Chapter 0

Preliminaries from Measure Theory

0.1. Algebras and o-Algebras

Throughout this section, we use X to denote an arbitrary set. If A is a subset
of X, we write A° = X\ A for the set-complement of A relative to X. We also define
P (X) to be the power set of X, that is, the set formed by all subsets of X.

Definition 1 (Algebras and o-algebras). Let o € 22(X) be a collection of subsets of
X. Then & is called an algebra over X if it satisfies:
(i) (Contains the empty set as an element) We have ¢ € of;

(i) (Closed under complements) If A € &/, then A€ € o

(iii) (Closed under finite unions) If A1,...,Azp €</, then A1 U...UA, € .
Moreover, & is called a o-algebra over X if in addition to being an algebra, it also
satisfies:

(iv) (Closed under countable unions) If {A,},c7 €, I SN, is a countable family of

setsin o, then U, A, € .

If o/ is an algebra (or a o-algebra) of subsets of X, then a subset of X is said to
be «/-measurable if it belongs to 7.
Here are some first examples of algebras over a set X.

Example 2 (Algebras).
¢ The collection of subsets of X which are either finite or co-finite (meaning that
their complement is fininte) is an algebra.
¢ The collection of all finite unions of intervals of the form (—o0, ], (a, b],(a,00),
for a,b € R, is an algebra on the real numbers R.

Note that any o-algebra is an algebra but the converse is not true. Indeed, the
second algebra provided in Example 2 above is not a o-algebra.
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A o-algebra is also closed under countable intersections, that is, given a o-
algebra </ and a countable family of sets {A,},c1 S/, I €N, we have that N,c1 A, €
<. This follows from De Morgan’s law (N,c1 An)° =Uner AS € o, and property (iv).
Here are some basic examples of g-algebras.

Example 3 (0-Algebras).

o %#(X) and {®,X} are o-algebras.

* For any subset A <X, o ={¢,A,X\A,X}is a o-algebra.

¢ The collection of subsets of X which are either countable or co-countable
(meaning that their complement is countable) is a o-algebra.

* Given two o-algebras o1, oo € P(X), we have that o) N is also a o-algebra.
More generally, for any (possibly uncountable) family of o-algebras «; € 22(X),
i € I, the intersection ,c7 <, is a o-algebra.

There is a very natural way of generating o-algebras from a collection of subsets:

Definition 4 (o0-algebra generated by a collection of subsets). Let & < 2(X) be
a collection of subsets of X. The smallest o-algebra containing &%, that is, the
intersection of all g-algebras containing & is called the o-algebra generated by &,
and is usually denoted by a(&).

There are many families of subsets that generate useful o-algebra, we will cover
in this section some of them. Here are two simple examples of generated o-algebras.

Example 5 (Generated o-algebras).

® The collection of subsets of X which are countable or whose complements are
countable is the o-algebra generated by the singletons of X.

e Let X1,Xs be two sets, and </, e/ be o-algebras on X; and X5 respectively.
We define o ® of to be the o-algebra on the Cartesian product X = X7 x Xo
generated by all the subsets of the form A; x A; € X, where A; € & and
Aj € of5. Note that of; ® o is called the product o-algebra generated by «#;
and o

A special case of o-algebras generated by a collection of subsets are the o-
algebras generated by the open subsets with respect to some topology. This type
of g-algebra will be one of our main focus in Ergodic Theory as we will study the
dynamical properties of dynamical systems on topological spaces such as the torus.

Definition 6 (Borel o-algebra over any topological space). Let (X, 1) be a topological
space. The g-algebra generated by the open subsets of X is called the Borel o-algebra
on X and we usually denote it by 8x, or simply 48. Its elements are called the Borel
measurable subset of X.

We give here two examples of such g-algebras that will be used latter in this
section.

Example 7 (Borel o-algebra).
 Consider R? endowed with its usual topology. Then, the Borel-o-algebra on



R? is the o-algebra generated by the open balls B.(x) ={yeR? : |x—y| <r}. It
contains all closed subsets of R?, but not all subsets of RY.

