,
the notion of smoothness is well defined.

However, if two charts (¢, V) and (¢, W) overlap, that is, if VN W % (), then on the
intersection of these charts, the function f transitions from one set of coordinates to another.
This transition is described by the mapping ¢ o ¢~! (or equivalently ¢ o¢~1), which is
continuous. The problem is that a continuous change of variables does not necessarily
preserve smoothness. Therefore, there may be an inconsistency in the smoothness of the
function f across different local charts. If we require that the transition maps v o ¢~
and ¢ o ¢! be smooth, however, then smoothness becomes a consistent and well-defined
property across all charts.

Definition 3.9. A topological space M is called a differentiable two-dimensional manifold
if the following conditions are satisfied:

e M is a Hausdorff space with a countable basis;

e MM is locally homeomorphic to open subsets of R?; that is, for every point p € M, there
exists a pair (¢, V), called a local chart of M, where V' C M is an open neighborhood
of pand ¢ : V — U C R? is a homeomorphism of V onto U

e If two local charts (¢, V) and (¢, W) overlap (i.e., VN W # (), then the transition

map ¢ o1 is a diffeomorphism.

It should be noted that by replacing the two-dimensional space R? with the n-dimensional
space R™, the given definition naturally extends to the concept of a differentiable n-
dimensional manifold.

The first fundamental structure in the differential geometry of surfaces is the notion of
a tangent vector and the tangent plane. In the case of a manifold, we adopt the approach
developed in Chapter 2] According to Definition [3.9] we can locally identify the manifold
M with an open subset of R?. This means that we associate a point p € M with the point
#(p) = (u,v) € R?, and the tangent space T,M at p with the tangent plane to R? at the
point ¢(p).

As seen in Chapter 2 the tangent plane to R? at the point (u,v) is spanned by the
vectors 0/0u and 9/0v, which we denote 0, and 0,. Accordingly, the two-dimensional
tangent space T, M in local coordinates u,v is considered to be spanned by the basis
vectors 0y, 0,. When changing from one coordinate chart (u,v) to another (@, ), where
u = u(u,v),0 = v(u,v), the basis vectors transform according to the rule
—@ —i—%&;, (%:%aa—i—@
We now turn to the central idea of Riemannian geometry. It is easy to see that a manifold
M does not inherently possess a geometric structure that would allow us to measure lengths
of curves or angles between them. In the case of a surface, such measurements are made
using the arc length differential or the first fundamental form of the surface, which, as
previously noted, is induced by the scalar product in the ambient three-dimensional space
in which the surface is embedded.

Thus, in order to construct a geometry on a manifold, we must introduce an additional
structure—a scalar product on the tangent vectors at each point of the manifold. From a
general point of view, a scalar product is a real-valued, symmetric, positive-definite bilinear
form on a vector space. Therefore, to define a geometry on the manifold, we introduce this
additional structure, which we shall refer to as a metric on the manifold.
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Definition 3.10. A two-dimensional manifold M is called a Riemannian manifold if, at
every point p € M, there is defined a symmetric, positive-definite bilinear form

gp : TyM x T,M — R

that depends smoothly on the local coordinates of the manifold in any coordinate chart

(¢, V).

We denote a Riemannian manifold by (M, g), where g is called the Riemannian metric
of the manifold. In local coordinates u, v, the metric is completely determined by its values
on the basis vectors:

911 = 9(0u; 0u), 912 = 921 = G(0u, 0v), 922 = G(0y, Oy).