* Consider a finite set X, usually called the alphabet, containing n elements,
usually refereed to as the letters of Z. The collection of all infinite strings in
these letters is defined as the product space =N. Observe that the natural
topology on X is the discrete topology, whose basis consists of singletons, i.e.
individual letters. The Borel o-algebra on XN is the o-algebra generated by
the algebra of cylinder sets, where cylinder sets consist of the open sets of
x € =N (with respect to the product topology of ZN) that have finitely many
coordinates fixed.

We now define the notion of monotone class, which gives rise to another charac-
terization of o-algebras.

Definition 8 (Monotone class). A monotone class .# < 2(X) is a collection of
subsets of X having the following properties:

(@) ifAy,Ap,---€#M and AycAsc...,then U | Ap €M

(i) if B1,Bg,--€ # and B12B32...,then N>, B, € 4

Note that both 2(X) and {@,X} are monotone classes. Thus any collection of
subsets is contained in a monotone class. The following theorem gives an alternative
characterization of the o-algebra generated by an algebra.

Theorem 9 (Monotone Class Theorem). Let «f € 22(X) be an algebra and let ¥ be
the smallest monotone class containing <f. Then we have o(«f)= .

0.2. Measures and Measure Spaces

A measure is a function that assigns a non-negative number to certain subsets of
a set X in a manner consistent with the algebra of Boolean set operations, includ-
ing unions, intersections, and complements. Measures provide the mathematical
foundation for modeling quantities such as mass, length, area, volume, and, most
importantly, probability. The subsets to which a measure can be assigned are called
the measurable sets.

Definition 10 (Measurable space and measurable set). An ordered pair (X, <),
where X is a set and of € (X)) is a o-algebra, is called a measurable space, and
any set A € of is called a measurable set.

Definition 11 (Measure and measure space). A measure p on a measurable space
(X,) is a set function yu: o/ — [0,00] such that:
D w(®)=0;
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(ii) For any countable (or finite) sequence of pairwise disjoint sets (A,)neN € &,
we have

(e o] [e o]

p ( U An) =) wAy). (0-additivity)
n=1 n=1

If (X, /) measurable space and u is a measure on it then the triple (X, </, ) is

called a measure space.

The main structure of interest in classical ergodic theory is that of a probability
space.

Definition 12 (finite and o-finite measure space, probability space). A measure
space (X, </, p) is said to be a finite measure space if y satisfies u(X) < oo, and if in
addition u(X) =1, (X, </, ) is called a probability space.

(X, o, ) is called a o-finite measure space if X is a countable union of elements of
& of finite measure.

We now state different useful properties about measures.

Proposition 13. Given a measure space (X, </, 1), we have the following properties:
(1) (Finite unions) For any positive integer n and disjoint sets A1,Aas,...,A, € <,
using the fact that u(@) = 0, we have

n n
M(U Ak) =) wAp).
k=1 k=1
(ii) (Monotonicity) If A,B € &f and A < B, then u(A) < u(B).
(iii) (Countable subadditivity) For any countable family of sets {A,},c1 S, I SN,
not necessarily disjoint, we have

b0 4n) < ¥ wan
n=1 n=1
@iv) (Continuity) IfA1 S Ay <---€ o/, then

o0
lim p(Ag) = [J,( A,
k—o0

n=1

-

andifA12A22---€ 4, and u(A1) < oo, then

e o]
lim p(Ap) = u(ﬂ A,l.
k—oo n=1

Throughout the course we will extensively use the notion of "almost everywhere"
(or "for almost every"). In short, a property holds almost everywhere on a set X
if the subsets of elements for which it doesn’t hold has zero measure. During the
course, as we deal with probability measures, one way of seeing this notion is as
follows: If we pick at random an element x € X, then the probability that x satisfies



the given property is 1. Here is the formal definition.

Definition 14 (Almost everywhere). Let (X, </, u) be a measure space. We say that
a property holds py-almost everywhere on X (sometimes abbreviated as y-a.e.) if
it the set of elements for which the property does not hold has zero measure with
respect to p.

Examples

Below, we provide several examples of important measure spaces, many of which
will appear again as we delve deeper into ergodic theory throughout the course.

Null measure. Let X be a non-empty set, let o be a o-algebra on X and define
u(A)=0, VA € . Then (X, <, 1) is a measure space and p is refereed to as the null
measure on (X, /).

Counting measure. Let X be a set, and for any A € 22(X) define u(A) = |A|,
where |A| denotes the cardinality of A. Then (X,22(X), u) is a measure space and u
is called the counting measure on X. This measure is finite when X is finite, it is
o-finite when X is countable, and it is not o-finite when X is uncountable.

Dirac 6-measure. Let (X,/) be a measurable space, and x € X. Then we define
the Dirac measure 6, by

1 if x€A,

5"(A)={ 0 ifn

The Dirac measure is a probability measure, and it represents the almost sure
outcome x in the measurable space.

Restriction of a measure. Let (X,,u) be a measure space and A € «/. We
define the measure v by v(B) = u(BnA),VB € &, to be the restriction of u to A.
Then (X, ./, v) is measure space and v(B) =0, VB € «f with B< X\A.

Conditional measure. Let (X,</,u) be a measure space and A € o with u(A) > 0.
We define for every B € «/,
WA NnB)
u(A)
The set function B — |4 (B) is a measure on < called the conditional measure with

respect to A. If p is a finite measure (resp. probability measure) then the conditional
measure with respect to A is also a finite measure (resp. probability measure).

pla(B) = u(BlA) =
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Product measure. Let (X1,44,u1) and (Xg, 9%, u2) be two measure spaces. Let
o = of1 ® oo be the product o-algebra on the product space X = X1 x Xo. We define
the product measure p = p; x ug (also sometimes denoted p; ® pg) to be the unique
measure on the measurable space (X, <) which satisfies u(A1 x Ag) = u1(A1)u2(Az)
for every A1 € o5 and Ag € ofo.

Probability measure on =N. Let X = =N be the set of all infinite strings whose
letters are in the finite alphabet X as previously defined. Denote by </ the Borel
o-algebra on XN generated by the cylinder sets. Let o be any probability measure
on X. We define p = uﬁ' to be the product measure on XN, which is the unique
measure satisfying for every cylinder set I,

) =[] poix:h)

ieF
where F is the finite set of the indices of the fixed coordinated of I.

Borel measure. In order to define Borel measures, we recall two definitions from
topology.

Definition 15. A topological space X is Hausdorff if for any distinct points x,y € X,
there exists open neighborhoods U,V of x and y respectively such that U and V are
disjoint.

Definition 16. A topological space X is locally compact if every x € X has a compact
neighborhood.

Now, let X be a locally compact Hausdorff topological space and 28 the Borel o-
algebra defined on X. Then, any measure u defined on 98 is called a Borel measure.
If u(X) = 1, we say that p is a Borel probability measure.

Radon measure. Let X be a locally compact Hausdorff topological space, 98 the
Borel o-algebra defined on X, and p a finite Borel measure on 28. If in addition
u is tight, in the sense that for all £ > 0 there exists a compact set K < X such
that (X \K) < € (or equivalently u(K) > u(X)—¢), p is called a Radon measure.
These conditions guarantee that the measure is compatible in some sense with the
topology of the space. We state the following theorem, without providing a proof,
which gives a sufficient condition for a Borel measure to be Radon under a commonly
encountered topological assumption on X:

Theorem 17. Let X be a locally compact Hausdorff topological space in which every
open set is o-compact (that is, a countable union of compact sets). Then every Borel
measure on X that is finite on compact sets is a Radon measure.

It follows that every finite Borel measure on a compact metric Hausdorff topo-
logical space X is automatically Radon, as X verifies the conditions of the theorem.
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Notice that if we only assume X to be a locally compact, second-countable Hausdorff
topological space, then because it follows that X is o-compact, X still verifies the
conditions of the theorem.

An useful property of the Radon measure is that it makes the map f — [ fdu, where
f € L1(X), continuous (recalls about integration theory are given in the next section).
The following measures are examples of Radon measures: the Lebesgue measure on
an Euclidean space, the Haar measure on any locally compact topological group, the
Dirac measure on any topological space.

Lebesgue measure. The Lebesgue measure is the unique measure g on the
Borel-o-algebra %y such that for every interval I <R, the measure u(I) is the length
of I.

We observe that the restriction of u to the Borel-o-algebra g 17 of subsets of [0, 1]
is the so called uniform distribution from probability theory.

We can generalize this idea to higher dimensions. Indeed, for the lower dimensions
n =1,2, the Lebesgue measure coincides with the notions of area and volume. For
higher dimensions, it is also called n-dimensional volume.