Then the Riemannian metric can be written in terms of differentials of local coordinates as
follows
g = g11 du® + 2 g2 dudv + goo dv. (3.79)

It is convenient to represent the components of the Riemannian metric as a second-order
matrix
_ (911 G12
(9ap) (921 922) ’
where a, 8 = 1,2. Now the computation of curve length on the Riemannian manifold
becomes possible and should be carried out using the same formulas as in the case of

curves on a surface. For example, if a curve is given in local coordinates of the manifold
u' = u,u? = v by £ :ul =ul(t), u> = u?(t), where a < t < b, then its length is calculated

by the formula
dua duP
o [ e
/ 9o &)

However, not all formulas from the theory of surfaces carry over to the case of a Riemannian
manifold. We can no longer use concepts or formulas that rely on the existence of a normal
vector to the surface. The normal vector is orthogonal to the tangent plane of a surface
and points in the third dimension of the ambient space in which the surface is embedded.
However, in the case of a two-dimensional manifold, there is no such third dimension
transverse to the manifold. Hence, the shape operator and the second fundamental form
of a surface are no longer applicable in the case of a manifold. It follows that we can
only use those formulas from surface theory which involve solely the components of the
metric, or which can be reduced to expressions depending only on these components. First
of all, we observe that the Christoffel symbols can be computed entirely in terms of the
metric (3.42)). Thus, our first step is to compute the Christoffel symbols of the Riemannian
manifold. Then, using the Gauss equation , we can compute the numerator of the
fraction appearing in the formula for Gaussian curvature or . The next step is
to calculate the Gaussian curvature of the Riemannian manifold. We will illustrate how
this procedure works through specific examples.

Example 3.2. In this example, the manifold is the plane, and we construct a Riemannian
metric on it using the stereographic projection of the unit sphere onto the plane. We
assume that in three-dimensional Euclidean space with Cartesian coordinates x,y, z, a unit
sphere .72 is given, centered at the origin. The points N (0,0, 1) and S(0,0,—1) are called
the north and south poles of the sphere, respectively. The plane B, on which we construct
the Riemannian metric, is the tangent plane to the sphere .#? at the south pole, i.e., at
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the point S. We assume that this plane is equipped with a Cartesian coordinate system
u, v, with the origin at the point of tangency S, and such that the u-axis is parallel to the
x-axis and the v-axis is parallel to the y-axis of the three-dimensional space. Remove the
north pole N from the sphere and denote the resulting surface by .#5. Then .#, can be
mapped bijectively onto the plane P as follows. Let p € . Draw a ray from the north
pole through the point p until it intersects the plane 3. Denote the point of intersection
by gq. Clearly, the mapping p — ¢ defines a one-to-one correspondence between .74 and 3.
This mapping is called the stereographic projection of the sphere onto the plane. If (z,y, z)
are the coordinates of the point p on the sphere and (u, v) are the coordinates of the point ¢
on the plane, then each set of coordinates can be expressed in terms of the other as follows

2x 2y
U= U= (3.80)
4u 4qu —4 +u? 02

TTirer VT i T ar e

where —1 < z < 1. It follows from these formulas that the stereographic projection is a
diffeomorphism.

On the sphere, we have the standard metric—its first fundamental form—when viewed
as a surface embedded in three-dimensional space. This metric is induced by the Euclidean
metric da? + dy? + dz? of R3. Our next step is to transfer the spherical metric onto the
plane via the stereographic projection; in other words, we aim to express the metric of the
sphere in terms of the planar coordinates u,v. In doing so, we obtain a new metric on the
plane, distinct from the Euclidean metric du? + dv?, and the plane, equipped with this new
metric, becomes a Riemannian manifold.

We combine the coordinates of the plane P into a single complex variable { = u + i v.

Making use of (3.80)), we get

2z . 2y = 2z . 2y
C_l—z—i—zl—z’ C_1—2_ 1—2
Then
B (1—2)de+xzdz  (1—2)dy+ydz
ac=2( 1-22 ' -2 ):
— o ((=2)dztadz  (1-2)dy+ydz
e e e (e L
Thus
_ (1-2)de+xzdzy2 ,(1—2)dy+ydz,2
dcdt =4 (g ) ey ))
(A= dutade) + (1= 2)dy + yd2)’
- (=)
.y (1 — 2)%(d2? + dy?) + (22 + y?) d2? + 2(1 — 2)(z dx + y dy) d=
- =)