More generally, if we consider the measurable space (R",%g=), the Lebesgue mea-
sure p on B~ is the unique measure such that if A is a cartesian product of intervals
Iix.--x1I,, then A is Lebesgue measurable (in the sense that we can attribute a
Lebesgue measure to A) and u(A) = [I7_, I(I;), where [ denotes the length of the
interval I, i.e, I is the Lebesgue measure in one dimension.

We list, without proof, some of the properties of the Lebesgue measure on Bgn:

(i) (translation invariance) If A € R" is Lebesgue measurable, and x € R”?, then
A+x={yeR":y+x e A} is Lebesgue measurable and p(A +x) = u(A). In
particular, A < R” is Lebesgue measurable if, and only if, all translates of A is
Lebesgue measurable.

(ii) (dilation and scaling) Let ¢ > 0, A < R"” be Lebesgue measurable, and let
cA ={cyeR":ye€ A}, then cA is Lebesgue measurable and p(cA) = c"u(A).

(iii) More generally, if T is a linear transformation and A is a Lebesgue measurable
subset of R*, then T'(A) is a Lebesgue measurable set of measure |det(T")|u(A).

(iv) Finite or countable sets are Lebesgue measurable and have Lebesgue measure
0, and there exist uncountable Lebesgue measurable sets of measure 0. As an
example, we can consider the Cantor set (when n = 1). Moreover, there exists
sets which are not Lebesgue measurable.

Finally, note that the Haar measure (to be seen in the section about topological
groups) on a locally compact Hausdorff topological group can be thought of as
the natural generalization of the Lebesgue measure to a general locally compact
Hausdorff topological group.
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Atomic, non-atomic, and continuous measures. In order to define discrete
and continuous measures we will need the following definition.

Definition 18 (Atom). Given a measure space (X, </, ), a set A € o/ is called an
atom if:

(i) p(A)>0, and

(ii) For any measurable set B € A with u(B) < u(A) we have pu(B) =0.

A o-finite measure p on a measurable space (X, ) is called purely atomic if ev-
ery measurable set of positive measure contains an atom. On the contrary, a o-finite
measure which has no atoms is called non-atomic. Equivalently, u is non-atomic if
for every measurable set A such that pu(A) > 0 there exists a measurable subset B of
A such that 0 < u(B) < u(A).

Finally, a o-finite measure p is called continuous if for any A € of and any c € R such
that 0 < ¢ < u(A), there exists a measurable subset B of A such that u(B)=c. Note
that any continuous measure is non-atomic.

There are two important existence theorems for measures, the Carathéodory
Extension Theorem and the Riesz Representation Theorem.

Definition 19 (Pre-measure). Let «f be an algebra on a set X. A set function
Wo: & — [0,00] is called a pre-measure on (X, <f) if 1o(2) = 0 and, for every countable
(or finite) sequence A1,A,... € o of pairwise disjoint sets whose union lies in «,
we have

Ho ( U An) = Z Ho(Ap). (0-additivity)
n=1 n=1

Theorem 20 (Carathéodory). Let «f be an algebra on a set X. Any pre-measure i
on &f extends to a measure p on the o-algebra o(«/) generated by «/. Moreover, if
Wo is o-finite then this extension is unique and o-finite.

Let X be a locally compact Hausdorff space. We write C(X) for the space of all
continuous complex-valued functions on X. Within this space, we distinguish the
subspace Co(X) of functions vanishing at infinity, meaning

feECX) < Ve>0, {xeX :|f(x)| = e€}is compact.

Equipped with the uniform norm [If |lo = sup,cx |f(x)], Co(X) is a Banach space.
When X is compact, every continuous function automatically vanishes at infinity,

80 Co(X) = C(X). In the non-compact case, Co(X) forms a proper subspace of C(X),

consisting precisely of those continuous functions that tend to 0 at infinity.

Theorem 21 (Riesz-Markov-Kakutani representation theorem). Let X be a locally
compact Hausdorff topological space in which every open set is o-compact (cf. Theo-
rem 17). For any continuous linear functional | : C.(X) — C there exists a unique
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complex-valued Radon measure p on X such that

I(f) = fX £(x) du(a),
for all f € Co(X).

0.3. Measurable Functions and Integrals

Throughout this section we let (X, <, u) be a measure space. Natural classes of
measurable functions on X are built up from simpler functions, just as the o-algebra
&/ may be built up from simpler collections of sets. Given a set A € X, we denote by
14: X — {0,1} the indicator function of A, that is,

1 ifxeA,
1A(x)—{ 0 ifx¢A, VxeX.

Definition 22 (Simple function). A function f: X — R is called simple if
m
fx)=) cjla;(x), VxeX,
j=1

where cj €R and the Aj € o are disjoint sets Vj=1,...,m. The integral of f is then
defined to be

f fdu=Y ciuA,). 0.3.1)
j=1

Definition 23 (Measurable function). A function g: X — R is called measurable if
g~ 1(A) € o for any (Borel) measurable set A € %g.

Note that simple functions are always measurable functions. Below, we outline
several methods for generating new measurable functions from existing measurable
ones.

Proposition 24. Let f,g: X — R be measurable, and c € R. Then, the following
functions are measurable:
@) cf
(i) f+g
(iii) fg
iv) If|
(v) min{f,g} and max{f, g}
(vi) Re(f) and Im(f), where we understand Re(f) (resp. Im(f)) as the unique
function such that Re(f(x)) = Re(f)x) (resp. Im(f(x)) =Im(f)x)) Vxe X.

The integral of simple functions has already been defined in (0.3.1). Our next
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goal is to extend this definition to all measurable functions. To achieve this, we rely
on the following key approximation result.

Proposition 25. Let g: X — [0,00) be a measurable function taking non-negative
values. There exists a pointwise increasing sequence of simple functions (fy,)nen (in
the sense that f,(x) < fn+1(x) for all x € X and n € N) such that lim,, ., f5(x) = g(x)
for eachx € X.

Definition 26 (Integral of non-negative measurable function). Let g: X — R>¢
be a measurable function taking non-negative values, and let (f,),en be a point-
wise increasing sequence of simple functions converging to g as guaranteed by
Proposition 25. Then the integral of g is defined to be

fg du=,}i_{§offn dp.
Moreover, g is called integrable if [g du < oco.

Observe that the expression [ g du defined above is guaranteed to exist since
[rn(x) < fr+1(x) for all n € N and x € X. One can show that this is well-defined, i.e.,
that it is independent of the choice of the sequence of simple functions.

We now extend the notion of integral for any measurable functions.

Definition 27 (Integral of measurable function). Given a measurable function
g: X — R, g has in general a unique decomposition g = g, —g—, where g.(x) =
max{g(x),0} and g_ = max{—g(x),0} for every x € X. Note that both g, and g_ are
measurable. The function g is said to be integrable if both g, and g_ are integrable,
and the integral of g is defined as

fgdu=fg+ du—fg— dy.

Consider now a measurable complex-valued function g: X — C, which we can
decompose as g = Re(g) +iIm(g), where both Re(g) and Im(g) are measurable.
Then g is said to be integrable if |g| = \/Re(g)? + Im(g)? > 0 satisfies :

flgl du < +oo

and the integral of g is then defined as :

/g du:fRe(g) d/.t+ifIm(g) duecC

Re(fgdp)=fRe(g)dp
Im(fgdp)=f[m(g)dy

so that we have :
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Note that since we have |Re(g)| < |g] and |[Im(g)| < |g|, the condition [|g| du < +oo
implies that both Re(g) and Im(g) are integrable.

Here is a way of determining if a given function is integrable or not.

Proposition 28. Let f,g: X — R. If f is integrable and g is measurable with
|g| < f, then g is integrable.

Being integrable is preserved under restriction to a measurable set, and we give
the definition of the integrable restricted to a measurable set:

Definition 29. Let f: X — R be an integrable function, and A be a measurable set.
The integral of f over A is defined as

[ £ du=[1af au

0.4. L? Spaces

We now recall some definitions and facts about L? spaces, which are function
spaces defined using a natural generalization of the p-norm for finite-dimensional
vector spaces. L? spaces form an important class of Banach spaces in functional
analysis, and of topological vector spaces. In the course of Ergodic Theory we will
use various results about functional analysis and in particular about L? spaces.
Further recalls about functional analysis are given in the next section.