Substituting 22 + y? = —1 and z dz + y dy = —z dz, we obtain

dx? + dy? + dz?
(1-2)?

d¢d¢ =4 (3.81)
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The spherical metric can be now expressed in terms of plane coordinates as follows

1— 2 . 1— 2
do? + dy® + dz* = % d¢d¢ = d=-2) (du? + dv?). (3.82)

To eliminate z in the resulting expression and rewrite it in terms of the coordinates w, v,
we compute

422 49/ 1+2 8
2
4= =4 1) = . 3.83
c™+ (172)2—’_(17,2)2 (172—'_ ) 1—=2 (3:83)
Expressing 1 — z and substituting into (3.82)), we finally obtain
16

= (du® + dv?). 3.84
9 (4+u2—|—v2)2(u + U) ( )

The plane equipped with the metric (3.84)) is a Riemannian manifold known as the spherical
plane. Note that the metric (3.84)) differs from the standard Euclidean metric on the plane,
du? + dv?, by a factor A2, where

_ 4
44 u2 402

Hence g = \? (du2 + va) and Riemannian metrics of this form are called conformal.

As noted above, the spherical plane is constructed by transferring the spherical metric
onto the plane via stereographic projection. This means that the stereographic projection
is an isometry between .#y (the sphere with the north pole removed) and B (the plane).
Since isometries preserve Gaussian curvature, it follows that the Gaussian curvature of the
spherical plane is equal to that of the unit sphere, i.e., K = 1.
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4 Solutions

Shape operator of a surface

e 3.4.1 We compute the matrix of the shape operator of the helicoid and then find its
eigenvalues and eigenvectors, that is, the principal curvatures and principal directions.
As a basis of the tangent plane to the surface, we take the tangent vectors ¢, and ¢,.
We compute

¢y = (cosv, sinv, 0), ¢, = (—usinv, ucosv, a).

We compute the normal vector of the helicoid using the normalized cross product of
the vectors ¢,, and ¢,. We get

Gy X Oy = (a sinwv, —a cosv,u), ||py X ¢yl = Vu? + a2,

and
a sinv a cosv U

B \/u2+a27_\/u2+a2’ \/uz—i—a?)'

To compute the matrix of the shape operator S, we use the definition S(¢,) = —N,,
S(¢y) = —N,, and decompose the resulting vectors with respect to the basis ¢y, @5 .

N

We get
a a
N, = ———=—==(—usinv, ucosv, a) = ———=—== v,
"= s anpr )=
a . a
N, = m(cosv, sinv, 0) = m Du-

Hence the matrix of the shape operator (we denote it by the same letter S) has the

form
5 0 ~Ea
“wreyr O

The characteristic equation det(S — A E') = 0 for this matrix has the form

OO
(u? + a?)?’
Thus we get two eigenvalues
a
M=+ ——.
1.2 u? + a?

We have found the principal curvatures of the right helicoid

a a

Kl=——, Kyp=————.
u? + a2’ u? + a?
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We now find the eigenvectors of the matrix of the shape operator. We denote an
eigenvector by (du,dv), understanding it as a tangent vector to the (u,v)-plane,
attached to the point (u,v). In the case of k1 we have

Oa ~ B rad)i 2 <du>:i2a2<du>'
— 0 dv u? +a dv
From this we obtain

Z—Z = 7Vu? + a2, (4.1)
This equation determines two principal directions of the right helicoid in the (u,v)-
plane. To visualize these directions, one should draw two lines through the point
(u,v) in the plane with slopes +vu? + a? and —vu? + a?. To obtain the principal
directions in the tangent plane to the helicoid at the point ¢(u,v), we lift the tangent
vector (du,dv) to the surface, resulting in the tangent vector du ¢, + dv ¢, to the
surface. Using equation , we obtain two vectors

Vi = VU + 0 by + ¢y, V2= =V +a? Gut by

that serve as vectors of the principal directions. It is easy to verify that these vectors
are perpendicular to each other. [<— back to exercise]
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