Definition 30 (£P spaces). Let (X,</,u) be a measure space. For 1 < p < oo,
we define the set £?(X,«, ) (sometimes also denoted £?(u)) to be the set of all
measurable functions f: X — C such that [|f|? du < oo.

Definition 31 (L? spaces). We define an equivalence relation on £?(u) by f ~ g if
J1f —glP du=0 and we write LP(u) = £P(u)/ ~ for the space of equivalence classes.
Elements of L (u) will be described as functions rather than equivalence classes,
but it is important to remember that this is an abuse of notation.

Furthermore, we define the norm ||-||z» by:

Ifllz = ( [ire du)yp

We now give the definition of the L?(u) in the case p =oo.

Definition 32 (Essential supremum). The essential supremum is the generalization
to measurable functions of the supremum of a continuous function, and is defined
by

esssupf =infla eR: u({fx € X : f(x) > a} = 0)}.
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Let the norm ||:||z~ be given by

If Iz~ = esssup|f]|.

The space £°°(u) is then defined to be the set of measurable functions f such that
| fllLe < oo. Once again, L*°(u) is defined to be £*°(u)/ ~.

Proposition 33. For every 1 < p < oo, the space LP(u) is complete with respect to
the norm |-|1.», and hence is a Banach space.

Proposition 34. For 1< p < g < oo we have LP(u) 2 LY(u) for any finite measure
space.

Finally we turn to integration of functions of several variables.

Theorem 35 (Fubini-Tonelli). Let (X,</,u) and (Y,98,v) be two measure spaces
and let f be a non-negative integrable function on the product space (X xY ,«/ ®
AB,u®v). Then, for u-almost every x € X the function y — f(x,y) is integrable, and
for v-almost every y € X the function x — f(x,y) is integrable, and we have

fX x5 = fX ( fY F(x,%) dv(y)) du(x) = fY ( fX £x,) du(x)) dv(y).

0.5. Convergence Theorems

The most important distinction between integration on L? spaces as defined
above and Riemann integration on bounded Riemann-integrable functions is that
the L? functions are closed under several natural limiting operations, allowing
for the following important convergence theorems. We start with the Monotone
Convergence Theorem.

Theorem 36 (Monotone Convergence Theorem). Suppose f1 < f2 < ... is a point-
wise increasing sequence of non-negative real-valued measurable functions on the
measure space (X, <, 1) which converges almost everywhere to a function f on X.
Then f is measurable and

ff du=,}ggoffn dp.
In particular, iflim, .o [ f, du < 0o, then f is integrable.

When the f,,,n €N, are integrable, the assumption that f,, is non-negative for
every n € N can be dropped by considering instead the non-negative sequence of
measurable function g, = f, — f1, which is also a pointwise increasing sequence.
Next, we state Fatou’s lemma, which is not only needed to prove the dominated
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convergence theorem below but it includes also a statement of the behavior of the
integral under pointwise (or almost everywhere) convergence: The integral is lower
semi-continuous under almost everywhere convergence.

Theorem 37 (Fatou’s lemma — liminf version). Let (f,),en be a sequence of non-
negative real-valued measurable functions on the measure space (X, <, ). Then,
f =liminf, . f, is measurable and

timinf [ o du> [ £ du= [Timint/, du
In particular, if f, is integrable for every n € N, then f is also integrable.
For completeness, we also add the reverse version of Fatou’s lemma.

Corollary 38 (Fatou’s lemma — limsup version). Let (f,)r,en be a sequence of real-
valued measurable functions on the measure space (X, ,u). If there exists an
integrable function g on X such that f,, < g, Vn €N, then :

limsupffn du< | limsupf, du

n—oo n—o00

Contrary to the Monotone Convergence Theorem, the hypothesis that f,, is non-
negative for every n € N cannot be dropped.
Finally, we state the Dominated Convergence Theorem, which formulates sufficient
conditions under which almost everywhere convergence yields an integrable function
and such that limit and integral are interchangeable. Note that this is an important
difference with Riemann integral.

Theorem 39 (Dominated Convergence Theorem). Let (X,</,u) be a measure space.
If h: X — R is a non-negative integrable function, and (f,)nen is a sequence of
measurable complex-valued functions on (X, </, ) which are dominated by h in the
sense that |f,| < h,Vn €N, and lim, ., f, = f exists almost everywhere, then f is
integrable and

ffdu=,}iggoffn dp.



